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EFFICIENT NUMERICAL SOLUTION OF MIXED FINITE ELEMENT
DISCRETIZATIONS BY ADAPTIVE MULTILEVEL METHODS

RoNALD H.W. HorPPE, BARBARA WOHLMUTH, Miinchen

Summary. We consider mixed finite element discretizations of second order elliptic
boundary value problems. Emphasis is on the efficient iterative solution by multilevel
techniques with respect to an adaptively generated hierarchy of nonuniform triangulations.
In particular, we present two multilevel solvers, the first one relying on ideas from domain
decomposition and the second one resulting from mixed hybridization. Local refinement of
the underlying triangulations is done by efficient and reliable a posteriori error estimators
which can be derived by a defect correction in higher order ansatz spaces or by taking
advantage of superconvergence results. The performance of the algorithms is illustrated by
several numerical examples.

Keywords: elliptic boundary value problems, mixed finite element methods, adaptive
multilevel techniques

AMS classification: 65N15, 65N30, 65N55

1. INTRODUCTION

In this paper, we are concerned with adaptive multilevel techniques for mixed finite
element discretizations of second order elliptic boundary value problems. Mixed finite
element methods which are based on the mixed or dual formulation are frequently
used in such cases where the dual formulation does provide a more appropriate
solution concept than that obtained by the standard primal formulation. We refer
to the monograph of Brezzi and Fortin [11] and the survey article of Roberts and
Thomas [23] for a detailed discussion and an extensive bibliography. For the efficient
numerical solution we focus on multilevel iterative methods and adaptive techniques
involving local refinement of the triangulations based on appropriate a posteriori
error estimators. We remark that such techniques are well developed for the standard
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conforming finite element methods. In particular, we refer to the recent survey
articles of Xu [27], Yserentant [29] and Zhang [30] concerning multilevel methods
and to the pioneering work of Babuska and Rheinboldt [2], [3] and the recent papers
of Bornemann et al. [7] and Verfiirth [25] for the issue of error estimation. However,
less work has been done in the framework of mixed methods. We mention a multigrid
approach proposed by Brenner [10] and additive as well as multiplicative Schwarz
iterations developed by Cai, Goldstein and Pasciak [12], Ewing and Wang [15], [16],
[17] and Vassilevski and Wang [24]. As far as efficient and reliable a posteriori error
estimators are concerned, we are only aware of a recent paper by Braess and Verfiirth
[9] on residual based techniques.

The paper is organized as follows: In Section 2, we briefly recall the mixed for-
mulation and mixed discretization of second order elliptic boundary value problems.
Then, in Section 3 we present a multilevel preconditioned cg-iteration acting on an
appropriate subspace with a hierarchical type preconditioner that can be derived
by subspace decompositions similar to those that have been used by Cai et al. in
[12]. Local refinement of the triangulations relies on an error estimator obtained by
the principle of defect correction in higher order mixed ansatz spaces and a local-
ization by suitable hierarchical two-level splittings of these ansatz spaces. Section
4 is devoted to an alternative adaptive multilevel method based on the technique
of mixed hybridization. In view of its equivalence with an extended nonconform-
ing approximation, we use a preconditioned cg-iteration with a BPX-type multilevel
preconditioner designed for nonconforming P1 approximations. In this case, an L2
error estimator is used for local grid refinement that can be motivated by a super-
convergence result for mixed hybridization. Finally, in Section 5 we present some
illustrative numerical results.

2. MIXED FORMULATION AND MIXED DISCRETIZATION

We consider the following boundary value problem for a linear second order elliptic
differential operator

—div(aVu)+cu=f inQ,

(2.1)
u=0 onI:=90

where (2 is a bounded, polygonal domain in R? with boundary ' = 8 and f € L?(Q).
We further assume the coefficients to be a piecewise continuous, symmetric matrix-
valued function a = (a,'j)?,]-=1 and a piecewise continuous function c satisfying for
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T €N

2

aolél* < Y aij(@)€6; < arlél, €€ R, 0<ap < ay,
i,j=1

(2.2)
co<c(z)<e, 0<p<a.
We remark that only for simplicity we have chosen homogeneous Dirichlet boundary
conditions in (2.1). Other types of boundary conditions can be treated as well.
For D C 2 we denote by (-,*)k,p, k 2 0, the standard inner products on the
Sobolev spaces H*(Q) and (H*(R))? and by | - |¢,p and || - ||x,p the associated

Sobolev seminorms and norms, respectively. The subindex D will be omitted in case
D = Q. Moreover, we refer to H(div;2) as the Hilbert space

H(div; Q) := {q € (L*(R))?; divq € L*(Q)}
equipped with the inner product
(P, Q) H(giv;a) == (P,q)o + (div p,divq)o
1

and the associated graph norm || - | g(aiv;) = (- ')Iz-l(div;Q)'

Introducing the flux j = —aVu as an additional unknown, the second order equa-
tion (2.1) can be formally written as a first order system whose variational formula-
tion is commonly referred to as the mixed formulation of (2.1):

