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CONVERGENT ALGORITHMS SUITABLE FOR THE SOLUTION
OF THE SEMICONDUCTOR DEVICE EQUATIONS

MIROSLAV POsP{SEK, Praha

(Received February 14, 1992)

Summary. In this paper, two algorithms are proposed to solve systems of algebraic
equations generated by a discretization procedure of the weak formulation of boundary value
problems for systems of nonlinear elliptic equations. The first algorithm, Newton-CG-MG,
is suitable for systems with gradient mappings, while the second, Newton-CE-MG, can be
applied to more general systems. Convergence theorems are proved and application to the
semiconductor device modelling is described.
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1. INTRODUCTION

In the preceding paper, [14], boundary value problems of the form (3.1) were
studied. Conditions on the problem data, that are sufficient to define the weak
formulation of the problem (3.1) and to guarantee existence of its weak solutions
were shown there. Further, a discretization scheme based on numerical integration
of the lower order terms only was examined and (weak) convergence of the discretized
problem solutions to the weak solution of the problem (3.1) was proved.

To solve systems of nonlinear algebraic equations derived in the discretization
procedure, two algorithms—Newton-CG-MG and Newton-CE-MG—are proposed in
Section 4 of this paper. The algorithm Newton-CG-MG is suitable for the problems
with gradient mappings and is based on the Newton method in conjuction with
the method of conjugate gradients preconditioned by the variable V-cycle multigrid
method. The algorithm Newton-CE-MG can be applied to more general problems.
In this procedure, the Newton method is combined with the method of conjugate
errors which is also preconditioned by the variable V-cycle multigrid method.
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In Section 5, convergence theorems for both algorithms are proved. In both cases,
the proof is based on the results of Bank and Rose [2] and recent developments of
the multigrid theory [3].

In Section 6, the Van Roosbroeck’s system (6.1)—(6.3) of three coupled nonlinear
partial differential equations describing steady states of a semiconductor device is
considered. It is shown that the algorithm Newton-CE-MG can be used for the
solution of these problems and the algorithm Newton-CG-MG is also useful in some
cases.

This paper together with [14] represents a method of treating boundary value
problems in the form (3.1), starting with their weak formulation, up to convergent
solution algorithm. As is shown, this approach can be applied to such a highly
nonlinear system as the semiconductor device equations are. As far as the author
knows, no similar approach to the semiconductor device equations resulting in a
theoretically convergent multigrid based algorithm has been published yet. Besides,
some more general results stated in Theorem 5.1 and Theorem 5.2 also seem to be
new.

2. BASIC NOTATION

We will use the following notation:

N the set of non-negative integers,
the set of real numbers,
v almost everywhere,
= (ny,..,nN) vector of outward normal.

Let @ C R? be a bounded domain with Lipschitz boundary divided into two
disjoint subsets I'p and I'y. Suppose that u;(I'p)—the one-dimensional Lebesgue
measure of I' p—is nonzero.

For a given vector function u = (ui,...,um), m > 1, with sufficiently smooth
components u;: = R, 1 < ¢ < m, we denote

Vu = (aul ou,, Oup aum>

Oz’ 7 Oxy ' Ozy’ T Oxza

and

: Ui, .7=0,
D’ui = .
a’u,i/al‘j, ] = 1,2.

If £ € R3™, we shall denote its components in the following way:

E = (610, . '7€m07€ll)' . '16111.2)7
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so that they correspond to the components of (u, Vu).

Let X be a real reflexive separable Banach space, equipped with the norm || - || x.
The dual space of X will be denoted by X* and the value of a continuous linear
functional F' € X* on an element v € X will be denoted by

(F,’U)x.

Let H be a finite-dimensional Hilbert space with dimension n and scalar product
(-, - Then, as is known, there exists a symmetric positive definite mapping D:
H — H such that

(Vu,v € H) ({u,v)y = (Du,v) = (u, Dv) = (D'/?u, D'/ ?v)),

where (-,-) denotes the Euclidean scalar product (u,v) Z u;v;. We shall often

write (u,v)p and ||u||p, instead of (u,v), and ||u||x, respectlvely, and denote the
space H by Hp. For a mapping A: Hp — Hp, the norm ||A||p defined by

lAllp = sup (Av,v)p
llvllp=1

will be used. In case D = I, the indices in (-,-)p and || - ||p will be often omitted.
We also introduce here an abstract function space V, which will be referred to
throughout the paper:
Let 1 < p < 0o. The closure of the set

{veC®@):v=00n I'p}
in the norm of W,?(2)! will be denoted by V?. The space V is defined by

m
(2.1) Vv=[[v" 1<pi<oo, 1<i<m,

=1
and equipped with the norm

1

m N Pmin Pmin
(Z/ | DI ;[P dz) '
=1 j=1 Q

(2

22) bl = (an '&",::") =

=1

where pmin = min{py,...,pm}-

! Recall that this norm can be defined as follows:

(¥ € WP @) Il = ( £, fo 07w az) 7).
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3. PROBLEM FORMULATION

