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SHAPE OPTIMIZATION BY MEANS OF THE PENALTY METHOD
WITH EXTRAPOLATION

IVAN HLAVACEK, Praha
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Summary. A model shape optimal design in R? is solved by means of the penalty method
with extrapolation, which enables to obtain high order approximations of both the state
function and the boundary flux, thus offering a reliable gradient for the sensitivity analysis.
Convergence of the proposed method is proved for certain subsequences of approximate
solutions.
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INTRODUCTION

In optimal shape design, one usually requires the gradient of the cost functional
with respect to design variables. The latter gradient can be frequently expressed by a
boundary integral involving the boundary flux of the state function. Thus one needs
an efficient and reliable method to compute both the solution of elliptic problems
and its boundary flux. Such a method has been proposed for Dirichlet boundary
value problems by J.T. King in 1974 [11] and developed by King and S.M. Serbin
in [12], [13]. They called it penalty method with extrapolation. The author of the
present paper extended the method to some axisymmetric 3-D problems in [8].

The aim of the present paper is to apply the penalty method with extrapolation
to the sensitivity analysis for optimal shape design problems. We consider a simple
model state problem, i.e., a Poisson equation in a bounded two-dimensional domain
with a homogeneous Dirichlet boundary condition and two frequent cost functionals.
In Section 1 the method of penalty and some error estimates given by Babuska in
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[1] are extended to non-smooth domains with convex corners. We recall the main
results of King and Serbin [11], [12], [13] on the penalty method with extrapolation
in Section 2.

Basic definitions and relations of a model shape optimal design problem are dis-
played in Section 3 together with some sensitivity analysis. Then an application of
the penalty method with extrapolation is proposed. In Section 4 we present some
theoretical analysis of the method. We discuss the existence of a solution to the
approximate optimization problems and prove the main convergence theorem. We
show that having a sequence of solutions of the approximate optimization problem,
then a subsequence exists, which converges to a solution of the original optimal shape
problem.

1. THE PENALTY METHOD FOR PLANE DOMAINS WITH CONVEX CORNERS

The purpose of this section is to derive a priori error estimates for the penalty
method applied to bounded two-dimensional domains with a piecewise smooth
boundary. Thus we extend some results of Babuska [1], who assumed that the
boundary is of class C*, to a class of domains with corners.

Henceforth we assume that
(A1) the domain Q C R? is bounded, with Lipschitz-continuous boundary 9Q = T,

which consists of a finite number of smooth arcsTj, j = 1,..., N, of class W2°.
In corner points, their tangents generate interior angles w; € (0, 7).

We employ the standard notation for Sobolev spaces W*2(Q) = H*(Q), where
k > 0 (k need not be integer), with the norms || - ||x,0; H°(Q) = L%().

On the boundary I" we define norms || - ||s,r in spaces H*(T'), s > 0 (cf. [15], §5.2,
p. 94 and (1.8) below). We denote

/fydw = (,9), / fods = (f,9),
Q N

and the seminorm
2
du Ou
2 = — —
fulfe =2 (azi’ az,-)'

=1

Finally, we introduce the summation convention, i.e., any repeated index implies
summation within the range 1, 2, unless another sum is indicated.

We shall need the following lemma which follows from a result of Kadlec [10].

450



Lemma 1.1. Let the boundary 99 fulfil the assumption (A1), let u be the weak
solution of the problem

7] Ou .
(11) —a—xi(aij%;) = f m Q,

u=0 onaN,

where f € L*(), a;; € CO(Q), a12 = az1 and a;jtit; > colt|? Vt € R?, Vz € (.
Then u € H?() and
llullz,0 < Cllfllo,a

with C independent of f.
Lemma 1.2. Let Q be a bounded domain with Lipschitz-continuous boundary I'

and let € € (0,1]. Then the trace mapping, which is defined for u € C(f), has a
unique continuous extension as an operator from H'/?*¢(Q) onto H¢(T).

The proof follows immediately from Theorem 1.5.1.2 in the book [5], for ¢ =
s—1/2,p=2,k=0,£=0.
In what follows, we denote

ou ou

_— = Qi —
Ova 7 9y’

the boundary flux, where v; are components of the unit outward normal to 9 =T

Lemma 1.3. Let the boundary 9N satisfy the assumption (Al) and let w €
H?(2) N H)(Q). Then

EN € H/*(I")
and
ow
(1.2) ”87/}“1/2,1‘ < Cliwllza-

Proof. First let us consider a small neighbourhood of a corner O (see Fig. 1).
In general, we have

Qg_aw 1 v _ow 1
v~ Orava-v’ w—allAVA'V

v
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Fig. 1

where v4 - v = aijviv;.
Choosing a new coordinate system &, 7 in the directions of normals at the corner
O, we easily obtain that

Ow _ 0w cos(v'§) dw _ dw cos(v'n)

¢~ ovy vi-ut’ b—n-=5a vt on I,
w _ Ow cos(v?§) Sw _ Bw cos(v?n) onT
06— avE vi-v?’ On vy v -2 z

Let us define the two following constants

a=sin"24[(v} - v)|o = (v} - v*)|o cos ),

B =sin"24[(v] - v*)lo — (v} - )]0 cos],
Then

ow  Ow %";— (ﬂa_"‘ cos(v1¢) + ;;% cos(uln)) on Iy,
aa—f + ,BE" =

%ﬁ- (-,;3"‘—”5 cos(v2€) + ;3%5 cos(u"’n)) on I3,
so that on I'; UT; — O we may write

z

ow ow ow
(1.3) 51/—,4- = (a'a—g' + ,3'3—7;)

where the function z is defined as follows

-1
{ [;ﬁ cos(v1€) + ;}-‘% cos(uln)] on Ty,
z=

-1
[;3—‘5;, cos(v3€) + ;%Lp; cos(uzn)] on I'y.
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We can determine the value z(O) in such a way, that the function z will be continuous
at the point O and there exists a neighbourhood By of O, such that z € C(®}(T; U
I's N By).