Find (j,u) € H(div; ) x L?(R) such that

a(j,q) +b(q,u) =0, q € H(div; ),

(2.3) . 9
b(,v) — c(u,v) = l(v), v € L ()

where the bilinear forms a, b, ¢ and the functional [ are given by

a(q1,qz) = /a“qlqz dx, q, € H(div;®?), 1<v <2,
Q
b(q,v) := — /diqudx, q € H(div; ), v € L*(Q),
Q
c(v1,v2) 1= /cv1v2 dx, v, €L?*(), 1<v<2,
Q

l(v):= — [ fvdx, veL*Q).
/
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Denoting by A: H(div;Q) — H(div;Q)*, B: H(div;Q) —» L*(Q) and C: L?() —
L?(Q) the operators associated with the bilinear forms a, b and c, respectively, in
operator form the system (2.3) can be stated as follows

(5 2) ()= (%)

It is easy to see that a, b and c are continuous bilinear forms with a being symmetric
and coercive on Ker B, ¢ being symmetric, positive semidefinite and b satisfying
the standard inf-sup condition (Brezzi condition). Since Im B = L?(), we have
Ker BT = {0} and consequently, it follows from [11; § II, Thm. 1.2] that (2.3)
admits a unique solution.

The mixed fixed finite element discretization of (2.1) is based on its mixed formu-
lation (2.3). We consider a simplicial triangulation 7 of Q and denote by AV, and &,
the sets of vertices and edges. In particular, we refer to eX, 1 < v < 3, as the edges
of K € Th. Further, for D C K we denote by Px(D), k > 0, the set of polynomials
of degree < k on D.

The flux space H(div; ) will be approximated by

RTo(Th) := {qn € H(div;Q); an|x € RTo(K), K € Th}
where RTo(K) stands for the lowest order Raviart-Thomas element
RTo(K) := (Po(K))? + xPy(K), x:=(z1,z2)7.

Note that any qn|x € RTp(K) is uniquely determined by the following three degrees
of freedom

/'thlKPdU: p € Ro(9K)

oK
where n is the outer normal on 8K and Ro(0K) := {p € L*(0K); Plex € Py(eK),
1< v <3}

The conformity of the approximation is guaranteed by specifying the basis fields

in such a way that continuity of the normal components

(2.4) (n-qn)lenk == (' -qn)|lenkr KNK' =e€&NQ

is satisfied across interelement boundaries where n and n’ stand for the outer normal
on eNOK and e NIK', respectively.

Observing divqg € Po(K), K € Ty, a natural choice for the approximation of the
primal variable u is to use piecewise constants leading to the ansatz space

Wo (% Tr) := {vk € L*(Q); vn|k € Po(K), K € Ta}.
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Then, the mixed discretization of (2.1) requires the computation of a pair (jn,un) €
RTo(9; Tr) x Wo(€2; Tr) such that

a(ir,qn) + b(an,ur) =0, qn € RTo(Q; T),

(2.5) .
b(Gn, vr) — c(un,vr) = U(vr), va € Wo(Q; Ta).

It can be easily verified that the bilinear form a|rz,(@;7,)x RTo(2;75,) 18 uniformly co-
ercive on Ker B| gy, (;7,) and that the bilinear form b| pr, (;7;,) x wo (;75,) Satisfies the
inf-sup condition (Babuska-Brezzi condition). Moreover, we have Ker BT |y, q.7,.) =
{0} and hence, the mixed discretization (2.5) is uniquely solvable (cf. e.g. [11; §1I,
Prop. 2.11]).

3. ADAPTIVE MULTILEVEL ITERATIVE TECHNIQUES: ALGORITHM I

In this section, we will construct an adaptive multilevel iterative solver for the
efficient numerical solution of the mixed discretization. The iterative solution will
be based on a preconditioned cg-iteration acting on an appropriate subspace. We
will use a hierarchical preconditioner constructed by means of suitable multilevel
splittings of the mixed ansatz spaces RTo(Q; 7x) and Wy(Q; 7x). We note that such
splittings have been used by Cai, Goldstein and Pasciak [12], Ewing and Wang
[15], [16], [17] and Vassilevski and Wang [24]. Moreover, an efficient and reliable a
posteriori error estimator will be developed by the concept of defect correction in
higher order ansatz spaces and an appropriate localization by hierarchical two-level
splittings of these ansatz spaces. We remark that this concept is widely used in case
of conforming or nonconforming finite element approximations (cf. e.g. [6], [7], [14],
[19], [25)).

We assume that (7}0)2:0 is a hierarchy of possibly highly nonuniform triangulations
generated by the meanwhile standard refinement process due to Bank et al. [5]
(cf. also [4], [8], [14], [19], [28]). In particular, a triangle K € Tz, 0 < k < [,
either remains unrefined or is subdivided into four congruent subtriangles (regular
or red refinement) or is bisected into two subtriangles (irregular or green refinement).
The subtriangles are referred to as regular or irregular triangles, respectively. The
following refinement rules have to be observed:

(R 1) Each vertex of Ti4; that does not belong to Tk is a vertex of a regular triangle.

