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RANDOM n-ARY SEQUENCE AND MAPPING
UNIFORMLY DISTRIBUTED

NGUYEN VAN HO and NGUYEN THI HoA, Hanoi
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Summary. Visek [3] and Culpin [1] investigated infinite binary sequence X = (X1, Xa,...)
with X; taking values 0 or 1 at random. They investigated also real mappings H(X) which
have the uniform distribution on [0;1] (notation % (0;1)).

The problem for n-ary sequences is dealt with in this paper.
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1. INTRODUCTION

Let X = (X1,X2...) be an infinite sequence of random variables taking values in
(1) K ={0;1;2;...; K} foragiven K € N={1;2;...},
X is called a n-ary sequence.

If X,;X>;... are independently identically distributed (i.i.d.), i.e.

K
(2) P(Xi=j)=p;j20,Vj€K, ij=1, Vi €N,
i=0

P(Xil :jlv"wX‘in =jn):Hpj,, VnEN,js EKJ 7:1 ##%‘leN’

s=1

the sequence is called multinomial. Denote
(3) .%/={.’E=(IB1,.’L‘2,...),.’B;€L{_,iEN}.
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An order relation < in £ and the distribution function (d.f.) F(z) of X according
to a law P will be defined. Conditions under which F(X) is uniformly distributed
will be studied. The results are given in Part 2, first for n-ary sequences, then for
multinomial sequences and for Markov chains. For K = 1 these results reduce to
those of Culpin in a more precise form: in Theorem 3 of Culpin [1] it suffices to
require F'(z) to be increasing instead of strictly increasing and P to be continuous
instead of positive continuous. For X being a real random variable this result is
well-known, see e.g. [4], p. 34.

2. REsSULTS

Let z = (z1,22,...) and ¥y = (y1,¥2,--.) € £ . Denote

z=yiffz;=y;, VieN,
z~yiff ImeN:z; =vy1,...Tn-1 =Yn-1, Tn =Yn — 1,

Tnt1 = Znt2=... = K, Ynt1 =Ynt2=...=0,
or equivalently, z ~ y iff z, y are of the form

4) z=(T1,...,Tn_1,Yn — 1,K), where K = (K, K,...),
y=(Z1,...Zn_1,Yn,0), where O = (0,0,...).

Define an order relation < in £ as follows:

(5) z=y < eitherz=yorz~y
<y < z#yandz; =¥1,...,Tn-1 = Yn—-1, Tn < Yn for some n € N.

It is easy to see that the ordering < is linear, the set of pairs £ ~ y is denumerable
and £ is the continuum.

Lemma 1. Let z,y € &, z < y. There exist 2’ = (z1,...,2,,0) and 2" =
(215-..27,K) € & for some r € N such that

<2 <" <y.

Proof. Since z = (z1,%2,...) <y = (v1,¥2,...), there is n € N such that

(1) either 1 = y1,...,%n-1 = Yn—1, Tn < Yn — 2,
(ii) Or T} =Y1,.-yZn—1 = Yn—1, Tn = Yo — 1 and for some m € N,
Tnt1 = . = Tagpm-1 =K, Yn41 = ... = Yntm-1=0

and Tpym K K —10r Ypnym 2 1.
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In case (i) one can choose r = n and

Z’ = (xla-"’m'n—lvxn +1a6)a

2= (Il,...,mn_1,2n+ 1,1—{)
In case (ii), if Tp4+m < K — 1, one can put r = n +m, and

2 =(z1,...,z,,K,...,K,0),
N’
m
2" =(z1,...,2n,K,...,K,K) = (z1,%2,...,Zn,K),
N’
m
or if Yn4m > 1, one puts r =n +m and

2= (x1,...,Tn_1,%0 +1,0,...,0,0) = (z1,...,Tn-1,%n + 1,0),
———
m
2" =(z1,...,Zn-1,Zn +1,0,...,0,K).
———

m

O

Definition 1. A mapping F of £ into [0;1] is called unique, increasing or
continuous iff the following condition (i), (ii) or (iii) is satisfied, respectively:

(6) (i) z~y = F(z)=F(y),
(i) z<y = F(z) < F(y),
(i) F(z1,Z2,--TnyYntl,Ynt2,---) = F(z1,22,...) as n = oo.

Remark 1. If F is increasing, then F is continuous iff for every z = (z,
z2,...) € X
(7) F(zy,...,2,,K) and F(z1,...,2,,0) = F(z) as n = oo,
or equivalently, F(z1,...,Zn, K) — F(21,...,25,0) = 0 as n — oo.