Let m and € be as in Section 2 and let functions

aj: QxR™ SR i=1,..,m,j=0,12,

fi: Q- R, i=1,...,m,
di: QUl'p—>R, i=1,...,m,
h;: T'n =R, i=1,...,m

be given. As in the preceding paper (Pospi3ek [14]), we are interested in boundary
value problems in the following form:

2
—-ZDja,'j(z;u, Vu) + ap(z;u) = f;, i=1,...,m, T €Q,
i=1
(3.1) u;=d;, t1=1,...m, z €p,

2
ana,-j(x;u, Vu)=h;, i=1,....,m, z€y.
j=1

We recall that (precise meaning of the following conditions is given e.g. in Pospisek
[14]) if the functions a;; satisfy
(A1) Carathéodory conditions,
(A2) growth conditions with some coefficients p; > 1,1 < i < m,
(A3) coercivity condition with the same coefficients as in (A2),
(A4) condition of strict monotonicity in principal part,
if the functions d;, f; and h; have the properties

(D1) d; € WhP(Q), fi € L, (Q), hi € Lg,(Tw), 1/pi+1/gi=1, 1<i<m,
if the space V is defined as in Section 2 with p;, ¢ = 1,...,m, from (A2) and if a

mapping A: V — V* and a functional F € V* are defined by (here and in the sequel
we denote d = (dy, .. .,dnm))

(3.2) (Yu,v € V) ((Au, v)y = i Z /Q aij(z;u+d, V(u + d))DIv; d:c) ,

i=1 j=0

(3.3) (Vv eV) ((F, vy = f: (/Q fiv; dz + g h;v; dS) ),
=1 N
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then the problem

Find u € V such that

(3.4)
(Vv € V)((Au,v)v = (F,v)v),

i.e. the weak formulation of the problem (3.1), can be formulated and has a solution.
If, moreover, the strict monotonicity condition

(Vz € Q)(VE,n € R*™, € #1)

m 2
(3.5) (X St wi6) - astainl(es ) > 0)

i=1 j=0

is fulfilled, the solution is unique.

Let Ty be any conforming triangulation of Q that is of weakly acute type—i.e. no
internal angle of any triangle in Tj is greater than /2. We proceed as in Pospisek [14]:

e Choose an integer J > 0.

o If J > 0, we refine Ty by dividing each triangle ¢t € Ty into four congruent
triangles and thus obtain grid Tj. Applying the same procedure to the currently
finest grid, we continue until the grid T is generated.

e We construct dual meshes B;, 0 < j < J, by joining the midpoints of the edges
with the centre of gravity in each triangle ¢t € T, 0 < j < J. With each vertex
P € T, we associate a region wp consisting of those triangles ¢ € T} which have
P as a vertex and the so-called box bp € B, bp C wp, which consists of the
union of the subregions in wp which again have P as a vertex.

For further purposes, we denote

Q;={PeQ-Tp,Pisavertex of t € T}},
N; = card ;,

forj=0,...,J.
Now we use the finest grid (T';, By) to define the space V;, a mapping A;: V; —
V; and a functional Fy € V;:

Vi={veVv=(v1,...,0m): Vi,i=1,...,m)(Vt € Ty)
('Ui € C(Q)) A (v;]s is linear)},
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m 2
(Aju,v)y = ZZ/ a;j(z;u+d, V(u + d))Div; dz
Q

i=1 j=1
(36) +> > wa(bp)ai(P; (u+ d)(P))ui(P),
i=1 PeQy,
(37 (Fro)v =D Y (u2(bp)fi(P)vi(P) + p1 (br NTN)hi(P)ui(P)).
i=1 PeQy

It was shown in PospiSek [14] that if the functions a;; satisfy conditions (A1)-(A4)
and, moreover,

(A5) for alli,i=1,...,m, aip € C(Q x R™),

(D2) f; € C(ﬁ), d; € Cl(ﬁ), h;€e C(Cn),i=1,...,m,
then the problem

Find u’ € V; such that

(3.8)
(Vv € V) ((Agu?,v)y = (Fs,v)v)

has a solution which, as J — oo, weakly converges to a solution of the problem
(3.2)-(3.4).

Let < be a complete ordering of the set ;. Define a mapping v;: {1,2,...,N;} —
2; such that

(3.9) (Vkl,kz, 1< k1, ko < Nj) (kl <k & l/j(k'l) < I/j(kg)).

Clearly (see e.g. Pospi3ek [14]), the problem (3.8) is equivalent to a system of (non-
linear) algebraic equations

(3.10) g(w)y=0 in R™N/,
where 7 € R™"V7 can be viewed as consisting of m vectors uiH eRN, 1<ig<m,
)

H H
u’ = (ug', .U,

with each uf! corresponding to the nodal values of u;, the i-th component of u”’
from (3.8),

(Vi,1 < i <m)(Vk, 1<k <Ny () = u (vs(R))).