(R 2) Irregular triangles must not be further refined.

(R 3) Only triangles K € T of level k, i.e., triangles that do not belong to 7x_;, may
be refined for the construction of 7i4;.

As a consequence of the refinement rules, each triangle K € T, 1 < k < [, is
geometrically similar either to an element of 7p or to an irregularly refined triangle
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of 7o. Moreover, the sequence (72)2:0 is locally quasiuniform and can be uniquely
reconstructed from the initial triangulation 7o and the final triangulation 7;. (For
details we refer to the literature cited above).

In this section, for simplicity we assume c|g = cx > 0, K € To. The case
cx = 0 for some K € 7; can be treated under some slight modifications. The mixed
discretization with respect to the finest triangulation 7; leads to the linear system

o () ()

Note that .A; considered as an operator on (L2(Q))2 x L?(R) with D(A4;) =
RT5(Q; i) x Wo(Q; Ti) is symmetric, but indefinite.

For the solution of (3.1) we set z := z]' + zf" where 2} := (j7,u}) is a particular
solution of the inhomogeneous equation

(3.2) Bijf — Ciul = —fi.

Then, z}* := (j}, ul) satisfies

A, BT it g
h __ l 1 —
(3.3) Azt = (B, —C,) (U?) B <0>

where g, = — (Auj7 + Bful). We refer to Z; as the subspace
Z; = {(ai,w) € RTo(Q; T1) x Wo(Q; T1); Biqr — Cruy = 0}
and introduce another operator-valued 2 x 2 matrix
A= B
which will serve as a preconditioner for the iterative solution of (3.3) by a precondi-

tioned cg-iteration.
We further note that elimination of u* from the first equation in (3.3) yields

(3.4) Dijt =g, Di:=A+BlC'B,.

Likewise, if we consider (3.3) with 4, instead of A;, the same holds true with D;

replaced by
(3.5) D;:= A + B C['B.
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The iterative solution of (3.3) will be based on the following results:

Lemma 3.1. Let A, fiz, Dy, D, and Z; be given as above. Then there holds:

(i) The operator A, is symmetric, positive definite on the subspace Z.

(ii) If z; := (jy,u}), v > 1, are the iterates obtained by a preconditioned cg-
iteration applied to (3.3) with preconditioner A; and startiterate z? = (7, (), then
z) € Z, implies 2z} € Z;, v > 1.

(iil) If there exist constants 0 < v < I such that

¥ (DIQI,QI)O < (Diq,qu)g <T (qul,qz)o, q € RTo(;Th),

then we also have

v (/izzz,zz)o < (Aiz,z1)g T (Alzl,zl)o, 2 € 7.

Proof. For z, = (q,v) € Z; we have

(3.6) (Aizi, 21)o = (Ai + B v, @1) , = (Diqi, i) > 0.

If (Diqi, ai)q = 0, then q; = 0 and hence v; = 0 because of C;v; = 0 which proves (i).
Since (3.6) also holds true with A;, A; and D, replaced by A;, A; and D,, respectively,
(iii) is readily established. Finally, (ii) can be easily verified by induction. O

The preconditioner A; will be constructed by means of appropriate multilevel
decompositions of RTy(2;7;) and Wo(Q; Ti) similar to those used in [12]. These
decompositions will also provide an efficient tool for the computation of 2] satisfying
(3.2). In particular, we denote by gr: RTo(Q;T) —> RTo(Q;7x), 0 < k < I, the
interpolation operators defined locally by

/"‘(Qth—Ql)Pod0=0, po € Ro(0K), K € Tx,
oK

and we further denote by IIx the L2(f2) projections onto Wy(f; %), 0 < k < I. Note
that the operators g, and II; are related by

(3.7) div (gkql) = I, (div q[) , Q€ RTo(Q; 77)

(cf. e.g. [11; SIII, Prop. 3.7]). Observing that g; and II; correspond to the identities
on RTo(Q; 7i) and Wo(Q;7;) and setting o, := 0, I[I_; := 0 we consider the direct
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subspace decompositions

]
(3.8) RTo( 7)) = @ RTo(Th),
k=0
l
(3.9) Wo(T0) = @D Wo(®; Th),
k=0

where RTo(%Tk) = (ok — ox—1) RTo(;T1) and Wo(Tk) = (Wi — Mx_y) x
Wo(5T1), 0< k<L

In view of (3.7) we have div RTo (4 Th) = Wo(ﬂ;ﬁ), 0 < k < l. Moreover, for
1< k<!land K € Ti—1 it is easy to see that [, W dz =0, Wy € Wo(S; Tx) and, as
a consequence of Gauss’ theorem, [;, n-Gxdo =0, ax € ETO(Q; Te)- In the light
of this last observation, for 1 < k < ! we will further decompose the level k sub-
space ﬁf‘o (9% Tx). For that purpose we denote by T;¥*f and Erf the set of all refined
triangles K € 7T and refined edges e € £. We further refer to S (2; 7x) as the stan-
dard conforming finite element space of continuous, piecewise linear finite elements
with respect to T, 0 < k < I. We recall Yserentant’s hierarchical decomposition of
S1(Q; Tr) according to