Let us denote y = z7!, for the time being. If I'; is the graph of a function
£(t), then £ € W2 by assumption (A1) and cos(v'€) = (1 + £?)~1/2, cos(v'n) =
cos(y — (v1€)), vy - v! = agv}v} € C1([0,b)), for some b > 0. Consequently,
y € CO1(I'; N By, ), where By, is a sufficiently small neighbourhood of the corner
O. Moreover,

lim y(t) = +
R e T I e »

A similar analysis is true on I's N Bg; and we have again

B

(V?a v2)lo

cosy =1.

lim y(t) = cosy + =1.
0

_*
t—0- (v - v?)|
Thus setting 2(0) = 1, we obtain z € C(9:}(I'; UT', N By), where By is a sufficiently
small neighbourhood of the point O.
It is easy to verify that

(1.4) ue HY2(D), ¢eCO'(I) = u¢e H'X(I)
and
(1.5) lullyjz,r < C(Ollullyz,r

holds for any bounded interval I = [a, b].

Since the traces of both dw/d¢ and dw/dn belong to H/2(T), their linear com-
bination (@dw/d¢ + BOw/dn)r € HY/?(T). Applying (1.4), (1.5) to (1.3) and the
Trace theorem, we arrive at

ow

(1.6) s € H'%(P; UT3 N By),
1 |2 prn <CleG 9%, <Ol

Let us recall the definition of the norm in H/?(T) (see [15—§5.2, p. 94]). There

exists a finite covering of the boundary I" by open sets B;, i = 1,...,m and
ow N Ow 172

& [ W O i W B
v ll1j2,r = vy lliy2,a,
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where A; are projections of I' N B;. Let the sets B; be chosen for all corners in
accordance with (1.6). For the remaining B;, which cover the interiors of the arcsT';,

the assumptions ['; € W2 and a;; € C(©! imply that the components of v, are
Lipschitz continuous on I'; N B;. Consequently,

ow 1/2
Ovy lr;nB; ()
follows from (1.4).
Combining (1.8) with the estimates on A;, we obtain (1.2). O

We introduce the second assumption

(A2) for any h € (0,1] there exists a finite dimensional subspace V;, C H'(Q) such
that:

for any u € H(Q), | = 1,2, there exists vy € V}, such that
llu — vnlls,0 < CR*flullen

holds for all s € [0, 1].

Lemma 1.4. Suppose the assumptions (Al), (A2) are fulfilled and let w €
H%(Q) N H} ().
Then there exists g, € Vi, such that

v - gnlq+ 257 i 22 4 g < OOl

holds for any positive vy, € with C(v,¢) independent of h, w.
Proof. (see [1], where 80 € C*). Lemma 1.3 yields that £~ € H'/(T') and

w
— <C .
“ vy "1/2,1‘ w20
There exists a function V € H'(Q) (see [15—Thm. 5.7, p. 103]) such that the trace
Vlr = and

(1.9) IViha <Cos], . . <Clulaa.

By assumption (A2) and (1.9) there exists a function ¢, € V}, such that

(1.10) IV = enllso < CR*|[Vil0 < CR ™~ |lwllz,0
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holds for all s € [0,1].
From Lemma 1.2 and (1.10) we obtain

IV = @nlleo.r < CE)IV = @nllij24e0.0
C(eo)h*~%||w|l2,q.

(1.11) IV —enllo,r <
<

By (A2) and Lemma 1.2 we deduce that there exists a £, € V} such that

(1.12) lw — &nll1,0 < Chllw|l2,q,
(1.13) Nenllo,r = l1€n — wllor < C(eo)llén — wll1/2+e0,0
< C(e0)h®*~%|w]|z,0.

If we set
gh =& — kY Yoon,
then
ow 2
T h_l”h -1 0w l
lw—gnlliq+7 " e, +gh| or
= lw=—&+Vhy =y (V — @)l g
ow 2
-1 -1 Y% -1 -
SR A O R USSR W

< Cfllw = &li} o +R*v72IIV = enlii o + K2 2IIVIE @ + vA ™ I€RIIG 0
+hy IV = enllir] < Cr,e0)h® 0 lull3 g

follows from the estimates (1.12), (1.10), (1.9), (1.13) and (1.11). O

Definition 1.1. Let us denote
ou Ov )

a(u, 'U) = (G,ija—zj, a_:l,',
We say that ux(y) € Vi, is an approzimation of the solution by the penalty method, if
(1.14) a(un(7),v) + 7h™! (un(7),v) = (f,v) Vv € Va.