In this paper we describe algorithms suitable for the solution of the problem (3.10).
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For this purpose we divide the set of equations in (3.10) into m blocks so that
each block corresponds to a discretization of one partial differential equation in (3.1).
Then the system (3.10) can be written in the form

gl(uf{,...,uf,{) =0

H H
g2(ui’, .. u,,) =0

(3.11) ! "
gm@i, . ufy=0

where g;: R™N/ — RN’ 1 < i < m. The value of the Fréchet derivative of g(v) with
respect to v = (V1. Um), Vi € RN7, 1 < i < m, at a point vp can be expressed in
the block form

= (g;j(vo))i,j=l,...,m~

0 17) A
1) ge=2 ()

In the following we shall also use the fact that the mappings g'(vo) and g};(vo) can be
understood as discretizations (by the method (3.6)—(3.7)) of some linear mappings

(3.13) [,0(’()0)2 V=V and ﬁ,‘(’Uo)Z VPi o VP

respectively.

4. SOLUTION ALGORITHMS

We will describe two algorithms— Newton-CG-MG and Newton-CE-MG. In both

algorithms, the overall strategy is the same:

e Modified Newton’s method is used.

o Systems of linear equations arising in this method are solved by some kind of the
conjugate direction method—the conjugate gradient method and the conjugate
error method (see e.g. Samarskij, Nikolajev [17, sec. 8.3]) in the case of Newton-
CG-MG and Newton-CE-MG, respectively.

e As a preconditioner of the conjugate direction method, the variable V-cycle
multigrid method is used.

Now, we describe the individual parts of the algorithms:

Procedure Newton.
Input: g: R®™ —» R, where n € N.
Output: k € N, ux € R™, where ux is an approximate solution of the equation

g9(z) =0.
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(N1) Choose initial approximation up and ¢ € (0,1).
(N2) Let e R, K >0. Set £:=0, £k:=0, compute g(ug), ||g(uo)]|-
(N3) Choose p €N, p > 1.
In the Newton-CG-MG method, v := L€ (g’ (ur), —g(ux), 0).
In the Newton-CE-MG method, vy := LEZ(g'(ux), —g(us), 0).
(The mappings LEC and LCF will be defined later, see PROCEDURE CG /CE.)
(N4) 7 := (1 + Kllg(us)l) 7"
(N5) k41 := ug + Tk, compute g(uxs1), [[g(urs1)ll-
(N6) if (1 — [lg(us+1)lI/llg(ur)ll) < 746 then
increase K, go to (N4),
else
decrease K, k:=k+1,
endif
(N7) if (convergence) then
exit else
go to (N3)
endif
In step (N3), the mappings LEC and LCF are defined by several steps of the
conjugate gradient method and the conjugate error method, respectively. As is
known, both methods are special cases of the conjugate direction method and thus
we will describe them both in one procedure.

Procedure CG/CE.
Input: A: R* > R*, beR", neN,peN
Output: z,4+1, an approximate solution of linear algebraic system Az = b, also
denoted as
e LCCG(A,b,p) in the CG method,
e LCE(A,b,p) in the CE method.
(CD1) Choose initial approximation zo = 0, set 79 := —b = Azo — b.
(CD2) In the CG method, wg := B€Crg, a1 := (10, wo)/(Awo, wo).
In the CE method, wg := BEry, o, := (r0,70)/(Awo, 0)-
(The mappings BC and BCF will be defined later, see (4.8), (4.9).)
(CD3) z; := zp — o1wo.
(CD4) For k=1,2,...,0,
T = Az — b.

114



In the CG method,

Tk, Wk)
wy := B%Cry, opp = (—z(‘lw;—wk—)’
b

) _ Tkt (re, we) 1 )‘1

o =
kt ( ok (Tk—1, Wk-1) Ak

In the CE method,

Tky Tk)
.= BCF Ok41 = A1, i)
Wk Tky Ok+1 (Awe, )
Tk, T 1 \-1
Q41 = (1 — Tkt (r, Tk) - ) .
ok (Tk=1, Tk—1) Ok

In both cases:
Tk41 := Qk41 (.’Ek - akwk) + (1 - Olk+1)-'L'k—1-

We will often write Aj instead of g'(ux) and LYCb and LEEb instead of
LCG(Ay,b,0) and LCE (A, b, g), respectively.

In the above procedure, the mappings B¢Y and BCF representing the so-called
preconditioning remain to be defined. In both cases, this is done by means of the so-
called variable V-cycle multigrid method, see e.g. Bramble, Pasciak, Xu [3]. Hence,
before specifying those mappings, we shall describe briefly the multigrid method.

Procedure MG.

Input:

e An integer J > 0.

¢ Finite-dimensional Hilbert spaces H;, j =0,1,...,J, with the scalar product in
Hj; denoted by (-,-);.