!
S1T) = P S (X5 Tk)
k=0

where S, (% Tk) == (Ix — Ix—1) S1(%T1), 0 < k < I, and I, stands for the interpola-
tion operator (Ixw;) (p) := wi(p), p € Nk, 0 < k <1, and I_, := 0. We define

Mg (2 Tx) = {Qk € RTo(%Th); n-aklok =0, K€ T,:ifl}, 1<k,
MZ(Q; Tx) == curl $; (% Tx), 1<k<L

The subspaces M{¥ (©; Tx), 1 < v < 2, do provide a direct subspace decomposition of
RTo(Q; Tk)

(3.10) RTo(;Te) = My(To) ® M3 (% T), 1<k<L.
We note that M} (Q; 7x) admits the splitting

(3.11) My(T)= € MH(K;Th)
KeT{,

where M} (K;Ty), K = Lj( K,, K, € Ty, vk = 2 or vg = 4, is the (vg — 1)-

v=1
dimensional subspace spanned by the level k basis fields associated with the interior
level k edges e C 0K, NintK, 1 < v < vk.
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Moreover, for MZ(Q; Tx) we have the decomposition

(3.12) MTh)= P Mi(eTe)

ref
e€€r,

where MZ(e; Tx) is the one-dimensional subspace spanned by the curl of the level k
basis function ;" € S1 (2; Tx) associated with the midpoint m. of a refined edge
ee &t

It is well known that subspace decompositions give rise to multilevel Schwarz it-
erations of both additive and multiplicative type and to associated preconditioners
(cf. e.g. [27], [29], [30]). Here, we consider a preconditioner of hybrid type simi-
lar to that in [12] which is additive with respect to the “vertical” decomposition
(3.8) and multiplicative with respect to the “horizontal” decomposition (3.10). The
preconditioner for D; from (3.4) is given by

l
Dilaqi:= (Po + ZPk)Dflq“ a € RTo(Q; Th),

k=1
D Pe) (1-Pwy), 1<kl

ref
e€&rt

(3.13)
Py := Py + (I - PM(}) (

where Py, Py and P are the projections onto RTo(Q; To), M3(Q; Tx) and MZ(e; Tx.),
1 < k < I, with respect to the weighted inner product

(@ P) naivia) = /a‘lq-de+/c“ divq - divp dx.
Q Q

The preconditioner can be cheaply implemented. In particular, the evaluation of
P, requires the solution of a saddle point problem on the initial triangulation 7o.
Moreover, in view of (3.11) and (3.12), on levels 1 < k < [ for the evaluation of
Pyp3 we have to solve local, low-dimensional saddle point problems associated with
K € Tr¢!, whereas the evaluation of P, only requires the solution of a scalar equation.

For the determination of a particular solution 2z of (3.2) we compute (jo,uo) as
the solution of the Raviart-Thomas approximation of (2.1) on level k = 0. Further,
denoting by By the restriction of B to the subspaces M}(K;7x), K € TFf, 1
k < I, we compute 5,5 € M} (K;T:) as the solution of the local problems BKij
—[(Tk — Mk-1) f]1x and set jx := ¥, j&. Obviously, the pair (j?,uo) with j7

1IV/AN

L.
Jo + X Jjk satisfies the inhomogeneous equation (3.2).
k=1
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Remark 3.1. For a vanishing Helmholtz term ¢ = 0 in (2.1) the subspace Z; cor-
responds to the subspace RTQ(Q; T1) := {ai € RTp(Q; T1); divq; = 0} of divergence-
free vector fields. Observing that RTS(f2;7;) can be identified with curl Sy (€; T7),
we may compute j as the projection of —jI onto curl S;(Q; 77) with respect to the
weighted L?(Q) inner product (-,)g,e-1 := (a71:,-) . Note that this particular case
has been treated by Ewing and Wang in [15].

As far as the convergence of the preconditioned cg-iteration is concerned, it can
be shown that in the asymptotic range the condition number of ﬁ,‘lDl and hence,
also that of ./i,“lAl |z, grows quadratically with the refinement level and thus behaves
in the same way as Yserentant’s hierarchical preconditioner in case of the standard
conforming P1 approximation of (2.1) (cf. e.g. [28]).

