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Summary. In this paper a black-box solver based on combining the unknowns aggrega-
tion with smoothing is suggested. Convergence is improved by overcorrection. Numerical
experiments demonstrate the efficiency.
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1. INTRODUCTION

The usual iterative methods for solving systems of linear algebraic equations—for
example the damped Jacobi method or the Gauss-Seidel method—eliminate some
types of errors very effectively and some of them very slowly. As a rule oscillating
errors are effectively eliminated therefore we speak about the so called smoothing
effect. A multilevel method is based on a combination of a smoothing iteration with
the so called correction on a coarse level. Components of an error which are not
effectively removable by smoothing are tried to be represented in a space the dimen-
sion of which is smaller than the dimension of the original system. The standard
correction on a coarse level is an orthogonal projection of the error along components
of the error represented in the space with the smaller dimension.

The aim of this paper is to describe the construction of coarse spaces based on
combining the unknowns aggregation with smoothing. The advantage of unknowns
aggregation is that it can be easily done using a graph algorithm without explicit
knowledge of the geometry of a grid. However, piecewise constant coarse spaces
(generated by unknowns aggregation) contain high energy functions and therefore
the multigrid algorithm based on unknowns aggregation is not too efficient. In order
to improve convergence properties we will suppress the energy of coarse space func-
tions using a smoother. Numerical experiments (see Section 7) have shown that the
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convergence factor of the suggested algorithm is approximately 10-20 times smaller
than that one of a black-box solver suggested by Ruge and Stiiben in [8], Chap. 4,
p. 108. The presented algorithm is based on tricks described in [2], [3], [4]. Ac-
celeration by overcorrection was suggested by Blaheta [1]. A modification of this
technique used in this paper was analyzed in [2]. The algorithm (generation of a
disjoint covering of a set of degrees of freedom) is a modification of the algorithm 2.2
in [3]. The presented modification enables to solve systems of PDEs and respects
the coupling of degrees of freedom. Improvement of transfer operators by smoothing
was suggested and analyzed in [4].
Let us consider a system of linear algebraic equations

(1.1) Au = f,

A is a positive definite matrix of order n, f € R™ a given right-hand side. Further
let

(1.2) p:R™ 2 R", m<n

be an injective operator. This operator will be called a prolongation (for technical
details see Section 5). The smoothing iterative method is supposed to be of the form

(1.3) S(z) =Mz + Nf,

z € R™®, M, N are nonsingular square matrices satisfying the consistence condition
(1.4) I=M+ NA.

Let us note that (1.4) implies

(1.5) S(z) =z,

where £ = A™1f. An error of the vector z € R™ will be defined as

(1.6) e(r) =z —¢.

Components of the error which are not effectively removable by smoothing, i.e.
(.1.7) Me=e

will be called smooth components. We try to represent these smooth components in
R™ using the prolongation operator. The error e € R™ can be represented in R™ if
there is a v € R™ such that

(1.8) e = pv.
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In the ideal case the range of p always contains all smooth components of an arbitrary
error e € R™. In practice this requirement seems to be too strong. Usually we will
be satisfied with the fulfilment of a weaker condition

(1.9) Mpv = pv.

The construction of the prolongation operator contained in this paper follows the
scheme:
1. An auxiliary prolongation operator

(1.10) p: R™ > R"

will be constructed by the unknowns aggregation technique. This process is little
time-consuming but the properties of the operator p are very bad from the point of
view of the condition (1.9).

2. A prolongation operator p will be constructed by the formula

(1.11) p = Mp.

The range of p is expected to contain vectors with smooth components mostly be-
cause non-smooth vectors from Im(p) are suppressed by the smoothing operator M.

2. STANDARD TWO-LEVEL METHOD

Let (-,-)1 and (-, -)2 denote the usual scalar products in R™ and R™, respectively,
and || |1 = (- }/2, Iz = (, -);/2 the corresponding euclidean norm. Let us define
the energetic scalar product by

(2.1) (v =(Ayn

and the corresponding energy norm by
(2:2) L=

A multilevel algorithm consists of a correction on a coarse level and of smoothing
(see Introduction). Let z € R™ be an approximation of the solution £ = A~1f of the
problem (1.1). The correction on a coarse level consists in subtracting pv, v € R™
fulfils the minimalization condition

(2.3) le(z) = pobi = min Je(z) - puk.