Symmetric positive definite mappings

(41) .AjIHJ'—)Hj, j=0,1,...,J.

e Linear mappings
Z;,H;_..—>H;, j=1,...,J.

e Mappings
Pj_llHj—)Hj_l, 'P;_liHj—)Hj_l, j=1,...,J,
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defined for j =1,...,J by (V¢ € H;)(Vp € H;_,)
(Aj1Pio1,0)io1 = (A9, Z0)5,  (Pi_y,0)i-1 = ($, Tjp);.

e Linear mappings R;: H; - Hj, j=1,...,J.
e Integers n(j),7 =0,...,J, such that

(42) (360> 1)(3B1 2 Bo) (V5,5 =1,..,J) (Bon(j) < n(j — 1) < Ain(j))

is valid.
Output: Mappings M;: H; - H;, j=0,...,J.

Mappings are defined by induction. Set My := Ag 1 Assume that 0 < i< J,
Mj_, has been defined and f € Hj, 4°,...,y?"0) € H;. We define M; f as follows:

(MG1) y°:=0.

(MG2) for I =1,...,n(j)

(4.3) v =y T R (f - Ayt
(MG3) y"0) := y™9) + T;q, where
(4.4) q:= M;_1[Pi_,(f — Ajy" D).
(MG4) for l=n(j)+1,...,2n(j)
(4.5) v =y T R (f - AT,
(MGS5) M;f = y?>"0).
Having described the multigrid method, we shall now specify the mappings B¢C
and BCF from the PROCEDURE CG/CE.
In the k-th Newton step of the algorithm Newton-CG-MG we take:

e J from the discretization procedure, see e.g. (3.8).
e H; = R™Ni 0 < j < J, with the scalar product

N,' m
(4.6) (Vu,v € Hj) ((U‘U)H,- = ZM(buj(t)) zuNj(i—1)+l UNj(.'-1)+z)
=1 i=1

where v; is the mapping from (3.9).
e Mappings A;, j =0,...,J, defined as the discretization of the mapping Lo(ux)
on the grids (T}, B;) by the method (3.6)—(3.7), with u; from the PROCEDURE
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NEWTON and Lo defined as in (3.13). (Here we must ensure symmetry and
positive definiteness of A;.)

e I;,j=1,...,J, as linear interpolations from grid T;_; to Tj.

e R; such that they correspond to one sweep of the symmetric Gauss-Seidel
method: if we write A; from (4.1) in the form A4; = L; + D; + LT, where
L; is a strictly lower triangular and D; a diagonal matrix, we set

(4.7) R; = (LT + D;)"'D;(L; + D;)™*!

en(/)=1,n(G)=2n(+1),j=0,...,J-1.
We denote the mapping from the PROCEDURE MG with the above settings by
Mgo’k) and put

(4.8) BOG = M*h),

In the k-th Newton step of the algorithm Newton-CE-MG we shall apply the
PROCEDURE MG m times. For i = 1,...,m, we take:

e J from the discretization procedure, see e.g. (3.8).

e Hi=RMi 0<j<J,asin (4.6)—case m = 1.

e Mappings A;, j =0,...,J, defined as the discretization of the mapping L;(uo)
on the grids (T}, B;) by the method (3.6)-(3.7) with uo from step (N1) of the
PROCEDURE NEWTON and £; defined as in (3.13). (Note that here we must
ensure symmetry and positive definiteness of the diagonal blocks of the original
Jacobian only.)

e Z;,R; and n(j) as in the algorithm Newton-CG-MG.

We denote the mappings M; from the PROCEDURE MG with each of these m

settings just described by Mgi), i=1,...,m. Then we set

M o ... o
()
(4.9) BCE — O MJ ... 0 Az"‘
o o .. M™

(Recall our notation Ax = ¢'(ux).) Note that for the solution of linear systems in
the algorithm Newton-CE-MG, the multigrid method is applied to the same set of
matrices in every Newton step.
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5. CONVERGENCE THEOREMS

In this section we state our two main convergence theorems, Theorem 5.1 and
Theorem 5.2. Proofs of these two theorems are very similar, but in fact, different
lemmas have to be utilized.

Theorem 5.1. (Convergence of the algorithm Newton-CG-MG.) Consider the
problem (3.1) and suppose that the assumptions (A1)-(A5), (D1), (D2), strong
monotonicity condition

(3C, > 0)(Vz € Q)(vg n € R3™)

(5'1) Z Z[au(l’ g a"!] z; n)](&; 7711) > Co ZZ(&J 771]

i=1 j=0 =1 j=1

and symmetry condition

(Vz € Q)(VE € R®™)(Vi, k,i, k= 1,...,m)(Y],1,5,1 = 0,1,2)

da;(z;€) _ Oaw(z; f))

(5:2) ( 0  0&;

are valid. Let grids (T},B;), j = 0,...,J, on Q0 be given. As shown above, the
problem in the form (3.2)—(3.4) is well-defined and we can look for a solution of its
approximation in the form (3.6)—(3.8). This leads to a system of algebraic equations
in the form (3.10):

(5.3) guy=0 in R™N.