It is readily seen that for any v > 0 there exists a unique solution of (1.14). In fact,
the bilinear form

A, (u,v) = a(u,v) + vh™! (u,v)
is symmetric, continuous and positive definite on V}, x V},, since

(1.14)) Ay(v,0) 2 c()vli} o

holds for all v € H!(Q) due to the Friedrichs inequality.
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Now everything is ready to prove the main

Theorem 1.1. Suppose the assumptions (A1), (A2), f € L?(Q). Let ug be the
(weak) solution of the Dirichlet problem (1.1) and let ur(Y) be the approximation
by the penalty method.

Then uo € H%(Q) and the following estimates hold

(1.15) lluo — un (M)l < C(v,e)R || fllo,0,
(1.16) [lur(llo,r < C(7,€)Al fllo.0
0
(L.17) |5 + 9 u )] < e o,

where € > 0 is arbitrary.

Proof. (Cf. [1] for the case 9 € C). It is easy to verify that
F(v) = a(v,v) = 2(f,v) + A ||vll r

is the potential associated with the penalty method (1.14). Let us introduce another
functional for v € H(Q2), namely

) 2
R(v) = a(up — v,up — v) + ’yh_l"h'y_lgzyﬂ

+v"
A

or

By virtue of Lemma, 1.1, ug belongs to H2(2) and Lemma 1.3 implies that dug/0va €
H'/2(Q); thus the definition is senseful.

Since
a
(1.18) aluorv) = (1,0) + (5,0}
we may write
-1 _1]| Quo
R(5) = afo,0) = 2(f,0) + 7 ol + w7 o2 |+ (o, w0)
= F(v) + K(uo),
where Sue 112
K(uo) = hy~t| o
(u0) = a(uo,uo) + hy HB:/A Ho,r
is independent of v.
Consequently, we have
(1.19) un(7y) = argmin F(v) = argmin R(v),
h Vi
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Lemma 1.4 yields the existence of a function g, € V} such that

6’u° 2
< Clluo = gl + 97! [ 52 + g
R(grn) < Clluo — gnllio +7 L 3
< C(r,e)h* % |luolly o

holds for any € > 0.
From Lemma 1 it follows that

lluollz,a < Cllfllo,0-

Making use of (1.19), we may write

(1.20) R(un) < R(gn) < C(7,e)R*°|IfII} -
Next we have

(1.21) a(ug — uh,uo —up) < R(up),

(1.22) “h _lﬂ + u,.";r <7 hR(un).

Using the triangle inequality, (1.22) and Lemma 1.3, we obtain

129 Junlor < fun+ g2 g2

< [(V 7 R)V2C 2 (y,6)h /2 + Chy Y| flloa
< Ci(v,€)hl fllo,a-

Combining (1.20), (1.21), (1.23) and the Friedrichs inequality, we arrive at

Clluo — unll} o < luo — unl} g + lluo — unll3 -
S Ce)R* c|Ifl3q + Ci(v, ©)R?flid o < C2(v,E)R2 S| 113 -

On the basis of (1.22) and (1.20) we deduce

ou
” 9 + up

= gt vl

< (Yh)Y2C3(y, )R 2| fllo,2 = C (v, €)RY27/?| fllo,0-

+ ’yh‘luh"

o,r

O
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2. PENALTY METHOD AND EXTRAPOLATION

The rate of convergence O(h!~¢) of the penalty method can be increased by means
of an extrapolation, i.e., by a suitable linear combination of several approximations
up(7y;) with different +;, as was shown by J.T. King in [11]. To this end, however, a
higher regularity of the solution wug is required together with C°°-smoothness of the
boundary 99.

We define the k-th eztrapolate as follows

k
(2.1) uftk) = Zaiuh('y,-), k>1,

=0

where
0<7%<... <Y,

and the coefficients a; satisfy the linear system

k
(2.2) > ai=1,

i=0

k
Y el =0, j=1,...,k

=0

As the determinant of (2.2) is a Vandermonde, the system has a unique solution.
If the assumptions of Theorem 1.1 are fulfilled, then

(2.3) 4 — ol < C(ro,-- - » )R 4| flloa

holds with arbitrary € > 0.
To see this, we write

k
lu = wollia = || 3 as(un(r) - wo)|

i=0

k

< Z lai|llun () — woll1,@

=0

1,0

end employ the estimates (1.15).
Consequently, the extrapolates converge at least as the approximations by penalty
method.
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In what follows, we assume that the boundary 99 is of class C* and the solution
up € H*(NN), where s > 3. We present results of J.T. King and M. Serbin. For the
proofs we refer to their papers [11], [12].

Consider the elliptic operator

_ 0 ou
(24) Au = —6—13,- (a,-] -6?1) y
where
(2:5) aij = aji € C=(N).

Let k be an integer, 1 < k < s — 2. We define w; the solution of the following
problem

(2.6) Aw; =0in Q, w; = —% onT,
vy

for 2 < j < k let w; be the solution of

) ow;_1

(2.7) Aw; =0in Q, w;=-—"—onT.
Ovy

We have (cf. [14])

(2.8) llwjlls—j.0 < Clluolls,a-

In the paper [11] the following assumption is introduced.

(A3) Let r > 2 be an integer. For any h € (0,1) there exists a finite dimensional
subspace V7 C H!(Q) such that for any u € H*(), 2 < s < r, there exists a
constant C, independent of h and u, and v, € V;T such that

(2.9) lu — vrllo,@ + hllu — vhlli,0 < Ch®|lulls,q.

