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ERROR ESTIMATES OF AN ITERATIVE METHOD
FOR A QUASISTATIC ELASTIC-VISCO-PLASTIC PROBLEM

IoAN RoscA, Bucharest, MIRCEA SOFONEA, Clermont-Ferrand
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Summary. This paper deals with an initial and boundary value problem describing the
quasistatic evolution of rate-type viscoplastic materials. Using a fixed point property, an
iterative method in the study of this problem is proposed. A concrete algorithm as well as
some numerical results in the one-dimensional case are also presented.
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1. INTRODUCTION

In this paper we present a numerical method for a nonlinear evolution problem
in the study of viscoplastic rate-type models. Only the case of small deformations
and small rotations is considered hence in this case the Cauchy stress tensor and the
two Piola-Kirchhoff stress tensors coincide. With these assumptions the constitutive
equation considered here is of the form

1.1) & =Eé+ F(o,¢)

in which o is the stress tensor, € is the small strain tensor and £, F' are given
constitutive functions (in (1.1) and everywhere in this paper the dot above a quantity
represents the derivative with respect to the time variable of that quantity).

Such type of equations generalizes some classical models used in viscoelasticity
and viscoplasticity and is used for describing the behaviour of real materials like
rubbers, metals, rocks and so on. Various results, mechanical interpretations as well
as concrete examples concerning constitutive laws of the form (1.1) may be found
for instance in the papers of Geiringer and Freudenthal [1], Cristescu and Suliciu [2],
Suliciu (3].
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In the paper of Ionescu and Sofonea [4], a quasistatic initial and boundary value
problem for this type of materials is considered. Results concerning existence, stabil-
ity, asymptotic and large time behaviour of the solution are obtained. The main idea
used in this paper in order to obtain existence and uniqueness of the solution is the
equivalence between the mechanical problem and an ordinary differential equation
in a product Hilbert space followed by classical Cauchy-Lipschitz arguments. This
idea was used also in Ionescu [5] where a numerical approach to the problem based
on a Euler method is presented.

A new demonstration of the existence result of [4] was given in the paper of Djabi
and Sofonea [6]. This demonstration is based only on classical existence results of
linear elasticity followed by a fixed point technique.

The purpose of this paper is to continue the ideas of [6] and to present an iterative
method in the study of the quasistatic problem of [4]. So, in Section 2 the necessary
notation is introduced and some preliminary results are recalled; in Section 3 the
mechanical problem is stated and, for the convenience of the reader, some results
and techniques from Djabi and Sofonea [6] that will be useful in this work, are
briefly presented; in Section 4 we present a semi-discretisation method and give an
estimate of the error (Theorem 4.1); a final algorithm for the numerical approach of
the solution is presented in Section 5 and finally some numerical results are discussed
in Section 6.

2. NOTATION AND PRELIMINARIES

Let  be a bounded domain in RY (N = 1,2, 3) with a Lipschitz boundary 8Q =T
(see for instance Nedas and Hlavadek [7] p.17). Let I'; be an open subset of I" such
that measI'; > 0. Let I'; = I' — T';; we denote by v the outward unit normal vector
on I and by Sy the set of second order symmetric tensors on RY. Let “-” denote
the inner product on the spaces RV and Sy and let | - | stand for the Euclidean
norms on these spaces. The following notation is also used:

H =[LX@Q)Y, B = [H'@)]", H = [H} D)"Y,
H = [LX(Q))N*N, H; = {0 € H|Divo € H}
where Divo is the divergence of the vector-valued function o. The spaces H, H;,
Hy, H and H, are real Hilbert spaces endowed with the canonical inner products
denoted by (-,*) g, () g,s () pes ()3 and (), , respectively. The norms on

these spaces will be denoted by |- |&, | - |#,, | - [Hr, | |3 and (-, -)y, -
We also consider the closed subspace of H; defined by

V={UEH1|’)’U=OOHF1}
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where v: H; = Hr is the trace map. Let E be the subspace of Hr defined by
E=~V)={(€Hr|é=00nT;}.

We denote by V' the strong dual of V, by | - |y the restriction of | - |u, to V and by
(*y)yrxy the duality between V' and V.
The deformation operator €: H; — H defined by

e(u) = 1(Vu+ Viu)

is a linear and continuous operator. Moreover, since measI'; > 0, Korn’s inequality
holds:

(2.1) le)| = Clv|ly, forallveV

where C is a strictly positive constant which depends only on Q and I'; (everywhere
in this paper C will represent strictly positive generic constants that depend on €,
I'1, £, F and do not depend on time or on input data).

Let Hr = [H‘%(I")]N be the strong dual of the space Hr and let ("'>H,’-xHr
denote the duality between Hy. and Hrp. If 7 € H; there exists an element v, 7 € Hp
such that

(2.2) (T, 1) e = (1,€(v))y + (DivT,v)y forallv e H.