Choose an arbitrary element uo € R™N7. If ug, k > 0, are defined by the algorithm
Newton-CG-MG applied to the system (5.3) and Sp denotes the set

(5.4) So = {u € Hy: llgw)ll < llg(uo)ll},

then

1. (Vk > 1)(ux € So), the sequence of norms ||g(ux)|| is strictly decreasing and
lim |lg(ux)ll = 0.
k—yo0

2. (3u* € So)(u* = Jim ug) A (g9(ur) = 0).
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3. Let

(5.5) Xk = Il (I — g'(uk) L) g(u) 1/ lg(ue)ll-
If

(5.6) Jlim x =0

or

(5.7) (3r € (0,1])(Vk > ko) (xk < Csllg(ur)ll”)

is valid, then the convergence is superlinear or of the order r + 1, respectively.

Theorem 5.2. (Convergence of the algorithm Newton-CE-MG.) Suppose that
all the assumptions of Theorem 5.1 except the strong monotonicity condition (5.1)
are valid. Again, we consider a system of algebraic equations in the form (3.10)
obtained in the same way as in Theorem 5.1,

(5.8) g(u) =0 in R™N7,

Suppose that
o (Vi,i=1,...,,m)(3C; > 0)(Vz € )

(V&’I € R3™: (VJ,IC,] =1,...mk= 0a172)(j # i)(éjk = ﬂjk)

2 2
(5.9) (Z[aij (€;€) — ai;(z;m)] (&5 — mis) > Ci Y _(&; — Uij)z),

j=0 3=0
e in place of (5.2) only the following condition is valid

(V& € Q)(VE € R¥™)(Vi,i =1,...,m)(¥j,1,j,l=0,1,2)

da;j(x;€) _ dau(x;€)
(5.10) ( é&, T )

e there is an element ug € R™N7 such that
(51)  (Yue R™: ||g(u)|l < [l9(uo)lI)(¢' (u) is a regular mapping).
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Then, if ug, k > 0, are defined by the algorithm Newton-CE-MG applied to the
system (5.8), the assertions of Theorem 5.1 (with LCE instead of LSS in (5.5), of
course) apply. ‘

Remark 5.1. Our proofs are based on Theorem 1 in Bank, Rose [2] stating
that the above assertions are guaranteed by the following conditions:
(A-N1) The set Sop = {u € Hy: |lg(u)|| < [lg(uo)||} is bounded.
(A-N2) The mapping g is Fréchet differentiable and

(Vu € So)(g’(u) is regular and continuous).
(A-N3) The mapping Ly from (N3) satisfies
(3C1 > 0)(Vu € So)(Vk € N)(|| Lkl < C1).

Denote Sy = {u: |lull < sup llvll + Cillg(uo)ll}-
vEoo
(A-N4) (3C; > 0)(Vu,v € S1)(llg'(w) — g'(W)|| < Callu — vl]).
(A-N5) xo0 € (0,1) and (Vk > 1)(xx < Xo), where xi is defined as in (5.5)
Note that, as discussed in [2, Section 3], other conditions mentioned in [2, Theo-
rem 1] are satisfied automatically by the PROCEDURE NEWTON. But before starting

to verify these conditions, we shall prove some lemmas concerning the algorithms
CG, CFE and MG:

Lemma 5.1. Let the assumptions of Theorem 5.1 be valid. Then, if ux, k >

0, are defined by the algorithm Newton-CG-MG applied to the system (5.3), the
following is valid:

(5.11) (VEk, k < O)(Mﬁo‘k) is symmetric, positive definite).

(Vk, k < 0)(Ff, 75 > 0)(Vv € R™)
(5.12) (7€ (Arv, ) < (A MPP Ay, v) < 1§ (Akv,v)).

Proof. Assertion (5.11). It is easy to show that the conditions (5.1) and (5.2)
ensure that

(Vu € R™N7)(g'(u) is symmetric, positive definite)

and thus the application of the PROCEDURE MG makes sense. Further, Theorem 5
in Bramble, Pasciak and Xu [3] states that if

the spectrum of the operator (I — R;A;)(I — ’R,]TAJ-)

(5.13)
is in the interval [0,1),
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then M is symmetric, positive definite. In [3], see text near (3.4), Bramble, Pasciak
and Xu also say that the condition (5.13) immediately follows from the condition
(A-MG1) (3Cr > 0)(Vj,j =1,...,J)(Vu € H;)

flull? -
(5.14) =, S OrU = (I =RyA)(I = R A A7 u,u )5,
where )\; is the greatest eigenvalue of the matrix A; in question.
As is shown e.g. in Pospisek [13], proof of Th.8.1, the settings of the algorithm
Mﬁo’k) are such that for all k, £ > 0, the condition (A-MG1) is satisfied, so the
assertion (5.11) holds. O

o Assertion (5.12). Theorem 6 in [3] states that the assertion (5.12) is valid if the
conditions (A-MG1) and
(A-MG2) (32,0 < 2 £1)(3Cy > 0)(V4,5 =1,...,J)(Vu € Hj)

lIA;ull?
Aj

(515) (A = TPso1)uu )1 < Ca(“2) " (Asu,wi~

are satisfied. For verification of the condition (A-MG2), again see e.g. PospiSek [13],
proof of Th. 8.1.