Definition 2. F is said to have “Property D” iff it is unique, increasing, con-
tinuous and F(0) =0, F(K) = 1.

Theorem 1. Let F be a mapping of 2 into [0;1].» F has “Property D” iff it is
of the form

0o zp—1

(8) F(.’E) = Z Z fn(xl’“'vxn—l,j)a 1,':(1121,1‘2,...) € ‘%’v

n=1 j=0

35




-1
where we use the convention Y a; = 0, and the f,’s defined on K" satisfy
j=0

9) (i) fa20,
K
(ll) Zf,.(zl,...,a:,,_l,]) fn-l(zly ..,:l‘n_l), where fo = 1,
e
(iii)  fn(z1,...,2n) = 0 asn = oco.
The f]s are uniquely determined from F by
(10) fa(z1,. .. 20) = F(21,...,20,K) — F(z1,...,2,,0).

Proof. Let F have “Property D”. Defining f, by (10), one has

N z,-1

Z Z fn(xla . -axn—l’j)

n=1 3=0
N z,-1

= Z Z {F(.’Bl,...,ﬁl;‘n 1,]’ ) F(zla mn—lajaa)}
n=1 j=0
N z,-1

= Z Z {F(le,..-,ﬁn_l,]’+1,6)—'F(xl,--.,xn_l,jy(_))}

n=1 ;=0

N
= Z{F(l‘l,...,ﬂ';n,a) -—F(IE],---,xn-l,a)}

n=1

= F(zy,...,25,0) — F(O) = F(z1,...,zN,0) = F(z) as N = .
This proves (8). Conditions (9) (i) and (iii) follow from (10), (6) and (7). One gets
(9) (ii) by direct calculation:

K

an(xly oy Tp-1,7 )— Z{F(z‘la---yxn—hj:}?) _F(xl’”',xn—l:jya)}

j=0 j=0
= F((Bl,...,ln_l,l_{_) _F(xly'”,xn—l:K’a)

+ Z{F(xl’ -y Tn=1,J, ) F(ml’ ,:L‘n_l,j,a)}
= F(zi,...,%n-1,K) — F(z1,...,Zn-1,K,O)
K-1

+ Z{F(mla"-’mn—l,j +1,6) - F(xly'-"xﬂ—lija)}

ZF(.'E],...,:E"_I,I_(-) _F(Il,-",xn—ha)

= fn—l(xl’ e axn—l)-
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Suppose now that F is of the form (8) with f, satisfying (9). The conventions
-1 _ _

> a; =0and fo =1imply F(O)=0and F(K) =1.

0

Let z ~ y, i.e. z, y are of the form (4). Then F(y)—F(z) = fn(z1,...,20n)+A—B,
where

co Ys—1

-1
A= Z Zfs(y1,...,ys—1,j)§0, since zo:zo,

s=n+1 j=0

and

oo Ts—1

- Z Zf,(.’l?l,...,xs—hj)

s=n+1 j=0
o K

> {Zfs(% 3 s-1,4) = fo(@1, - ,xs_l,K)}

s=n+1 =0
since for s > n+1, z, = K,

Z {fs—l(ml’- . -,xs—l) - fs(zlv- .. 1$s—l,K)}

s=n+1
= fa(z1,...,Zn)-
This implies that F(y) — F(z) = 0, i.e. F is unique. Let z # y, ¢ < y. Then
T1 =Yy -+r>Tn—1 = Yn—-1, Tn < Yn — 1 for some n € N, and
Yn—1
F(y) - F(z) = Z fa(z1,...,2Zn—1,j) + A — B, where
oo  Ys—1
A= Z Z fs(yh <1 Ys—1,7 ) 0
s=n+1 j=0
T,—1
B = Z Z fa(xl’ )-Ts—l)j)
s=n+1 j=0
oo K
Z Zf,(zl,...,z,_l,j) = fa(Z1,...,Zn)-
s=n+1 j=0
Thus
Yn—1
F(y)—F(l’) Z fﬂ(xly xn—lyj)_fn(xly""zn)>0

i.e. F' is increasing.
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For x € 2, n € N one has

F(zy,...,zn,K) = F(z1,...,2,,0) =

oo K-1
= Z Z fs(flil,--.,l'n,K,--.,K,j)
s=nt1 j=0 haarnd
= Y {four(@r,.. .20, K, ..., K) = fa(z1,..., %0, K, ..., K)}
s=n+1 s—n—1 s—n
= fa(Z1,...,Zn)-
This proves (10), and the continuity of F' follows by (9) (iii). O

Corollary 1. Let F have “Property D”. F is strictly increasing iff

fr(z1,...,zn) >0, VREN, Vz € 2.