For examples of such subspaces we refer the reader to the finite element method [3].
The following estimate can be established [11—Theorem 3.1].

Theorem 2.1. Suppose uo € H*(Q), r > s > 3, is the solution of the Dirichlet
problem

(2.10) Au=f inQ,

u=0 onT;
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Let un(y) be the approximation of the solution by the penalty method (i.e., the
solution of (1.14)) and let us assume (A3).
Then if k is any positive integer k < s — 2, we have

k

un(y) —uo — Y _ (Y h) w;

=1

(2.11) < C(MA** |luolls -

1,02

Corollary 2.1. If the assumptions of Theorem 2.1 are fulfilled, then

(2.12) Iu$? = woll1,0 < Cro, - - - 1) REH [luoll -

Proof. On the basis of the formulas (2.1), (2.2) and (2.11) we obtain

k

Zai (uh(7i) —up — i”h_jhjwj)

k
"”fl ) - uoll1,0 =

i=0 i=1 1,9
k
< Y lailC ) B luolls,,
=0
so that (2.12) follows. O

Remark 2.1. In [1] Babu3ka derived and King in [11] generalized some error
estimates for the penalty method, where h~! in (1.14) was replaced by a more general
h=?, 0 > 1. Not even for the best choice of the parameter o, however, the error
bound is quasioptimal [11].

The penalty method with extrapolation brings a remedy—it yields a quasioptimal
error estimate. Indeed, if s =r = k + 2, (2.12) yields that

(2.13) ul™ ™ — uolli,0 < Ch™|luo|rq-

Thus using finite elements with quadratic polynomials on the reference triangle ac-
cording to Zldmal [16], for k = 1 and r = s = 3 we obtain

(2.14) ||U$,1) - ugll1,e < Ch?*|lugll2.0-

Remark 2.2. From Theorem 2.1 and (2.9) we can conclude that the dominant

k
term in the error expansion of the penalty method is the term Y_ (Y~ 'h)w;.
i=1
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In the paper [12], King and Serbin proposed also an approzimation of the bound-
ary fluz on the basis of the penalty method with extrapolation. To illustrate the
motivation, let us recall that (1.18), i.e.

(52,5) = aluo) - (7,0
holds for all v € H!(2) and from the definition (1.14)
a(un(7),v) = (f,0) = —vh ™ {un(7),0) Vv € Va.
Comparing these relations, the authors of [12] define
(2.15) el = —yh~lun(y)

as the 0-th approximation of the boundary flux.
The k-th approximation of the boundary flux for & > 1 is defined by

k
(2.16) eﬁk) =- Zan,—h_luh('y,-),
1=0
where the coefficients ao, ..., ax are determined by the system (2.2) and un(7y;) is

evaluated at the boundary.

If 89 is of class C™, uy € H*(Q), the coefficients of the operator A belong to
C* (1), the subspaces V;" satisfy (A3), and k equals at most s —2, then the following
error estimate holds (see [12—(2.6)]):

(2.17) ”%

_ ok < k+1/2
goe =], < COOL - I ]

If moreover ug € H*(2), where s > k+ 3, then even better estimate can be proven
(see [12—(2.8)])

(2.18) |52 -], . < G- B ol

Remark 2.3. For the 0-th approximation (i.e., for penalty method without
extrapolation) we easily deduce that

” ua )“ < C()hlluolls,@;
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provided ug € H3(12).
In fact, making use of the definition (2.15) and Theorem 2.1 for k¥ = 1 we obtain

Ou -
|22 - ]| =l —wi + 2k urlor

61/,4
< Cyh™Yun(y) — uo — vy thwill1,e < C(Y)hlluolls,a-

Supposing uo € H2(Q) only, we have the error bound O(h!/2-%/2), as follows from
(1.17).

Finally, let us present several practical features of the penalty method with extra-
polation.

1. The approximants are not required to satisfy any boundary conditions.

2. Matrices of the linear system, which is equivalent to the penalty method (1.14),
have the form A + vB, where A and B are symmetric, independent of the
parameter v and A + vB is positive definite for any v > 0. Consequently, the
same basis for V)] is used in the determination of any extrapolate.

3. The linear system resulting from the penalty method (1.14) has condition num-
ber of order O(h™2), i.e., the same as that for Galerkin method. The boundary
weight yYh~! appears to be optimal in this sense, in comparison with yh=7.

An important practical problem remains to be solved, namely, how to choose the
parameters <;. In the paper [13], the authors present a series of computational
experiments with a simple model problem on a square domain, with cubic splines
and errors in L2(2)-norm. Their research resulted in the following conclusions.

In the penalty method the error is minimal for a sufficiently great yope = Y(h).
Penalty method with extrapolation displays similar features. The error increases
always when some optimal values of +; are exceeded.

The authors recommend therefore the penalty method with extrapolation for
“moderately large” parameters (e.g., 10, 100, 1000) instead of the search for an
optimal v in the penalty method. The determination of suitable values of ¥ may
easily be bested computationally by a standard procedure given in [4—p. 313].