Lemma 5.2. Let the assumptions of Theorem 5.2 be valid. Then for any
up € R™NJ the following holds:

(5.16) (vi,i=1,.. .,m)(My) is symmetric, positive definite).

VL1=1,...m)3E,+E > 0)(Vv € RVY)

(5.17) (AP v,0) < (AP MP AP v,0) <7 (AP0, v)),

where Asi) denotes the mapping Aj as used in the definition of the mapping Mﬁi).

Proof. Similarly as in the proof of Lemma 5.1, the conditions (5.9) and (5.10)
imply that (for the meaning of g;;, see (3.12))

(Vi, 1< i < m)(VYu € R™N7) (gl (u) is symmetric, positive definite)

and thus the mappings M}i), i = 1,...,m, are well-defined. Now we can go, for
i=1,...,m, through the same steps as in the proof of Lemma 5.1 and complete the
proof of Lemma 5.2. O
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Lemma 5.3. a) Let the assumptions of Theorem 5.1 be valid. If ux are defined
by the algorithm Newton-CG-MG applied to the system (5.3), then

(Vf € H;)(Vk € N)(Yui € So)

(518) (HQr,k € [0’ 1))('|(LkCG - Al:l)f”Ak < Qr,k”A;lf"A»)-

b) Let the assumptions of Theorem 5.2 be valid. If uy, are defined by the algorithm
Newton-CE-MG applied to the system (5.8) and By = B¢¥(AT)~! then

(Vf € Hy)(Vk € N)(Vux € Sp)

(5.19) (37, € [0, D)(NLY® = AT fllBo < Tl AL Fll56)-

Remark 5.2. Note that the algorithms in the PROCEDURE CG/CE start with
zero initial approximation. In fact, Lemma 5.3 says that the algorithms proposed
to solve the appropriate systems of linear equations are—under given conditions—
always convergent.

Proof of Lemma5.3. The proof is based on the convergence theorem for general
two-step conjugate direction methods, see e.g. Samarskij, Nikolajev [17, p. 355],
applied to special cases of the conjugate gradient method and the congujate error
method.

In the case of the conjugate gradient method the theorem from [17] mentioned
above says that if

(5.20) A:H— H, BCC. H » H are symmetric, positive definite,
and if 2,41 are defined by the PROCEDURE CG from Section 4, then
Jlim [|L9(A,b,0) = A™"bl| = 0
and
(5.21) lzo+1 — A7)l 4 < grllzo — A7'0||A

with ¢, € [0,1). Further, this g, can be expressed in terms of v;, v2 for which the
following is valid:

(5.22) (@v,72 > 0)(Yv € H) (1 (Av,v) < (AB9C Av,v) < 12(4v,v)).
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In the case of the conjugate error method the conditions (5.20) are replaced by

(5.23) A: H— H is an arbitrary regular mapping,

(5.24) Bo = BCE(AT)™!, By: H - H is symmetric, positive definite
and the estimate (5.21) is replaced by
(5.25) |Zo+1 — A7 bl B, < T llzo — A7"]I5,

with g, € [0,1). Here g, can also be expressed in terms of v;, 72 for which the
following is valid:

(5.26) (371,72 > 0)(Vv € H)(m(Bov,v) < (AT Av,v) < 72(Bov,v).)

The assertion a) now follows from Lemma 5.1 which ensures the validity of the
conditions (5.20), and from the fact that zo = 0 in the PROCEDURE CG. Similarly,
the assertion b) follows from Lemma 5.2 which ensures the validity of the conditions
(5.23) and (5.24), and from setting zo = 0 in the PROCEDURE CE. ]

Lemma 5.4. (Ortega, Rheinboldt [12, Th. 5.4.3, p. 142]) Let g: D C R™ —» R™
be a continuously differentiable mapping on an open convex subset Do C D. Then

g is strongly monotone in Dg
iff
(3 > 0)(Vu € Do) (V¢ € R™)((¢'(w)&,€) > 7(§,€)).

Lemma 5.5. (Samarskij, Nikolajev [17, Th. 2, p. 227]) Let A: R® — R™ be a
symmetric positive definite mapping and let § > 0 be such that

(V€ € R™)((4&,€) = 6(§,€))-
Then the norm of the mapping A~! inverse to A can be estimated by

A=t <ot

Proof of Theorem 5.1. We shall show that the conditions (A-N1)-(A-N5) are
satisfied.
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(A-N1) The coercivity of the mapping A in (3.2) clearly implies that g is coercive.
Rearranging the well-known Schwarz inequality to the form

(9(v),v)/llvll < llg@)Il - (v #0),

we see that [|g(v)|]] = oo as ||v|| & oo. Assume that the set Sp in (A-N1) is not
bounded. Then there exists a sequence

{’UVZ v, € SO}V}I') ”vl’” — 00

and thus, by coercivity, also ||g(v,)|| = oco. But this is a contradiction with the
definition of Sp.