The orthogonal projection theorem implies that e(z) — pv is the A-orthogonal pro-
jection of e(z) into Im(p), i.e.

(2.4) (e(z) — pv,pw); =0 for all w € R™.

Now we can easily define the algorithm of the correction on a coarse level. The
restriction operator

(2.5) r: R" - R™
will be the adjoint operator to p with respect to the scalar products, i.e.
(2.6) (rz,y)2 = (z,pyh1 z € R",y € R™.

Let us mention that matrix representations of r, p will be mutually transposed.
Using (2.1) and (2.6) we get the equivalent form of (2.4)

(2.7) (rA(e(z) — pv),w)2 =0 for allw € R™.
It is clear that (2.7) is valid if and only if
(2.8) rAe(z) = rApv.

It is easy to see that

(2.9) Ae(z) = Az — f.
Setting
(2.10) A; =rAp,

(2.8) becomes the system of m linear algebraic equations in m variables
(2.11) Av=r(Az - f).

The correction on the coarse level can therefore follow this algorithm:

(2.12a) d:= Az - f, d € R™,
(2.12b) dy :=rd, d; € R™,

(2.12¢) v:= Ag'dy, v € R™,
(2.124d) T =1 — pv, z € R™.
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A two-level algorithm contains usually two smoothing steps. The first (so called pre-
smoothing) is applied before and the second (so called post-smoothing) is applied
after the correction on the coarse level. Smoothing steps represent several (mostly
2-5) iterations of the smoothing iterative method (1.3). The complete algorithm of
a two-level method can be, for example:

1. Setup phase

e generation of the operator p (in dependence on A).
o calculation of A; = rAp

2. Iterative phase: (z* denotes the i-th iteration, z° being chosen arbitrarily)

(2.13a) &:=8™)(z') (v times iterating (1.3)), % € R",
(2.13b) d:=Ai—-f deR"

(2.13c) dy :=rd d; € R™,

(2.134) v:i=A;'d, veR™,

(2.13e) Z:=%—-pv Z€R",

(2.13f) = s3)(3)  zl e R™.

The only step which has not yet been precisely defined is the generation of the
operator p. This step will be described in detail later.

3. STANDARD MULTI-LEVEL METHOD

Generalization of a two-level method to a multi-level one is very natural. We do not
solve the system Ajv = d; exactly as in (2.13d), but approximately by the recursive
application of the two-level method. In the setup phase we generate matrices A,
l = 2,...,k, with decreasing order n;. Generation is stopped when the order of
the matrix is sufficiently small for the effective direct solution of the corresponding
system of linear algebraic equations.

Let ¢ denote the maximal order of a matrix on “the coarsest level”. Then the
setup phase consists of the following steps:

(3.1a) setting 4, = A, [l:=1,
(3.1b) P is generated depending on A,
(3.1¢) Ay =T A,
(3.1d) l:=1+1,
if ny > ¢ then
go to (3.1b)
else k := 1.



Let us denote by H' the space R™, 1 =1,2,...,k. Let 1, resp. vs be the number of
the pre-smoothing (resp. post-smoothing) iterations. The iterative phase (z* — zit!)
of the standard multi-level method can be written as

(3.2a) l:=1,f :=f,z; =12, fi,z1 € HY,
~ (3.2b) & = S (zy), i € HY,
(3.20) d := A% — 1t d, € Hl,
(3.2d) fiy1 == midy, fiy1 € HFY
(3.2¢) if I+ 1 =k then
Tig1 = (Aip1) " figrs Ti41 € HH!
else
Ty =0,
l:=1+1,
for k=1,...,v do (3.2b-3.2g),
=1-1.
(3.2f) I =% — pitiy, I, € H'
(3.2g) T = S,("’)(il), T, € H!
(3.2h) it =g :

v € N in (3.2e) determines how many iterations of the multi-level method are used
to solve the problem on the “coarse level”. Usually we choose v =1 or v = 2.

Remark 3.1. In the case v =1 we speak about a V-cycle, in the case v =2
about a W-cycle. For more detailed information about terminology see [1].