Proof. It follows from Lemma 1 and (10). O

Theorem 2. F has “Property D” iff F is an increasing mapping of Z" onto [0;1].

Proof. Let F be an increasing mapping of 2 onto [0;1]. Clearly, F(O) = O,
F(K)=1.

Suppose there exist z,y € £ such that z ~ y and F(z) < F(y). There must be
az€ Z:F(z) < F(z) < F(y). Then z £ z < y and z # z, 2 # y, which implies,
by the definition (4), that z = =, 2 » y. Thus £ < z < y. Hence z < y. This
contradiction proves the uniqueness of F'. It remains to verify the continuity of F.

For z = (z1,Z2,...) € Z, let us denote

Timy = (z1,...,Zm,0), Ty = (z1,...,Zm,K), me€eN.

Then z{,,) < 7 < mz'm) and F(z(,,) < F(z) < F(z{, ). Since Ty (Z(m)) 18
increasing (decreasing) with m, there exist a’ and a” € [0; 1], such that

F(z(m)) /a' < F(z) and F(z(,,)) \a" 2 F(z).

If o' < F(z) there would be y € £ such that o’ < F(y) < F(z). Thus, y < z.
Therefore y; = Z1,...,Yn—1 = Tn—1, Yn < Zn for some n € N. Hence, for m > n,
y < z’(m) and

F(y) < F(z(,,) <d, ie F(y)<a
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This contradiction yields that a’ = F(z). In the same way, a” = F(z). This
implies (7).

Suppose now that F has “Property D”. By Theorem 1, F' is of the form (8)
with f, satisfying (9). For a given t € [0;1] we will determine two sequences z =
(z1,z2,...) € Z and (vp,v1,vs,...) such that

=v 22U 2V22...,
< fa(z1,y..-y2n), VYREN,

in the following way:

v =1t,
i-1 i
T = ma.x{i: i€k, Y fil))<w=t< Zfl(j)},
= s
o i i
U1 = — E f3),
j=0

i—1 i
Tn, = max {i: i€ &,an(xl,m,zn_l,j) Un-1 < fn(xl,---,xn-l,j)},
j=0 j=0
Tp—1

Un = VUn—1 — Z fn(xl,--',xn—l’j)
=0

Tpn—1

Tn
< an(xlv"'vzn—l’j) - Z f'n(xlv' '-)zﬂ-—l’j) = fn(xlv' .. ,.'En).
3=0 3=0

Then
N
t=v9=vN + Z(‘Un—-l - Un)
n=1
N z,-1
='UN+Z Z fﬂ(.’l,‘l,...,.’l}n_l,j), N eN,
n=1 j=0

where vy < fn(z1,...,Z5) = 0 as N — oo. Therefore

00 Tp-—1
t= Z E f'n(zlw .. 7xn-lvj) = F(Z‘).
n=1 ;=0
This proves that F is a mapping of £  onto [0;1]. a
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Law and distribution function of X.

Let X = (X;, Xa,...) be an infinite n-ary sequence with X; taking values in K,
1 € N. Let P be a probability law of X. A law P of X is given iff there is a system
P of probabilities P(X;, = xi,...,Xi,, = Zi,,), Y/m € N, Vi; # ... # i €N,
Vz = (11, 22,...) € Z, satisfying the well-known consistency conditions which imply
(9) (i)—(ii) with f, defined by

im

(11) fa(x1,. .. zn) = P(X1 =21,..., X0 = Z,).

Conversely, from a family of P(X; = z1,...,Xn, = z,), Vn € N, Vz € Z satisfying
(9) (i)-(ii) one can get the system & satisfying the consistency conditions by putting,
foriy #...#1im €N,

P(X-;1=Ii1,...,Xim=$im)= Z P(X1=.1:1,...,Xn=$n),

Ti1rTipn o EK

where n = max(i1,...,im), {j1,---rdn-m} = {1,...,n} \ {i1,...,im}, i.e. a law P
of X is given.

Definition 3. A law P of X is said to be continuous iff

P(X =z)= lim P(X; =21,...,Xn=12,) =0,

n—oo
i.e. iff the f,,’s defined by (11) satisfy (9) (iii).
Since the f,’s satisfy (9) (i)—(ii) as mentioned above, Definition 3 is equivalent to
Definition 3*. P is continuous iff the f,’s defined from (11) satisfy (9) (i)-(iii).
Definition 4. The mapping F': £  — [0;1] defined from

(12) F(z)=P(X<z), z€ X

is called the distribution function of X according to the law P, (abbr.: d.f. of X |P).