3. APPLICATION OF THE PENALTY METHOD WITH EXTRAPOLATION TO SHAPE
OPTIMIZATION PROBLEMS

In shape optimal design, one of the most important question is to find the gradient
of the cost functional with respect to design variables, i.e., the so called sensitivity
analysis. We shall show that the penalty method with extrapolation can be useful
in the computation of the above mentioned gradient.
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First, let us recall the definition of a model shape optimal design problem. Let us
consider a class of domains

(3.1) Q(v) = {(z,y) eR* |0 <z <v(y), 0<y <1},
where v € U,y and
(3.2) Usa = {v € C©1([0,1]), Umin < ¥(¥) < Umax, |dv/dy| < C1 ae.}

with given positive constants Vmin, Vmax, C1. Assume that vpmin > Vmax/2-
Let us have the following state problem

(3.3) Au=f in Q(v),
u=0 on d0(v),

where A is an elliptic operator (2.4) with constant coefficients and f € L?(Qj),
Q5 = (0’ 6) X (01 1)7 6 € (vmaxy 2Umin)~
We introduce the two following cost functionals

(3.4) Ji(v) = ./n( | (uo(v) — 17,)2 dz,
(3.5) Jo(v) = /ﬂ( )fuo(v) dz,

where ug(v) denotes the (unique) solution of the problem (3.3) and @ € C({5) is
given.
It is well known from the sensitivity analysis [7], [9], that the Gateaux differentials,
ie.
Ji(v,0) = lim (Ji(v + td) — Ji(v)) /t

are
Foay 1 0ug(v) 9z(v) 5\ .
(3.6) Ji(v,d) _/o (6_1/31;7 + @ )v dy,
' o 1 Buo(v) uo(v) .
(37) JZ(U,U) —/0 Tw’v dy

Here z(v) is the solution of an adjoint problem

(3.8) Az =2(uo(v) — @) in Q(v),
z=0 on dN(v)
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and all the functions in the integrals (3.6), (3.7) are evaluated on the variable part
To(v) of the boundary, i.e., on the graph of the function v.

Thus we are interested in an efficient method for computation of both the solution
up(v) in Q(v) and of the derivatives dug(v)/dva, 0z(v)/Ova, dug(v)/dv on Ly(v).
As we have seen in Section 2, the penalty method with extrapolation can be suitable,
since it gives approximations of ug and duo/dv4 (and 8z/dv4) of a higher order of
accuracy.

Note that having dug/dva, we easily obtain dug/dv, since

6u0 — a’u.o
- = (a,-,-y,-uj) 1—-.

(3.9) ov Ovy

In fact, due to the boundary condition u = 0 and introducing a new vector b; = a;;v;,
we may write at each regular point of 'o(v)
311,0 Buo a'U,o

=QaiiVi———— = b,%—;

Ouo auo 6 a’ll,o
Ova 77 Ou; ’

= (V)G + (b5 = (bai) 52

Inserting
bivi = aijvivj,

we arrive at (3.9).

It remains to choose the subspaces V;"(v) of H!(Q(v)), satisfying the assumption
(A3). To this aim we choose restrictions to Q(v) of standard piecewise polynomial
finite elements over a uniform partition 7, of the rectangular domain ;.

Let us introduce a finite-dimensional restriction of the set U,4 by means of the
Bézier curves

(3.12) F@)@) =Y ap™M(y),

i=0

where

A (y) = (?)y‘(l -y

F is the mapping R™*! — C([0, 1]).
Defining

(313) U(") = {Q € Rn+1 | Umin € @ € Umax, 1 =0,1,...,n,
|a,~+1 —a,-l g Cl/n, z'=0,1,...,n-— 1},

we obtain that (cf. [9])
aecU™ = F(a) € Uy.
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Thus choosing a fixed n, instead of U,q we shall deal with the set
v = FU™).
We shall solve the optimization problems

(3.14) o) = argmin J;(F(a)), i=1,2.
acU®)

Let the family of partitions {7x}, h — 0, be regular. Consider the subspaces
Vi (F(a)), described above over the partitions 75 and denote

Uh(a) = U;.k)(oﬁ Y0,-- -5 ’Yk)

the solution by penalty method with extrapolation. Settingr = p+landk=7r-2 =
p — 1, we may expect the best approximation, as follows from (2.13).
Let us define the functionals

(3.15) Jin(a) = j1(a,un(e)) = / (un(a) - ﬁ)2 dz,

Jan(@) = ja (@, un(@)) = /n fur(a)dz
and the following approzimate optimization problems

(3.16) aff) = argmin J;z (@), (¢=1,2).
acUn)

Let us denote (cf. (2.16))

en(a) = € (570, .., 1)
and let e(a) be an analogous approximation, where us(+y;) are replaced by zn(v:),
corresponding to the right-hand side f = 2ux(a) — 24, cf. (3.8).

The formulas (3.6), (3.7) indicate that we can take the following integrals for the
differentials of J;;

1
V(@) & = Jip(e, &) = / [(asjvivs) ten(a)ei (@) + 82|, _p( oy F(@) dy,
0

1
Vn(0) 6 = Jin(ed) = [ [(asmins) ! (enle) 'F@)] dy.
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4. SOME ANALYSIS OF THE OPTIMIZATION PROBLEMS

We are going to show that the approximate optimization problems (3.16) have at
least one solution for any fixed h.

Lemma 4.1. Let a,, = a in R*t!, a,, € U™, and let the uniform partition Ty,
of the rectangle Q5 be fixed, h < v/co.
If
Gp=Q(F(a)-1/p), p=2,3,....

and ul(am) is the approximation by penalty method (i.e., solution of (1.14) with a
fixed parameter v), then

“?I(O"")IG,, - “2(0‘”0,, in HY(G,), asm = o0

holds for all p > po(c).