(A-N2) Differentiability of g(u) and continuity of ¢'(u) on Sg follow from smooth-
ness of the functions a;; in (3.1). Regularity and even symmetry and positive defi-
niteness of ¢g’(u) were already stated in Lemma 5.1.

(A-N3) We start with the triangle inequality

(5.27) ILECH < IILES — A+ 1A

The mapping g is strongly monotone in Sy and thus by Lemma 5.4

(5.28) (Fy > 0)(Vv € So)(VE € Vi) ((d' (v)€,€) = IIENIP).
Hence
(5.29) (Fy > 0)(Vk € N)(VE € Vy)((Ax&, €) > 7IIENIP).

Then, by Lemma 5.5,

(5.30) (Yu € So) (1471 <v7h).

Now we shall show the uniform boundedness of |[L{¢ — A;!||. From Lemma 5.3 we
have

(5.31) (Vf € VI)(vk € N)(I(ZKC — AL ) fllax < 0 (1457 flla)

with ¢rx € [0,1). To estimate the left-hand side of this inequality from below, we
use Lemma 5.4. We obtain (for v see in (5.29))

(Vf € V;)(Vk € N)
(INLEC — AgH) fllaw = (Ae(LEC — AN (LEC = ATH N2
(5.32) > Y 2NELE - AH D
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To estimate the right-hand side of the inequality (5.31) from above, we use Lemma
5.5 with v from (5.29) used instead of §. By Lemma 5.5, this constant does not
depend on k, hence

(Vf € V;)(Vk € N)
(5.33) 0kl A7 fllae = ark (£, AL OV <A 2N < v~ 2IAL

Substituting inequalities (5.32) and (5.33) into (5.31) gives
ILEE = ANl <y~ HIAN

and thus

(5.34) (Vf € Vo) (Vk e N)|ILFC = A <47

The assumption (A-N3) now follows from (5.27), (5.30) and (5.34).
(A-N4) Follows from the smoothness of the coefficients a;;, as in (A-N2).
(A-N5) Note that the value of xx can be computed easily in practice:

Xk = llg(ux) + g (ur)vell/llg(ui)ll,

where vy = LEC(—g(uk)) from the step (N3) of the algorithm Newton. For example,
to obtain the convergence of (p+ 1)-st order, p € (0, 1], we stop the algoritm CG-MG
when

Xk < xo(llg(ur)ll/llg(uo)ll)?-
O
Proof of Theorem 5.2. We will show that the conditions (A-N1)-(A-N5) are
satisfied.
(A-N1) The same as in the proof of Theorem 5.1.
(A-N2) Differentiability of g(u) and continuity of ¢’(u) on Sp follow from smooth-

ness of the functions a;; in (3.1), regularity of ¢g’(u) is the assumption of our theorem.
(A-N3) We start with the triangle inequality

(5.35) ILEZN < ILEP - AL+ AL

The mapping D: v — ||g’(v)~!|| is continuous for v € Sy and, due to the fact that
So is a bounded and closed set in a finite-dimensional space (and hence is compact),
D attains its maximum C4 on S,;. We have

(5.36) (Vk € N)(Vux € So) (|| 45| < Ca).
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Now, estimate the term ||L{® — A;!||. Using equivalence of the norms || - || g, and

-1, ie.
(3 > 0)(3r2 > 0)(VE € R™V7) (||| < (Bok, €)2 < 7ll€ll),

we obtain from (5.19)

IEEE = ATHFI < T2/l AT NN,

Combining this with the inequality (5.36), we have

ILSE| < Ca(l +72/m1)-

(A-N4), (A-N5) The same as in the proof of Theorem 5.1. O

6. APPLICATION TO THE SEMICONDUCTOR DEVICE EQUATIONS

6.1. Model Problem.

In 1950, Van Roosbroeck [15] proposed a system of three coupled nonlinear par-
tial differential equations as a basic mathematical model describing electro-physical
behaviour of semiconductor devices. We will be interested in the following, rather
simplified form of these equations, ignoring complications like variable mobilities, ox-
ide regions and avalanche generation rate. Our problem, nonetheless, captures some
of the difficulties that occur in practice and its satisfactory solution still represents
a great challenge to numerical analysis:

(6.1) —div(gradu) + e*n — e “v = D¢,

(6.2) —div(e* gradn) + Q(u,n,v)(nv — 1) = 0, z €Q,
(6.3) —div(e ™ gradv) + Q(u,n,v)(nv — 1) =0,

(6.4) u=1up, ) =1p, V="vp, z €Tl'p,

(6.5) Ou _ gl _ o=@ _o et

o7 Cam ¢ om
where
(6.6) D¢ € Loo(R), Q€ C(R®) and (up,np,vp) € [Leo(Q) NCH(Q)J3.
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We will use the following notation:
Up = (up,np,vp), V= = [V2N Leo(Q)P, W = [WH2(Q) N Leo ().