4. ACCELERATION OF MULTI-LEVEL METHOD

In this section we will describe one technique with help of which the acceleration
of the convergence of the multi-level method can be achieved. This technique is a
slight modification of a technique suggested by Blaheta [1] and analyzed in [2]. The
idea will be explained using the two-level algorithm, generalization to the multi-level
case is trivial. Let us consider the algorithm (2.13). Roughly speaking the step
(2.13e) will be replaced by the step % := # — fpv, £ € R is chosen to minimize the
ratio Je(z*+*)1/le(&)h:- It is easy to see that this requirement is equivalent to the
condition

(4.1) M2 [e(2) — tpv]l < fM“2[e(Z) — tpv]l:  for every t € R.
From (4.2) we can deduce

(M¥2e(z), M"pv),
IMvapul?

(4.2) t= for M“2py # 0.



If M¥2py = 0, an arbitrary ¢ € R fulfils the condition (4.2). For an arbitrary z € R™
we have

(4.3) M*2¢(z) = e(S“? (),
(4.4) Ae(z) = Az - f.

Using (4.2)—(4.4) we get

7 (‘4:E - f’ 1—))1
(4.5) t= W
where
(4.6) = M"pv,
(4.7) i =S (z).

Now we can write down the algorithm of a modified two-level method.

(4.8a) &= St (gh), ieRm,
(4.8b) d:= Az — f, d € R",
(4.80) ds :=17rd, d; € R™,
(4.8d) V= (A2)_1d2, v € R™,
(4.8¢) 7 := M"pv, 7 € R™,
(4.8f) if o = 0 then z**! := %, else continue (4.8g)—(4.8i)
(4.8g) Z:i= .?("’)(i), ) z€R",
. AZ — f, o)
(4.8h) t o— W
(4.81) ! = 1 - to, it € R™.

Remark 4.1. Setting f =1 in (4.8h) the algorithm (4.8) is equivalent to the
algorithm (2.13). The condition (4.1) guarantees that the algorithm (4.8) reduces
the error not worse than (2.13) supposing the input of z* is the same.

5. CONSTRUCTION OF TRANSFER OPERATORS

In this section we will describe the construction of transfer operators r, p. Matrix
representations of these operators are mutually transposed it is therefore sufficient
to describe the construction of the prolongation operator p. As was mentioned in
Introduction the generation of p will pass two phases:

1. generation of p: R™ — R™ using the unknowns aggregation technique
2. “smoothing” p := Mp.




The idea of the unknowns aggregation is following: We will form a disjoint cov-
ering of the index set {1,...,n}, i.e. the system of index sets {C;}, satisfying two
conditions:

(5.1) CiNnC; =0 fori#j,
(5.2) Uc:=1,....,n}.
i=1

The number m is unknown in advance. Then the operator p: R™ — R™ is defined
by

(5.3) (i).’l:)i=.’L‘j, iGCj,:I:E R™.

Conditions (5.1), (5.2) easily show that for every index ¢ € {1,...,n} there exists
the only index j € {1,...,m} such that i € Cj. Verbally the definition of p: z — y
can be expressed in the following way: the j-th component of the vector z € R™ will
be mapped onto all components of the vector y € R™ indices of which are in C;. It
is easy to see that p is injective. Unknowns will be called aggregated if their indices
are in the same C;. As the aggregated unknowns are represented in R™ by one
unknown it is suitable to aggregate the unknowns with “close affinity”. Therefore
only the unknowns modelling the same physical quantities and being “strongly bound
by a single equation” will be aggregated. Let ¢t; € N, i = 1,2,...,n, denote the
physical interpretation of the i-th variable (for example, 1 denotes temperature, 2
compression). Let © € (0,1). We define a neighbourhood of the i-th variable

(5.4) N; = {] (|a.~,-! >0 killla.x" Ia,-kl) A (tj = ti)} U {1,}
i
We suppose that for each Cj, j =1,...,m there exists ¢ € {1,2...,n} such that

(5.5) C; CN; forsomeie€ {1,2,...,n}.

The algorithm for the generation of the system {C;}: (The result is the disjoint
covering {C;} and the number m = |{C}}|.)
R:={1,2,...,n},j:=0,
fori:=1,2,...,n
if N; C R then
j=3j+1,C;:=Ni,R:= R\ Cj,t; =t
fori:=1,2,...,n
if i € R then
ji:==j+1,C;:=N;nR,R:=R\Cj,tj:=t,

m:=j.