Theorem 3.2. There exist constants 0 < v < I' depending only on the shape
regularity of To and on the bounds for the coefficients of the elliptic operator such
that for all q; € RTo(; Ti)

(319 v+ D) e < (D7D ar) < Tlab v

H(div;Q)

where | - Rraivio) = () Haivin)-
Proof. In view of (3.13) the lower bound in (3.14) can be established by the
P.L. Lions’ type estimate

l

-2 ~
(3.15) Yo (I +1) Z Mkaz(div;n) < IQIHZI){(div;Q)
k=0

[}

where @i = Y @k, Gk := (0k — 0k—1) Q> 0 < k < [, and by means of the estimate
k=0

2

P, (I - PM‘;) dk m ) < Mkazl)i(div;Q)

(3.16) m (IHPnglcn%i(div;n) + Z ’ H(diviQ
eeg;;e_fl (div;Q)

which holds true for all qx € ﬁo(ﬂ; Te), 1< k<l
On the other hand, taking advantage of (3.13) the upper bound in (3.14) follows
from the strengthened Cauchy-Schwarz inequality

(3.17) (Pj Ak) 1 (divi) S Lo2~* D72 |l g aivs) 195l aivi)
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where p; € f{\f‘o(ﬂ;'ﬁ-), ax € E’fg(ﬂ;'ﬁc), 0 < j €k <, and from the estimate

Pe (I - PM&) A ”E{(div;ﬂ))

(3.18) @kl (aivio) < 1 (|||PM3 ki aivio) + Z H
eEE,'f_fl

where qx € Ef'o(ﬂ;'ﬁc).
We note that the P.L. Lions’ type result (3.15) can be deduced from the stability
estimate

leraull? aiviay < C (U =k + 1) Al (givia)» 4 € RTo(T0).-

Further, the strengthened Cauchy-Schwarz inequality (3.17) can be established by
means of the decomposition x = @}, + curl d,, ar € MY(%Te), &, € S’l(ﬂ; Te), 1<
k < l. Finally the estimates (3.16) and (3.18) can be verified by similar arguments
as used in [12]. For details we refer to [21]. O

Remark 3.2. The lower and upper bounds in (3.14) improve on those in [12]
where a lower bound of order O (2~(*+1) and an upper bound of order O (I + 1)
could be established.

Local refinement of the triangulations will be performed based on a reliable and
efficient a posteriori error estimator for the total error in the flux which can be
derived by the principle of defect correction in higher order ansatz spaces and an ap-
propriate localization by hierarchical two-level decompositions of these ansatz spaces
(cf. e.g. [6], [7], [14] in case of conforming P1 approximations and [19], [26] for non-
conforming P1 approximations).

We denote by (j,u) € H(div; ) x L%(2) the unique solution of the mixed formu-
lation (2.3) and by (jo, o) an iterative approximation of the lowest order Raviart-
Thomas approximation (jo,uo) € RTp(R2; T1) x Wo(€; Ti). It can be easily seen that
the total error (j — jo, u — o) satisfies the saddle point problem

a(j - jo,q) + b(q,u — i) =r(q), q € H(div;Q),

3. -
(3.19) b — Jorv) — c(u — G0, v) = (f — £°,0)0, v € LA()

where 7 stands for the residuum r(q) = — (a(jo,q) + b(q, ilo)), q € H(div; ), and
fO is the L? projection of f onto Wy(2; 77).

The defect problem (3.19) will be approximated with respect to the higher order
mixed ansatz spaces

RT\(Th) == {q € H(div;); a|x € RT1(K), K € T},
WI(Qvﬂ) = {Ul (S L2(Q); UI|K € Pl(K)7 K € 7;}
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where RT;(K) stands for the Raviart-Thomas element
RTi(K) := (Pi(K))? +xPy(K), x:=(z1,22)T.

We note that any vector field q € R7T:(K) is uniquely determined by the following
eight degrees of freedom

/n-qua, p € R1(0K),
oK

/q -pdx, pe (P(K))?
K

(3.20)

where R; (0K) = {p € L2(0K); p|,. € Pi(eX), 1<v<3).
In particular, the approximation of (3.19) requires the computation of a pair
(ej, ex) € RT1 (2 T) x W1(Q; Ti) such that

a(ej, qu) + b(a, ew) = r(ai), at € RT1 (Y Th),
blej, v1) — c(ew,v1) = (f = £%,v)o, v € Wi (4 T0).

(3.21)
Under the saturation assumption

(3.22) i — 31l (aivie) < Bl —JollH(aivi), B>0

and the additional assumption

(3.23) I3 = joll #(divie) < Ollj “jomH(div;Q)a 0>0,68<1,

which are supported by [11; § II, Prop. 2.6 and §III, Prop. 3.9], it is easily seen that
(3.24) (1 +68) " Nesluaiviay < I = Jollaaiviey < (1 = 08) ™" Besllmcaivia)-

The practical computation of an error estimator for the total error in the flux relies on
a hierarchical two-level splitting of the mixed ansatz spaces RT}(Q; 7;) and Wy (; Ti).
For that purpose, for 0 < v < 1 we denote by I1“ the L? projections onto W, (; Tr)
and by ¢” the interpolation operators g*: RT1(Q; 7;) — RT,(; Ti) given locally by

/n~9”q:pudo= /n’quuda, p, € R,(9K), 0 < v <1,

oK oK
/glqz-pdx= /qz-pdx, p € (Py(K))?.
K K
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Then, we have the following two-level decompositions

(3.25) RTi(Q;T)) = RTo(% 7)) ® RT1(; 1), RT:1(7T) := (0! — &°) RTV (Y Th),
(3.26)  Wi(TD) = Wo(T0) @ Wa (1), Wa(Th) = (I — I1°) Wy (; T0).