Sketch of the the Proof. Henceforth, we denote @ = Q(F(a)), Um =
Q((F(am)), v = ud(a), um = u)(am). Using the extension

(4.1) i(z,y) = u(2F()(y) - z,9)
from H'(f2) onto H'(Q2;) and Lemma 4.2 below, we derive that
(4.2) lumllie,. <C Vm.

For any fixed p we can choose a subsequence {um,}, converging to a solution
wp € HY(G,) weakly in H'(G,). We consider the sequence {um,}, {tim,,, },... and
choose the diagonal subsequence {un,} = {up}. We can define w € H!(Q2), by
means of the restriction

wlg, = -

Then
(4.3) "ch,, —)w|G’ in H'(G,), as D = oo.
for all p great enough. Note that
dim V}/ (G,) = dim V;; (Q)
for all p > p,(a), where
(4.4) [po(@)]™! = min{dist(Ta, A), A ¢ T's, A € grid points of T}.
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Consequently, w € V7 ().

Next we can show that w coincides with the solution u}(a). To this end, we
consider the definition of u., for the diagonal subsequence up and pass to the limit
with D — 0o. After some tedious calculations, based on (4.3) and the convergence

F(am) = F(a) in C*([0,1)),

we deduce that w satisfies the equation (1.14). From the uniqueness of its solution
we conclude that the whole sequence {u,,} tends to w in H(G,) for p > po(a). O

Theorem 4.1. For any h < c;'70, there exists at least one solution of the ap-
proximate optimization problem (3.16), i € {1,2}.

Proof. By definition (2.1) of us(a) and Lemma 4.1, we can see that the asser-
tion of Lemma 4.1 holds also for the sequence up(ay,). Henceforth, let {am} be a
minimizing sequence of J;»(B), i.e.,

(4.5) lim Jin(am) = 5 Eul}f(n) Jin(B)-

m
Since U(™ is compact, there exists a subsequence, denoted again by {a.m }, such that
(4.6) am = a in R e UM,

For brevity, we denote u := ux (@), Um = ur(am), @ := Q(F(@)), Un = Q(F(am))-
Let i = 1. For any p > po(a) and m > mo(p) we have

@7) Tin(om) > / (U — B)2dz.
Gy
From Lemma 4.1 it follows that
Unlg, > ulg, in H'(G).
Passing to the limit with m — oo and then with p — 0o, we obtain
BeU™)

(48) n}l—lbnoo th(am) = inf th(ﬁ) > /n(u - ﬁ)2 dz = th(a).

Consequently, a is a solution of the problem (3.16).
Let i = 2. For m > mo(p) we may write

| Jan(am) — Jan (@) = |(f,um)q,. — (f;um)a,|

+ |(f’um)Gp - (fau)Gpl + I(f’u)Gp - (fvu)ﬂl
=hL+1L+1I;,

467



I < ||umllo,@.n I fllo,Qm-c, = 0, as p = 00, m > mo(p), m — oo, since the u,, are

bounded by virtue of (4.1) and meas (2, — Gp) < (1/p+ ||F(am) — F(a)|le) = 0;

I; — 0 by virtue of Lemma 4.1; I < |jullo,all fllo,o~c, — 0, as p = o0.
Consequently, we have

(4.9) Jim Jon(am) = Jzn(e)

so that « is a solution of the problem (3.16). ]

Let us recall the extension & € H!(€s) of any function u € H(2,) by the relation
i(z,y) = u(2F(a)(y) — 7,y) on Qs — Qq.

Lemma 4.2. There exists a constant C3 > 0, independent of a € U™ and h,
such that

(4.10) a(osu,u) + Yh™ (u, u)aq, > Csllill}q, > Csllulla,

holds for all u € H!(Q,) and h < 7/co.
Proof. We have

(411)  a(asu,u) +vh Y ull} oa, > colul} o, + 7R Iull} o0,

2
> min(co, v ™) (Julf o, + llull} 50,)-

Since |F’'(a)| < Ci, we have

(4.12) |af} o, < (3+4C)|uli g,
so that
(413) a2 o, < Cllullq, Vue H'(R),

holds with C independent of a € U™,
Let T'min C 89, be the straight line segment on the line £ = 0. Then we have by

(4.12)

(4.14) Collill? o, < lil2 g, + lGll3 r....
< Clull g, + llill3 s, < C(luli q, + lullf o, )-

Combining (4.11), (4.14), we arrive at (4.10). o
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Proposition 4.1. Let o, =& o in R**!, o) € U™, h = 0. Let a9 (an) be
the extension of the approximation ul(an) by the penalty method on the domain
Q(F(an)), constructed according to (4.1) on Q5. Then

ﬁ?t(ah)ln., — uo(F(a)) (weakly)in H'(Qa), as h — 0y,

where Qo = Q(F(c)) and uo(F(a)) is the solution of the Dirichlet problem (3.3) on
the domain 2.

Proof. Lemma 4.2, (1.14) and (4.13) yield that
(4.15) llah (@n)lli,es < CC3 M| fllo,s-
For brevity, let us denote Qp := Q(F(asn)), @ := Q(F(a)) = Qa, un = ud(an),

u := ug(F(a)).
Then a subsequence {#;} and u € H'(Q;) exist such that

(4.16) i, = u in H'(Q5) weakly, as h — 0.