(5.6)



The sequence {#;}72, defines the physical interpretation of the variables on a “coarse
level”. The first loop of the algorithm (5.5) generally does not establish the covering.
This is the goal of the second loop. The system of index sets {C;}72; generated by
the algorithm (5.6) satisfies (5.1), (5.2) and (5.5). Now we are able to construct the
operator p. (5.3) implies that the auxiliary operator p can be represented by an
n X m matrix with elements

(57) . 1 foriGCj 19 . 19
. i = , t=12,...,n, j=12,...,m.
Pi= 0 forigc; 7 ’

The iterative operator of the damped Jacobi method represented by a matrix
(5.8) M=I-wD1'A, we(0,1),

where D is the diagonal part of A will be used as the smoothing operator. The
advantage of the choice (5.8) is evident: The elements m;; of M can be very easily
expressed by

l-w fori=3j
(5.9) mi; = i ) i,j=1,2,...,n.
—waijfa;;  for i # j.

Now we define
(5.10) p= Mp.

In some cases it is suitable to use the “simplification” of M to define p. If we use
the “simplification” M, described below instead of M the increase of the number of
nonzero elements in the rows of A; during the <etup phase (3.1) will be substantially
slower. Let ©’ € (0,1). Let us define a matrix M, = {m§;}?;_, by

mij, if |a,~,~| > 0’ max |a¢k|,
k=1,...,n
(5.11) m; = o
0 elsewhere.
Analogously we define
(5.12) p = M.,p.

Practice has shown the good choice of the parametres ©, ©’ in (5.4) and (5.11) for
thelevel [ > 1is

(5.13) ©=0"=0.1-(0.3)"




6. CONVERGENCE OF THE TWO-LEVEL METHOD

This section will deal with convergence of the algorithms (2.13) and (4.8) for the
transfer operators defined in the previous sections. Let us define subspaces of R™

(6.1) T = Ker(+ A),
(6.2) T = Ker(rA),
(6.3) S =Im(p),
(6.4) S =Im(p)

Let X be a subspace of R™. Let X denote the A-orthogonal complement of X, i.e.
(6.5) Xt ={z e R™(z,y), =0 for every y € z}.
The next lemma follows easily from the above definitions.
Lemma 6.1.
(6.6) T=5%,
(6.7) T =5
Further the iterative method (1.3) is supposed to be given by
(6.8) S(z) = (I -wD 'A)z+wD™'f, we(0,1).
It is not difficult to see this iterative method fulfils (1.4) and therefore
(6.9) S(2) =z,

where & = A~ f. Let us note the iteration operator I —wD™! A of this method was
used to construct the transfer operators (see (5.8)). Our dealing with the convergence
will be restricted to the case of the prolongation operator defined by (1.11), i.e. the
case of the “simplified” matrix M, defined by (5.11) will not be taken into account.
Further we will suppose that M is nonsingular. As p is injective, p = Mp is injective
as well and A; = rAp is positive definite. Now we will analyze the convergence of
the algorithm (2.13).

Lemma 6.2. The following equalities are valid:

(6.10a) e(z) = M"e(z?),

(6.10b) d = Ae(),

(6.10c) v = (rAp)~rAe(),
(6.10d) (%) = [I - p(rAp) " 'rAle(z),
(6.10e) e(z't!) = M"2¢().
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Proof is trivial. O

Lemma 6.3. Let us set

(6.11) Qs = p(rAp)T'r A,
(6.12) Qr =1I-p(rAp)~'rA.
Then

(6.13) Im(Qs) = S,
(6.14) Im(Qr) =T,
(6.15) Qs+Qr=1I,
(6.16) Ker(Qs) =T,
(6.17) Ker(Qr) = S,

i.e. Qs is an A-orthogonal projection of R™ into S and Qr is an A-orthogonal
projection of R™ into T'.

Proof is evident. O

Lemma 6.4. M is a selfadjoint operator with respect to the scalar product (-,-);.
Proof.