Recalling the hierarchical two-level splitting S2(; 77) = S1(Q; 77) ® S2(; T7) of the
conforming finite element space of continuous, piecewise quadratic elements where
S,(9; T7) stands for the hierarchical surplus spanned by the basis functions associated
with the midpoints of the edges (cf. e.g. [14]), the hierarchical surplus ﬁfl(ﬂ;ﬁ)
can be further decomposed according to

(3.27) RT(%T0) = RT,( T0) @ BT, (0 T)

where

(3.28) RT, (9 T) := curl $2(Q; 7o),

(3.29) Efi(ﬂ;ﬂ) = {ql € RT1(Th); /n-q,pda =0, pe R1(0K), K € 7]}.
oK

Note that ET?(Q; Ti) represents the divergence-free subspace of the hierarchical sur-
plus.

On the other hand, denoting by ﬁ\fl(K ; Kint) the two-dimensional subspace
spanned by the basis fields associated with the “interior” degrees of freedom (3.20),
it follows that

(3.30) RT\(T) = @@ RT\(K; Kine).
KeTi
Based on the splittings (3.25), (3.26) and (3.27) an error estimator &; = éfi’ + € with
— —0

€ € RTi (;T) and & € RT,(Q; Ti) will be determined in two steps:

Firstly, in view of (3.30) we compute a pair (€],¢é,) € Efi(ﬂ;'ﬁ) X Wl(ﬂ;ﬂ) by
the solutions of the local saddle point problems

a(& |k, qr) + b(ar, &ulx) = r(ar), @k € RT1(K; Kiny),
bk, ulk) — c(eulr,uilx) = (' = T°)f, vilk),, v € Wi(5T0).

—0
Secondly, observing (3.28) we compute the divergence-free part 'é;? € RT, (% Th) of
the error estimator by the solution of the local 3 x 3 problems

/a‘léj-’lK -curl ™ dx = — /a‘lé; -curlpp® dz + |k (curlpp™), 1<v<3
K K
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where &k € span {curl ™ ; 1 <v <3} and pr™ € S2(Q;T), 1 < v < 3, stand
for the basis functions associated with the midpoints m., of the three edges e, of
KeT.

Then there holds:

Theorem 3.3. Under the assumptions (3.22), (3.23) there exist positive constants
0 < ko < K1 depending on 8 and é such that

(3.31) wollé;ll raiviey < 5 = Joll arcaivie) < K1llEill e aivia)-

Proof. We will only sketch the proof and refer to [21] for details. Denoting by
P the projection of RTl(Q T7) onto RT,(R; 7;) and by P,, 0 < v < 1, the projections

of RT, (€ 77) onto RTI(Q Ti) with respect to (-, ) g (giv;0)» W€ ha.ve € = = Py¢;, é =

Py (I - Pl) é; where é; := Pe;. The assertion follows from the norm equivalences

(1- 770) me.lmH(dw ) < 1€z @ivia) < lesllaivio),
(1 =m) &z @ivio) < IEilla@ivio) < 1€5ll aaivi)
which can be deduced by means of the Cauchy-Schwarz inequalities
2

[{a1, 92) gaivi) | < Mo lar e divie) la2ll v divin) »
a1 € RT1(T1), a2 € RTo(4 Th),

| (thz)n(div;n) | < 77% lla: |||H(div;n) llaz mH(div;Q)y
€RT, (7)), 0<v<1
where n2 <1,0< v < 1. O

Remark 3.3. Based on the estimates (3.31), as a refinement criterion we use a
meanvalue strategy as described e.g. in [14].

4. ADAPTIVE MULTILEVEL ITERATIVE TECHNIQUES: ALGORITHM II

In this section, we will present another multilevel method which is based on the
technique of mixed hybridization. This technique has been originally developed by
Fraeijs de Veubeke [18] and further investigated by Arnold and Brezzi [1] (cf. also
[11] and [23]). The idea is to eliminate the continuity constraints (2.4) for the normal
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components on the interelement boundaries from the ansatz space RTo(€; 7). This
leads to the nonconforming Raviart-Thomas approximation

RT;H (@ Th) = {an € (L2(®)”; anlx € RTo(K), K € Ta}.

Note that the dimension of RT; ' (f2;7) exceeds that of its conforming counterpart
RTy(2; Tr) by the number of interelement boundaries, since now two basis fields are
associated with each interior edge. Instead, the continuity constraints are taken care
of by Lagrangian multipliers from the multiplier space

Mo(&) = {u,, € (L3(£n)” s unle € Po(e), e €EnNQ, ple =0, e € & nr}.