Remark 2. For the case of a continuous P,
(13) F(z) =P(X <z)=P(X < 1z).
Definition 5. A law P of X is called positive iff the system & is positive, i.e.
(14) P(Xi, =ziy,...,Xi, =xi,,) >0, VmeN, Vi; #...#in, €N, Vz € 2.
Theorem 3. Let F: Z — [0;1].
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(i) F has “Property D” iff F is d.f. of X according to a continuous law P. F' and
P are determined uniquely from each other:

oo Tp—1

(15) F(:ZJ) = Z Z P(X1 =21,...,Xn-1 =$n_1,j), = (1}1,(1)2,...) e,

n=1 j=0

(16) P(X1 =z1,...,Xn =) = F(T) — F(z),

where

(
z=(z1,...,7n,K), neEN, z€ Z.

(ii) Moreover, for F and P as in part (i), F is strictly increasing iff P is positive.
Proof. (i) Let P be a continuous law of X. Since

00 Tp-—1

X<z} D Y {Xi=m1,..., X1 =201, Xn=j} C {X <z},

n=1 j=0

with the convention ) '{.} = 0, one gets (15) by virtue of (13), i.e. F is of the
form (8) with f, defined from (11) satisfying (9). Thus, F has “Property D” by
Theorem 1.

Let now F have “Property D”. By Theorem 1, F is of the form (8) with f,
satisfying (9) and (10). Defining a family of P(X; = z1,..., X, = z,) by (11) which
yields a system & and then a continuous law P, one gets (15) and (16) from (8) and
(10), respectively. F' is the d.f. of X |P by the first part of the proof.

(ii) This is a consequence of Corollary 1. O

Corollary 2. Let P be a continuous law of X = (X, Xs,...). Then
aamn P{X;=z,..,Xn=z,} =P{z < X <%}

with z, T defined in Theorem 3.
Proof. Let F denote the d.f. of X |P. It is easily seen that
(18){X1 =z1,...,Xn =.’Bn}= {Xl =Z1,...,Xn = Zn, Oan-{-i <K, ’LEN}
c{z<X <1z}

Thus,
P{Xi=z1,...,Xn =2} < P{z< X <7} = F(%) - F(z)
by (13). This fact and (16) prove (17). O
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Theorem 4. Let F be an increasing mapping of £  into [0;1]. Let P be a con-
tinuous law of X = (X1, X2,...). Then F(X)%% (0;1) under P iff F(z) is the d.f.
ofX|P.

Proof. Let F be the d.f. of X |P, where P is continuous. By Theorems 2 and
3, F has “Property D” and maps 2" onto [0;1]. Then

Vte[0;1), Fl(t)={z; z€ &, F(z) =t} #0.

Denote z* = sup F~1(t), where the supremum is taken according to the ordering <
defined in (5). Since F has “Property D” and P is continuous, one obtains

{F(X)
P{F(X)

t}={X <z'},

<
<t} =P{X <s'}=P{X <s'} = F(s) =t,

which shows that F(X).#% (0;1) under P.
Conversely, let F'(X)#% (0;1) under the continuous law P. Let A be the Lebesgue
measure on (R, #). One has

MO\ F(Z)}=1-MF(Z)}=1-P{FX)eF(Z)}=1-1=0.
Thus F(Z') is everywhere dense in [0; 1]. Therefore,

F(D) = inf F(Z) = 0,
F(K)=supF(Z)=1.

Hence 0 € F(Z'),1 € F(Z).
For t € (0;1) there exist {a,} and {b,} C F(Z") such that

a <ax<..., lima, =t,

by >bs> ..., limb, =t.
Then there exist {z"} and {y"} C £ such that

1<2?<...  F(z") =an, Vn€EN,

>y?>.. F(y™) =b,, VneN.
Denote z = sup{z"}, y = inf{y"}. Hencez,y € &, F(z) = F(y) =t,ie.t € F(Z).
This proves that F' maps 2 onto'[0;1]. By Theorems 2 and 3, F has “Property D”
and it is a d.f. of X according to a continuous law, say @, which is determined from

(19) QX1 =121,...,Xn =1za) = F(Z) - F(z).
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It remains to prove that Q = P, or equivalently, to show that
200 QX1=1z1,...,Xn=2zn)=P(X1=21,...,Xn=2,), VnEN, Vz € Z.