(Mz,y), = (AMz,y)
=(A(I -wD 'A)z,y)
= (A -wAD 'A)z,y),
= (I -wAD ) Az,y)
= (MTAz,y),
= (Az, My), = (z, My),, =,y € R".

O

Let X, X; be subspaces of R™. Let us consider an operator B: X; — X5 and let
us define an operator norm

Bzx
(6.18) IBI)(I_,)(2 = sup l———ll
' zexi\{0} Izh

Lemma 6.5. The following estimate is valid for the algorithm (2.13):

Ie(zz’+1)|l
6.19 LiASaMDI APy Vs 1L ..
(6.19) @I IM" frore - IM? |75R

11



Proof. It is easy to see that
(6.20) e(z't!) = M2 QrM" e(z;).
Hence we must estimate the operator norm |[M“2QrM" fjgn g~ . As Im(Qr) =T,
(6.21) IM”2QrM* |~ sre < §QTM™ R~ r~ BM** fr—pm .
Using Lemma lemma 6.3 we get

IQrM“ zf? = (QrM"'z,QrM" 1),

=(

= (QrM"z,M"z),

= (M""QrM"z,z),

<M QrM“ zff - izl

< IM* frore - |QTr M zfy - fz1,

which implies

(6.22) 1QrM¥ zhy < IM froge - fls
and hence
(6.23) IQr M flgn o < M }ToR".

Substituting (6.23) into (6.21) we get

(624) uM‘QQ’I‘MVl HRn_’Rn S 'le lT_,Rn . nMVzuT_}Rn .

Lemma 6.6. For M the following inequalities are valid:

(6.25) IMlrore < iM 750,
(6.26) IM2frore < IMEG g, -

Proof. For every z € T we have due to (6.2)
(6.27) 0=rAz =+*MT Az = #+AMz,
# denotes the adjoint operator to p, therefore by (6.1)
(6.28) MzeT.
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As

(6.29) IMz|} = (Mz, Mz), = (M?z,z); < |Mz]: - =]y,

HMz.’L"l IlM.’lJml

IMel: ©  Iolh

is fulfilled for z € T\ {0}. Using (6.28), (6.30) we get (6.25). It is clear that

(6.31) IM2rore < IMirore - IM 7, ge

is valid. (6.26) is the consequence of (6.25) and (6.31). O

(6.30)

Lemma 6.7. Let v, = v = 2. Then for the algorithm (2.13) the estimate

| CCinsd] P
(6.32) Je@h S < IMI3 g
holds.
Proof isthe immediate consequence of Lemmas 6.5 and Lemma 6.6. 0O

Remark 6.1. Ifv; > 2, v, > 2 and o(M) < 1, the estimate (6.32) is valid as
well.

The operator norm M+ _ .. can be estimated using Brandt’s technique with
help of Céa’s trick known from the theory of the finite element method. The following
well-known lemma is proved e.g. in [1], Theorem 6.4.

Lemma 6.8. Let D be positive definite, let C > 0 be such that for every e € R
there is a v € R™ such that

(6.33) CIDY?(e ~ po)llr < leh-
Then
(6.34) IMJ2 . <1-Cuw[2-we(D"/2AD™/?)].

Another estimate can be found in [3], Lemma 7.4.
(6.32) is valid also for the modified algorithm (4.8)—see Remark 4.1.

Theorem 1. Let vy > 2, v2 2 2, o(M) < 1, let D be positive definite. Further let
C > 0 fulfil the condition (6.34). Then for the rate of convergence of the algorithms
(2.13) and (4.8) we have

T
fe(z* )l { -1/2 -1/2 }2
6.35 o < {1 - Cw[2-we(D"V2AD™Y/ .
(635) G, (2= el )
Proof follows immediately from Lemmas 6.7, 6.8 and Remarks 4.1 and 6.1.

O
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Now we will analyze the convergence of the algorithm (4.8). Remark 4.1 guaran-
tees that every estimate of the rate of convergence of the algorithm (2.13) given by
ez 1)l /le(z)lls < 8, 0 < & < 1, holds for the algorithm (4.8) as well. Our aim
is to get the estimate which shows that (4.8) converges faster. The results below are
the generalization of the results published in [2].

Lemma 6.9. For the algorithm (4.8) we have
(6.36) le(@* ")k = min IM*[M*e(z") - tpo]ly,

where
v=(Ag) 'rde(z), i=S8"1(z").