Let us show that “ln coincides with the solution of the Dirichlet problem on Q.
Consider a w € H3(2). In what follows, we drop the hats over h. Let Ew € H}(925)
be the extension of w by zero in 25 — Q. There exists a sequence w,, & = 0, such
that w, € C§°(2), suppw, C  and

(4.17) lwe —wl1,0 =0, ask—0.

Consider the Lagrange interpolate n, Ew, € V[ (Q2s) of Ew, over the triangulation
Tr(an). Let & be fixed, for a time being. We can insert n, Ew, into (1.14) to obtain

(4‘18) a(ah; up, thEw,) = (f, nhE'wn)ﬂ}. )

since npEw, = mawx = 0 on I‘(F(a;.)) holds for h small enough (i.e., if h <
dist(supp wx, T'(F(an))).

We shall pass to the limit with h — 0. We introduce the functions v,, = F(a) —
1/m, m =2,3,..., and the domains

Gm={(z,9)|0<z<vm, 0<y<1}

Then
Gm CQy for h < hi(m)
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and we may write

(4.19) |a(an; un, th Ewy) — a(vm;u, wi)|
= |a(VUm; Uh, Wx) + a(Um; Un, ThWx — W)
+ d(an — Vm;un, ThEwy) — a(vm;u, wy)|
< |a(Um; un — U, W)| + |@(Vm; Un, TRW, — Wi)|

+ |a(an — vm;un, tBw,)| = I + I + I3,

where
&(ah ~Um; ) = a(a'u ) ) - a(vm; ‘y )

Consider a positive €. From (4.16) we conclude that
(4.20) I <e/6 if h < hy(e,m).
To estimate I, we employ the assumption (A3) (2.9) on Qy:
(4.21) Inh Bwx — Ewg|l1,0; < Ch™Y|Bwkllra,, (r>2).
Using (4.21) and (4.15), we obtain
(4.22) I < Clluplh g, Itnwe — welh,c,, < Ch™ Y| Ewkllr05 < €/6
for h < hy. It remains to estimate I5. First, we assume that
I Ewgllr,7 < Cl| Ewge|lr,r

holds for all elements T € 7,. (This estimate is true for most finite element
subspaces—see [3]).

Denote by G* the smallest union of triangles T' € T () such that Q,—G,, C G:.
Obviously, we have

(4.23) meas Gt < 1/m + 2h + ||F(ar) — F(@)|loo
where || - ||co denotes the C([0, 1])-norm. Consequently,

s Bwl g, _., < I Bwal g < CllBwgl s
Using again (4.15), we may write
(4.24) I3 < Cllunlly,qp llmh Bwg |10, -6, < CllEwkllrah -
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Combining (4.19), (4.20), (4.22) and (4.24), we arrive at the following estimate
la(an; un, th Ewi) — a(vm; v, we)| < €/3 + C||Bwl|,n,

for h < h3(e, m).
Then we obtain

|a(ah; Uh, nhan) - a(a; u, w,c)|

< ¢/3+ CllBuwgll, ey, + Cllulls allwnllac..-
Consequently, using also (4.23), we conclude that
(4.25) ’{1_% a(an;un, thEws) = a(a; u, wy).
Next, we may write

|(fa T[ha,c)ﬂ,, - (f7 wK)Q|
< |(fv thEw, — Ew"')ﬂhl + I(f1 wac)ﬂh - (f, wn)ﬂl

< Clfllo.ash™ | Ewallngs + / |FllEwg| dz — 0.
Q;.,ﬂ)
Consequently,
(4.26) ,llljg)(f, thEwy)a, = (f,wx)a-

Making use of (4.25) and (4.26) in (4.18), we are led to the relation
a(a; u,wx) = (f,wx)a-
Passing to the limit with kK — 0 and using (4.17), we obtain
(4.27) a(a;u,w) = (f,w)a.
It remains to verify that u|, € Hj(f). We start with (1.14), which implies that
a(an; un, un) + YA unllf oq, = (f, un)a,-
Using (4.15), we have

W™ Yunll o0, < lIfllo.qs - llgnllo.ns + Cllanlliq, < C,
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so that
(4.28) ||uh||g'anh <Cy'h—-0, ash—0.

We may write

(@2 —u?)ds
aQ

+

(429) luslB o, ~ lulfan| <| [ wtds - [ aias
o an
= M; + M,.

Since the trace operator H'(Q2) — L2?(dN) is compact, the convergence (4.16)
implies that

(4.30) |l@n — ullo,pe =+ 0 as h— 0.
Consequently,
(4.31) M; < ||an — ullo,pa(ll@rllo,on + llullo,aa) — 0.

Let us denote by I';, and I'" the graph of F(ay) and F(a), respectively,
ah'r‘,. = un(Tn), ﬁhlr =ap(l), vn=F(an), v=F(a).

Then we may write

(4.32) M, < ‘/1 @2 (Ch) (1 + (v})2)* dy —/lah(l‘)(1+(v’)2)1/2 dy
0 0

vn (0) vn(1)
+ / ﬁ%dfb‘ +/ ﬁidz =M11+M12+M13;
»(0) v(1)
1
(433) My < / IGldy,
0
where
(4.34) G| < @ (Th)| (1 + (v))2)"? - (1 + (v)?)?