Definition 6.1. Let, asin (2.1), V=[] VP, 1< p; <o0,1<i<m, andlet a
i=1

mapping AS: V° — V* and a functional f5 € V* be defined as follows:

(VU € V=°,U = (u,n,v))(V® € V, @ = (¢1,92,93)),

3 2
((ASU, d)y = ZZ/Qgradugradcpl

=1 j=0
+ e* gradngrad 2 + e “ grad v grad p3

T (e*n — )1 + Q(um, ) (w — 1)(2 + 5) dx),
(V@ e V) ((fs,é)v = /9 Dc(z)p:(z) dx).

We say that Us = (u,n,v) € W is a solution of the problem (6.1)—(6.5) in the
space W if

(6.7) Us =Us+ Up,
where Ug € V*° and
(6.8) ASU% = fS in V™.
As is shown in PospiSek [14], we can consider another, regularized problem, solu-
tions of which are also solutions of the problem (6.1)—(6.5) in the space W. This

problem reads as follows:

(6.9) —div(gradu) + eP2*Pgyn — P2 Popy = De,
(6.10) - div(eP=* gradn) + Q(Pgu, Peun, Peuv)(PeunPouv —1) =0, z € Q,
(6.11) —div(eP2(=") gradv) + Q(Ppu, Paun, Pauv)(PounPouv — 1) = 0,

(612) u =1up, N =Np, V="Vp, xe[‘D,
ou on ov
6.13 U _ oPeudl _ Po(-w) OV _
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where E, G, H are properly chosen constants, Pg = P_gg and
ro ifg(z) <,
(Prsg)(z) = ¢ 9(z) ifr<g(z) <s,
s if s < g(x)

for any real function g.
Clearly, the problem (6.9)-(6.13) is in the form (3.1) where

ePEd10 Po 6y — ePE(-810) Po sy, j =0,

(6.14) a1;(z;€) = {

Elja ] = 1,2)

Q(Pré10, Paré20, Ponéso)(Poué20Porés0 — 1), j=0,
(6.15) ag;(z;6) = , i

€ E€m£2j7 J= 1: 21

Q(Peé10, Par&20, Paréso)(Poré20Perés0o — 1), j=0,
(6.16) asj(z;€) = p .

€ &( &0){3_7'» J= 172’

f1=DC: f2=f3’=0a

(6.17)
dy =up, d2 =np, d3 =vp, hy =hy =h3z =0.

Suppose first that 7 and v are known. Then only the equation (6.9) with its bound-
ary conditions remains to be solved. It is easy to see that Theorem 5.1 can be applied
to such a problem and hence the algorithm Newton-CG-MG can be used to solve
the appropriate sets of algebraic equations. One can also verify that Theorem 5.1 is
applicable in the cases when the pairs u, 7 and u, v are supposed to be known, and
use this fact in solving the problem (6.9)-(6.13) by the nonlinear block Gauss-Seidel
method (see e.g. Ortega, Rheinboldt [12]) with the blocks being defined by subdivid-
ing the original system into three sets of equations corresponding to (6.9)-(6.11). If
the partial differential equations in (6.9)-(6.11) are only weakly coupled, the method
is very effective. Moreover, standard procedures and (fast) algorithms for elliptic
type problems with potential operators (like the algorithm Newton-CG-MG) can be
used to solve the appropriate sets of equations. However, convergence theorems are
restricted to only a few special cases (Jerome [9], Kerkhoven [10]) and the nonlinear
block Gauss-Seidel algorithm seems not to be convergent for many other practically
important situations.

In this paper, a procedure for the solution of the problem (6.9)-(6.13) which is
based on the algorithm Newton-CE-MG is proposed and summarized in the next
theorem.

Theorem 6.1. Consider the problem (6.9)—(6.13). Suppose that for an integer
J > 0 a sequence of grids (T}, B;), j = 0,...,J is given as in Section 3, such that
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To is of acute type. Let us define a weak solution of the problem (6.9)—(6.13) and
discretize the associated problem on the grids (T;, Bj) by the method (3.6)—(3.7).
We obtain a system of nonlinear algebraic equations in the form (3.10):

(6.18) gu)=0  in R™V/,

Suppose further that we have an element uo € R3N7 such that the condition (S1) is
valid. Then, if ux, k > 1, are defined by the algorithm Newton-CE-MG applied to
the system (6.18), the assertions of Theorem 5.2 apply.

Proof. In Pospilek [14], validity of assumptions (A1), (A2), ..., (A5), (D1)
and (D2) was proved. Verification of the remaining assumptions of Theorem 5.2—
i.e. (5.9) and (5.10)—is simple. Thus, the assertions of Theorem 5.2 apply. O

7. CONCLUSION

In practice, either Gaussian elimination, or iteration schemes based on various
generalizations of the conjugate gradient method (BiCG [5], CGS [19]) and the con-
jugate residual method (ORTHOMIN [20], GMRES [16]) are used instead of the
procedure CE-MG proposed in this paper. However, the resulting algorithm is then
very slow, or its convergence theory is available in some special cases only. On the
other hand, this paper together with [14] represents a method of treating bound-
ary value problems in the form (3.1), starting with their weak formulation, up to a
convergent solution algorithm.
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