Proof is trivial. O

Lemma 6.10. Let us set

(6.37) é = e(Z) — pv.
Then
(6.38) le(z™)h = min IM* € - épv)ly

holds for the algorithm (4.8).

Proof follows using the relation e(Z) = M“'e(z’) and Lemma 6.9 for t = £ + 1.
a

Remark 6.2. It is not difficult to see that
(6.39) é=QrM"e(z')

and therefore

(6.40) EeT.

Lemma 6.2 implies that M*2Qr M™! is the iteration operator of the algorithm (2.13),
therefore M¥“2¢ is the error of the result of the algorithm (2.13) supposing that the
same iteration z* is on the input of both algorithms (2.13) and (4.8).
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Definition 6.1. Let e(Z) € R™\ (SUT). Let us define

fels

6.41 =it
(6.41) EE]T

IM"’éll
6.42 S deaind Iy
(6.42) qr A

| M¥2pu];
6.43 == P
( ) as |PU|1

I M*“2e(Z)f
6.44 P bl 21 Y
(6.44) O
(6.45) gr = iM"*7-pn,
(6.46) gs = [M"* fsorn.

Remark 6.3. €& = Qre(Z), pv = Q.e(Z). As e(Z) € S, € is different from
zero, analogously e(Z) € T and therefore pv # 0. Further 0 ¢ R™ \ (SUT), and
hence e(Z) # 0. The numbers k, gr and gs are therefore well-defined. The following
inequalities are evident:

(647) qr < qr,
(648) qs < ds,
(6.49) 0<k<1

Lemma 6.11. Let e(Z) € R™\ (SUT). Then

(6.50) le(z"* I <
< IMQrM" Rn o {1 B il it )

Y P
e L e,

holds for the algorithm (4.8)

Proof. It is not difficult to prove that the right-hand side of (6.38) is minimal
for

s (Mv2¢e, M“2pv),
(6.51) §= ‘
- IMvpol}
Using (6.38) and (6.51) we get
F1\R2 — g Af n(ivg2 _ (M¥2€, M2 pu)}
(6.52) b=l = 1M Qe M e} - "7

15




Further

IM>2po} = gklpvll}
= z1Qse@I} = G2l - Qr)e@)}
= gz(le@)I} — IQre@)I})
=\ 2
(- 1S e
Zu2
=g3(1 - K*)fe@)I}.

We have proved
(6.53) IM2polt = g3 (1 - K*)Je(@))E.
Using this inequality we have
(6.54) IM*2e(@); = (M"*(é + pv), M*?(é + pv)),
= M 2 €} + 2(M“2€, M“2pv), + M2 pulj?
= g7 lel} + 2(M*2&, M"*pv); + ¢3(1 — k) fe(@) I
= qrk*Je(@) I} +2(M"2¢, M2 pv),
+q5(1 - K)le@I}.
(6.54) and (6.44) yield

(655) (M6, M“pv), = 5[ — K — (1 - )] - @) ;.
Substituting (6.55) and (6.53) into (6.52) we get
(6.56) le* )2 = M QT M" ez}
2

S e D O
Remark 6.2 and Definition 6.1 yield
(6.57) IMQr M e(z') |1 = qrkle(@)l:
and
(6.58) IM”2Qr M e(zi)|; < fM2QrM* Jrn - Je(z*)1-
From (6.57) and (6.58) the inequality ‘
(6.59) grkle(@)l < IMV?QrM" fan sr» fe(z') 1

follows. We get (6.50) using (6.56), (6.57) and (6.59)
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Definition 6.2. For every 7 € (0,1) let us define

M tze(z)y
L aalibatl L2
MY 1e(z) r}

{ M”2+u1€ )i
Remark 6.4. If7 < o(M), then A(F) # 0. If z = z* then LIW?B%IEIL =
r from (6.44).

A(r‘) = {z € R",z # &,

Lemma 6.12. Let 7 € (0,1) such that
(6.60) qgr <7, (s <T.

Then for every z* € A(F)

e .’I:H'l) 2 .
(6.61) %&;ﬁ¥<1M=Qmww%ﬁm
1

L @R e -]
ke(0,1) 4q%(1 — k2)q2k?

holds for the algorithm (4.8).