Then, the nonconforming mixed discretization of (2.3) requires the computation of
Ghyun, An) € RTH(Y Th) x Wo(S%;Th) x Mo(En) such that

aGin, an) + b(an, un) + d(An,an) = 0, an € RT; (5 Th),
(4.1) b(Gn, vr) — E(un,vr) = — (f,vn)o, vn € Wo(; Th),

N

d(pn,jn) =0, pn € Mo(Ep)

where the bilinear forms a, 13, ¢ and d are given by

d(un,an) == ) /uhn°Qh do, pn € Mo(€n), an € RTy (85 Th).
KeThgg

The distinctive feature of mixed hybridization is to eliminate the discrete flux j, from
(4.1) and to take advantage of the equivalence of the resulting variational equations
in (un, An) € Wo(Q; Tn) X Mo(Er) with an extended nonconforming approximation.
In particular, we refer to CR;(f2; 7,) as the lowest order nonconforming Crouzeix-
Raviart ansatz space

CRy (4 Th) := {vn € L*(Q); vn|x € Pi(K), K € Th, vilk(me) = vn|xr (me),
e=KNK'€&NQu(m:)=0,e€ & NT}

where m. stands for the midpoint of an edge e € &.
We further denote by B3(f;7;) the space of cubic bubble functions

B3(Q;Tn) := {vn € L*(Q); vnlk € P3(K), valok =0, K € Tn},
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and we set

N(;Ta) := CR1(Q;Th) @ Bs (€ 7).

Then, if P, and II are the L? projections onto Wy (£;7,) and My (&), respectively,
it can be shown that there exists a unique ¥, € N(; 7) such that up = Pyn and
An = IIpyp (cf. e.g. [1; Lemmas 2.3, 2.4]). Moreover, v, is the unique solution of
the variational equation

(4.2) an, (Yn, ) = (Paf,m)o, 1n € N(;Th)

where the bilinear form ay, : N(Q;Tn) x N(Q; T,) — R is given by

an, (Ensmn) = Y / Py-1(aVép) Vnh+Ph(C€h)Tlh) dx

KeTh

and P,—1 denotes the L? projection onto RT; }(Q; Ts) with respect to the weighted
L? inner product (-, )g q-1.

The extended nonconforming approximation (4.2) will be solved by a multilevel
preconditioned cg-iteration. For that purpose we assume (7;)2=o to be a hierarchy
of triangulations generated according to the refinement rules (R1), (R2) and (R3) as
in Section 2. In particular, we suppose the coarsest triangulation 7y to be such that
there exists a constant v > 0 with

(4.3) ap — yhger > 0

where ap and ¢; are from (2.2) and hg := max diam(K). The construction of
0

the preconditioner for (4.2) with respect to the finest triangulation 7; is based on
the natural splitting of N(§; 7;) into the standard nonconforming part CR; (R2;T;)
involving the bilinear form

(449 acr@fFofR) = Y / (aVulR - VR + culRofR) do
KeT

where uS®, vCR € CR;(9;7;), and the “bubble” part B3(RQ;7;) giving rise to the
bilinear form

(4.5)  ap,(wp,zP) = Z / aP(VwB) - P(VzE) + cPh, (wB) Py, (z,B)) dz
KeT

where wf, 2P € B3(%; ;) and P is the L? projection onto RTO—I(Q; Tr). We define
an,: N(T)) x N(; ;) — R by

an, (61777!) ‘= ACR, (ulCRvUICR) +ap, (wle ZIB)
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where & = ufR +wP, n = R + 2B, ulR, vfR € CRi(Q;Ti) and wB, 2B €
B3(4Th).-

Denoting by Acr, and Ap, the operators associated with the bilinear forms acr,
and ap,, respectively, we note that Ap, can be represented by a diagonal matrix and
thus is easily invertible. On the other hand, the operator Acr, will be precondi-
tioned by a multilevel preconditioner of BPX-type which has been developed by the
authors in [20], [26] (note that a related BPX preconditioner for nonconforming P1
approximations has been proposed by Oswald [22]). If 7,4, is the triangulation ob-
tained from 7; by regular refinement of all K € 7;, the idea is to identify CR; (Q; T;)
with a closed subspace of S;(; 7i+1) by means of the pseudo-interpolant

PCR UUICR(P), if p=me
(PFw) (p) = Vp-l > ufR(me), if p # me,
v=1

where m? , 1 < v < v,, are the midpoints of those edges e € £,NQ having p € Nip1NQ
as a common vertex (cf. [13] for a related domain decomposition approach). We
denote by Cppx the standard BPX preconditioner with respect to the hierarchy
S1(,To) C - S1(Q;Th) C Si(QTi41) D PER(CR1(;Ti)) of conforming ansatz
spaces. Further, we refer to I;?H: S1( Tig1) — CR1(Q;Ti) as the mapping de-
fined by (I wit1) (me) == wig1(me), wigr € S1(Q;Tig1). Then, a suitable BPX
preconditioner for Acg, is given by Cnc = I3 Cppx (IEH)*.