From (18) and {z < X < z} C {F(z) £ F(X) < F(z)} one gets P(X; =
Z1,..., Xn =2n) < F(Z) — F(z), since F(X)%%(0;1) under P. Thus, by (19),

(21) P(X1=121,...,Xn=20) QX1 = 21,..., Xn = Tn).
On the other hand,

{X <z} c{F(X)<F(z)} and {X>z}C{F(X)2>F(2)}
imply

P(X<z)<F(z) and P(X >

z) < 1- F(z)
or P(X<zZ)2F

(),

which yields
P(X<Z)-P(X <z) 2 F(z) - F(z),

or, by Corollary 2 and (19),
(22) PXi=1,...,Xn=2,) 2 Q(X1 =21,...,Xn = Zn).
The desired result (20) is obtained from (21) and (22). O

Corollary 3. Let P be a continuous law of X = (X1, Xa2,...). The only decreasing
mapping G: Z — [0;1] such that G(X)-£% (0;1) under P is determined from

K
(23)  G(e) = 2 E P(X1=121,...,Xn1=%n-1,§), 3 =0.
n=1j=z,+1 K+1

Proof. Let F be the d.f. of X 'P. By Theorem 4, F is the only increasing
mapping such that F(X)#% (0;1) under P. Thus 1 — F(z) is the only decreasing
mapping such that 1 — F(X)¥%(0;1) under P. By Theorem 3 F(z) is of the form
(15). Thus 1 — F(z) is defined by (23). 0O
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Remark 3. Consider

oo

z
= e = L)EZ.
(24) M@ =) e ©=Eom)E
M is of the form (8) with
1
fn($1,~--,$n)—(K—H—);>0, neN, ze X,

satisfying (9). Thus M has “Property D”. Moreover, it is strictly increasing by
Corollary 1. Also, M(X).£% (0;1) only under P such that

1
P(Xi=x1,...,Xn=2Z5) = fa(z1,...,Zn) = W >0, neN, ze Z,
ie. X = (X;1,Xa,...) is an i.i.d. sequence with
. 1 . .
(25) P(Xi—])-—K—H, jeEK, ieN.

APPLICATION TO n-ARY SEQUENCES

Corollary 4. Let X = (X;,Xa,...) be an independent sequence such that

(26) P(X;=j)=p;>0,j€K, > pj=1,i€N.
Jj€EK

Moreover, let

(27) Jda € (0;1), 3N € N such that
Ospusl_a’ Vjeﬁa V'L?N

Then
(i) the d.f. of X |P is determined from

oo n-—1 Tp—1
(28) F&) =3 { (T p) oo},
n=1 i=1 j=0
0 -1
Te X, whereHil, ZiO;
1 0
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(ii) F(X)£% (0;1) under P;
(iii) the additional assumption p;; > 0, Vi € N, Vj € K, ensures the positivity of
P as well as the strict increasing of F.

Proof. Note that

P(X1=9:1,‘--,Xn=xn)=Hpiz,~, neN, z€Z

i=1
and the f,’s defined by (11) satisfy (9). O

Remark 4. For X being an i.i.d. sequence, i.e., p;; = pj, Vi € N, Vj € K, the
condition (27) is replaced by

(27*) 0<pi<l, jeK.

APPLICATION TO MARKOV CHAINS

Corollary 5. Let X = (X;,Xa,...) be a Markov chain with a finite state space
E = {Ey,E,,...,Ex} which is identically denoted by K = {0,1,...,K}. Let ng =
{po,p1,--.,px) be the initial probabilities and let = = (p;;), i,j € K be the matrix
of transition probabilities: p; > 0, po+ ...+ px =1, pi; 20, Zjeﬂp;j =1i€e K.

Suppose that

Then
(i) the distribution function of X is determined by

(30) F(z) = i {(pz, "l:[zpz,-,z.-ﬂ) tgl pz.._l,j},

n=1 i=1

-1

0
z € Z, where Hil, Hél, ZEO;
1 0

(ii) F(X)Z% (0;1);
(iii) moreover, if 0 < p; < 1,0 < p;; < 1, i,j € K, the law P is positive and F is
strictly increasing.

Proof. Since P(X; = z1,...,Xn = ZTn) = Pz; " Pz1,22 -+ -Prnorzns M € N,
z € Z, and the f,’s defined from (11) satisfy (9) provided (29) holds. O
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