Remark 6.5. The assumption z* € A() means that the error of the approx-
imation z° after pre-smoothing (i.e. M"1e(z)) is smooth. Lemma 6.12 states that
the nearer to 1 7 is (i.e. ' smoother) the more effective the iteration is. Smoothness
of M"e(z') can be improved by increasing the number of pre-smoothing steps v;.

Proof. (6.60)impliese(Z) € R™\(SUT') and (6.61) is therefore the consequence
of Lemma 6.11 taking into account that ¢r < §r and ¢s < gs, r > 7 (see Remark 6.4).
a

Remark 6.6. As M"2QrM™ is the iteration operator of the algorithm
(2.13),

e(zi+1)l1
M2Qr M“ |3n _gn =supu———.—.
l HR —R Ie(xt)ll

Using Lemma 6.5 and (6.61) we get

fe(=z i3 2 2
6.62) ——= L M n - M2 n
i
( le( )u% \I I]—»R H II—bR

i Po@R-ga - k)
ke%,l) 4q%(1 — k?)g2 k?

Theorem 2. Let vy > 2, v > 2, o(M) < 1. Let us set
(6.63) ar = M}l 3 _,p--
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Let 7 € (0,1) be such that §% < ¥, §s < 7. Then for every z* € A(F) the estimate

LG [P = 8 - - )]’
< 1-
le(:::‘)l2 qT( kE(Ofl) 4‘15(1 - k2)qT )

is valid for the algorithm (4.8).
Proof. Using Lemma 6.6 and the assumption v;,v; > 2 we get
IM“ frore < é3,
T = M}t r < dr.
Now the statement follows immediately from Lemma 6.12. ]

Remark 6.7. §r = |M};_g can be estimated using Lemma 6.8, i.e. under
the assumptions D is positive definite and (6.33) we have

42 <1-Cuw[2—wo(D"*AD™?)].

The operator norm s is estimated in [2] for a model example.

Remark 6.8. If the assumptions §2 < 7, gs < 7, z* € A() are not fulfilled
the rate of convergence can be estimated via Theorem 1.

Remark 6.9. Due to Theorem 2 it is desirable for ¥ € (0,1) to be as large
as possible. This aim can be reached by choosing v, sufficiently large. Practice has
shown the optimal value of »; is approximately 4-8, that is about twice the number
of smoothing iterations recommended for the algorithms of the type (2.13).

7. NUMERICAL EXPERIMENTS

In this section results of experiments carried out using the algorithm (4.8) are
contained. The algorithm was tested on the following boundary value problem dis-
cretized by the finite differences method on the regular square qrid:

0 Ou d%*u
3z (E(x,y)a;) T f onQ=(0,1) x (0,1),
u=0 on JN.
Experiments were carried out for the following two cases:

(7.1) e(z,y) = const,
(7.2) e(z,y) = 100*+v~1,
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Assigned parameters of the method:

n = 7

Vp = 2

w=0.63 (see (5.8))
0=0.1 (see (5.4))
y=2 (see (3.2e))
n = 2500

Notation in the table:

(o) (fah)

[ 7: -] time of one iteration (in the iterative phase)
[ 7p -] time of the setup phase divided by ¢;
[ C4 -] the so called geometrical complexity i.e. the total number of equations
over all levels divided by the number of equations of the finest level
[ C. -] the so called algebraic complexity, i.e. the total number of nonzero co-
efficients over all levels divided by the number of nonzero coefficients of the finest
level.

problem € Ti |7 | Cg | Ca 0

10~%* [37[1.8[1.57[1.93[4.19-1073
103 [25[2.1[1.50{1.84[4.12-1073
10~2 [40[1.3[1.52{2.08(3.82-10~3
10~1 [26[2.0{1.43{1.76[4.00- 10~
(7.1) 1 [34]2.2]1.41{2.16{7.00-10~3
10 [27]1.6[1.43[1.75/4.04-107°
100 [40]1.2]1.52[2.11]3.87-107°
1000 [25]1.7[1.50[1.84]3.93-1073
10000(33[1.2(1.57[1.93[4.09-103
(7.2) 34(1.1/1.55/1.92(3.32-107°
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