The condition number of the preconditioned operator asymptotically behaves like
0(1) as follows from the following results (cf. [20; Thms. 3.3, 3.7]):

Theorem 4.1. There exist positive constants 0 < ko < k1 and 0 < 1o < M
depending only on the shape regularity of To and on the bounds for the coefficients
of the elliptic operator such that for all ¥, € N(Q;T;) and u; € CR1(Q; 7))

KOaNl (’4/%1/)1) < an, (?/)111/11) s Kfl&Nl (wl’wl))

noacr, (wi,w) < acr, (CyeAcrw,w) < macr, (ur, w).

Adaptivity by local refinement of the triangulations will be realized using an ef-
ficient and reliable a posteriori error estimator for the L2-norm of the total error
in the primal variable u which can be derived from a saturation assumption moti-
vated by a superconvergence result for mixed hybridization. In particular, we denote
by 4 € CR;1(Q;7;) the nonconforming interpolation of the Lagrangian multiplier
Al € Mo(£r) in the sense that L4 = ). Then, if u € H?(Q) and f € H}(Q), in
the L2-norm the nonconforming interpolation @, does provide an approximation of
u of order O(h?) compared to the approximation of order O(h;) of u by w; (cf. [1;

243



Thm. 1.1], [11; § V, Thm. 3.1]). This superconvergence result supports the following
saturation assumption

(4.6) llu = dllo < Bllu —ullo, 0<B<1

Theorem 4.2. Let ¢, € N(Q;T;) be an iterative approximation of the unique
solution ¥y € N(Q;T;) of (4.2) and let @, := Py, A := ;4. Further, suppose that
'fu € CR;1(;T)) is the nonconforming interpolation of . Then, under the saturation
assumption (4.6) there holds

Ju =il < (0 = Bt = duo+ 25 v = Gl

llu = gullo > (1 +B)" Nl = dullo ~ 2ll%1 — Pullo.

(4.7)

Proof. cf (4.7) in [20] . O

We remark that ||t — ¢i]lo in (4.7) represents the iteration error which can be
controlled by the iterative solution process. Therefore, we may use the cheaply
computable local contributions ||d; — {21"0, K € T, as indicators for local refinement
of 7;. We further refer to [20] for a characterization of the error estimator in terms of
a weighted sum of the jumps of the approximation %, on the interelement boundaries.

5. NUMERICAL RESULTS

We present numerical results for two specific examples illustrating the refinement
processes and the performance of the a posteriori error estimators. As test examples
we have chosen:

Example 1. Equation (2.1) with a = 1, b = 0 on Q = (0,1)%, homoge-
neous Dirichlet boundary conditions and right-hand side f according to the solution
u(z,y) = z(z — 1)y(y — 1)exp (—=100(z — 0.5)% + (y — 0.117)%). The solution has a
peak in (0.5,0.0117).

Example 2. Equation (2.1) with a = 1, 6 = 100 on Q = (0,1)? and Dirich-
let boundary data and right-hand side f according to the solution u(z,y) =
(2cosh10)_1 (cosh(10z)+ cosh(10y)). The solution has the boundary layer along the
linesz=1and y = 1.
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Level 0 Level 8
Fig. 5.1. Initial triangulation 75 and final triangulation 7s (Example 1)

é

Aavss:
XK

Level 0 Level 6
Fig. 5.2. Initial triangulation 7o and final triangulation 7 (Example 2)

Both examples have been solved by the algorithms described in the previous sec-
tions. For presentation we restrict ourselves to the results obtained by the application
of Algorithm I to Example 1 and of Algorithm II to Example 2.

The initial coarse triangulation 7o has been selected as shown in Figures 5.1 and
5.2. The refinement process has been stopped when the square of the ratio of the es-
timated error and the norm of the iterative approximation was less than the required
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accuracy TOL times a safety factor a. In particular, we have chosen TOL = 2.E — 3
and a = 0.95.

Figures 5.1 and 5.2 represent the initial and final triangulation for Example 1 and
2. In both cases we observe a significant refinement in the neighborhood of the peak
of the solution (Example 1) and the boundary layer (Example 2).

Efficiency index

_0.6 1 L 1
10 100 1000 10000
Number of nodes

Fig. 5.3. Efficiency index (Example 1)

Efficiency index

_O.l I 1 1 1
10 100 1000 10000

Number of nodes
Fig. 5.4. Efficiency index (Example 2)
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The performance of both the flux-based a posteriori error estimator (Example 1)
and of the a posteriori L2-error estimator (Example 2) is shown in Figure 5.3 and 5.4
representing the efficiency index E = €est/€true—1 as a function of the total number of
nodes where €est and erue stand for the estimated and true error, respectively. As can
be seen, at the beginning of the refinement process we have a slight underestimation
for Example 1 and an overestimation for Example 2, but in both cases the estimated
error rapidly approaches the true error with increasing refinement.
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