+ @ (Th) - BO|1+ (v)?)* =G + G
The estimate
1
(4.35) / Gidy < llunllZon, - |(1+ @p)2)2 = (1+ @)% ?|| . -0
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follows from (4.28) and the convergence F(ar) = F(a) in C! (see Remark 4.1).
We have

1
(4.36) /0 Gady < (1+CHY2||an(Tn) — @n(@llo - (I1En(Ta)llo + llEa(T)llo)-
On the other hand
1 vr(y) 2
437)  [lin(Ta) — an(D)]2 = /0 dy ( / Biin Oz da:)

(%)
1 vn(y)

S/ dy |lvn — V|00 / (Ottn/0z)? dz
Y v(y)

< llvn = vllooll@n]l? o, — 0.

follows from (4.15) and the uniform convergence v, — v.
By the trace theorem

1
~ ~ 2 ~ ~ ~ =
(4.38)  llan(D)I3 =/0 (@r(D)" dy < llEnlld o0 < Clianlliq < Cllaali o, < C*.

From (4.37) and (4.38) we deduce

(4.39) llun(Ta)llo < ll@n(T)llo + ll@n(Ta) = @ (T)llo < € + 1
for h < ho.
Using (4.37), (4.38) and (4.39) in (4.36), we obtain
1

(4.40) / Gy dy — 0.

0
Consequently,
(4.41) My >0 ash—0

follows from (4.33), (4.34), (4.35) and (4.40).
Employing the particular property of the extension, and (4.28), we arrive at

(442) Mo + M3 < / uﬁ ds = 0.
aQy,

From (4.32), (4.41) and (4.42) we obtain that

(4.43) M; = 0.
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Then (4.29), (4.31) and (4.43) imply

"“h"g,an,. — ||“||3,anv

so that

llullo,0 =0
follows from (4.28). Consequently, "In € H} () and due to the condition (4.27), “In
coincides with the solution of the Dirichlet problem on .
Since (4.16) implies that

ﬁﬁ'n - “’ln in HY(Q)

and the weak limit is unique, the whole sequence {ﬁh|n} tends to u]n weakly in
HY(9). O

Corollary 4.1. Let o, — a in R, o, € U™, h — 04. Let iin(an) be
extensions of the approximate solutions by penalty method with extrapolation, Q, =

Q(F(a)).
Then

(4.44) ﬂh(ah)lna = uo(F(a)) (weakly) in H(Qa).
Proof. By definition, we have

k
iin(on) = Y _ asiih (an, 7).

i=0
Using Proposition 4.1 and (2.2), we obtain (4.4). ]
Proposition 4.2. Let oy, =+ a in R*!, a, € U™ h — 0,. Then
(4.45) ji(an, un(an)) = ji(a,uo(F(@))), i=1,2.

where ug(F(a)) is the solution of the Dirichlet problem on the domain Q(F ().

Proof. Casei=1. Corollary 4.1 and the Rellich’s theorem yield that
(4.46) an(an)|q, = uwo(F(a)) in L*(Qa).
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Denoting Qs = Q, Q(F(an)) = Qn, un(an) = ua, uo(F(a)) = u, we have

< |lan — ullo,allin +u — 240, — 0,

(4.47) ’ /Q (@in — 5)2dz — /ﬂ (u—15)2dz

by virtue of (4.46). It is readily seen that

(4.48) /nh(ﬁh—ﬂ)zda: =/n+/m_n—/n_nh.

Let us estimate the last two terms as follows (cf. (4.9))

/ —/ s/ (@n — @)’ da
Q,-Q Q-Qp A(Q1,9)

< (meas A, 2) " ldn - @34,y — O

(4.49)

since
llan — @llze(as) < Cllian — g0, < C

follows from the embedding theorem and (4.15). Combining (4.47), (4.48) and (4.49),
we arrive at (4.45) for i = 1.
Case i = 2. We have

<

funrdzx —/fudz
Qp Q

fundz —/fﬂhdx
Q, Q

+‘/Qf(ﬁh—u)dx

< / \finldz + || fllo - lin — ullo — 0
A(Q,0)

since
[ \finldz <Iflo.a@nolnlon 0
AQR,Q

as follows from (4.15), and (4.46) can be employed. o

Theorem 4.2. Let {aff)}, h = 0,7 = 1,2, be a sequence of solutions of the
approximate optimization problem (3.16);. Then there exists a subsequence {ag.:)},
h— 0, such that

(4.50) af.:) —a  jn R™H!
and
(4.51) i5,(a?) g — uo(F(a’))  (weakly) in H* (%))
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holds for the extensions ii;, of the solutions u;, (a(i)) by penalty method with extra-
polation; a¥) is a solution of the optimization problem (3.14);, Q%) = Q(F(a®)).

Any cluster point of {ah)} has the same properties, i.e., it coincides with a solution
of (3.14); and (4.51) holds.

Proof. Since U™ is compact in R™*!, a subsequence {a( N ¢ {alV} exists,
such that (4.50) holds and a(? € U(™. Let a € U™ be given. By definition, we
have

]1(01(-'),uh(a('))) < ji(e,uj(@)) VA

Passing to the limit with h — 0 and using Proposition 4.2 on both sides, we obtain
3 (@9, uo(F())) < ji(er, uo(F(a)))-

Consequently, a(¥) is a solution of the problem (3.14);. The convergence (4.51) follows
from Proposition 4.1 and the rest of the theorem is obvious. a
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