By 7v|r, we shall understand the element of E’ (the strong dual of E), that is the
restriction of 7,7 to E, and (-, ) g/ g Will denote the duality between E’ and E.
Let us now denote by V the following subspace of H;:

V={r€MH; |Divr=0inQ, 7v =0o0nI';}.

As it follows from Necas and Hlavagek [7] p. 105, (V') is the orthogonal comple-
ment of V in #, hence

(2.3) (1,e(v))yy =0 forallveV, reV.

In the sequel, for every real Hilbert space X we denote by |- |x the norm on X
and, for T > 0 and j € {0,1}, C7(0,T, X) will denote the spaces defined as follows:

C°(0,T,X) = {2: [0,T] = X | z is continuous},
C'(0,T,X) = {z: [0,T] = X | the derivative 7 of z exists and z € C°(0,T, X)}.
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In a similar way the spaces C°(R,., X) and C*(Ry, X), where Ry = [0, +00), can
be defined.

Finally, let us recall that C7(0,T, X) are real Banach spaces endowed with the
norms

2.4 = t
(2.4) |zlo,T,x ax, l2(t)x
(2.5) |z|1,7,x = |2|o,T,x + |2]o,T,x-

3. PROBLEM STATEMENT. AN EXISTENCE AND UNIQUENESS RESULT

Let us consider the mixed problem

(3.1) o =Ee(u) + F(o,e(u)) in 2 x(0,T)
(3.2) Dive+b=0 inQ x (0,T)
(3.3) u=f onl; x(0,T)

(3.4) ov=g onlyx(0,T)

(3.5) u(0) = up, 0(0) =0p in N

in which T > 0 is a time interval and the unknowns are the displacement function u:
Q2 x [0,T] = RY and the stress function o: Q x [0,T] — Sy. This problem models
the quasistatic evolution of a continuous body that occupies the domain € in its
present configuration, subjected to given body forces, to an imposed displacement
on I'; and to given surface tractions applied to the part I'; of its boundary. (3.1)
represents the constitutive equation in which £ is a fourth order tensor and F is a
given function, (3.2) is the Cauchy equilibrium equation, (3.3)—(3.4) represent the
boundary conditions and finally (3.5) represents the initial conditions.

In the study of the problem (3.1)-(3.5), we consider the following assumptions:

(£: Q2 x Sy = Sy is a symmetric and positively definited tensor, i.e.
(a) &ijkn € L°(Q) for all4,j,k,h=1,N
36) < (b)Eo-T=0- & Vo,7 € SN, ae. inQ

(c) there exists a > 0 such that £o -0 > a|o|?

\ forallo€ Sy,ae inQ
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(F: Q xSy xSy — Sy and
(a) there exists L > 0 such that
|F(z,01,€1) — F(z,02,€2)| € L(|o1 — 02| + |e1 — €2])
(3.7 { for all 01,02,€1,62 € Sy, a.e. in
(b) z = F(z,0,¢) is a measurable function with respect to
the Lebesgue measure on 2, for all o,¢ € Sy
L (¢c) z = F(z,0,0) e H
(3.8) be C*(0,T,H), f € C*(0,T,Hr), g € C(0,T, E')
(3.9) ug € Hy, 09 € H;
(3.10) Divap + b(0) =0 in Q, ug = f(0) on I';, aov = ¢(0) on T';.

In the paper of Ionescu and Sofonea [4] it is proved that, under the assump-
tions (3.6)—(3.10), problem (3.1)—(3.5) has a unique solution u € C*(0,T, H;), o €
C'(0,T,H,). Moreover, as results from the paper of Djabi and Sofonea [6], the ex-
istence of this solution can be obtained in the following way: let n € C°(0,T,H) be
an arbitrary function and let z, € C1(0,T,H) be the function defined by

t
(3.11) zy(t) = / n(s)ds + 2z for allt € [0,T)
0

where
(3.12) 20 =090 — £E(UQ).

Let also u, € C1(0,T, H;), o, € C1(0,T,H,) be the solution of the elastic problem

(3.13) on =Ee(uy) +2, inQx(0,T)
(3.14) Dive,+b=0 inQx (0,7)
(3.15) u,=f onl;x(0,7T)
(3.16) opv=g onlsx(0,T).

and let A: C°(0,T,H) = C°(0,T,H) be the operator defined by
(3.17) An(t) = F(o,(t),e(uy(t))) for all t € [0,T).

Denoting by AP the powers of the operator A (p € N), for p large enough A? is
a contraction in C°(0,T, ), hence A has a unique fixed point #* € C°(0,T,H). It
results that u,. € C*(0,T, Hy), oy € C1(0,T,H,) is a solution of (3.1)-(3.5).
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Remark 3.1. Similar fixed point techniques in the study of elastic-inelastic
materials with internal state variable were also used by Kratochvil and Negas [8],
John [9] and Laborde [10], [11].

Remark 3.2. Problem (3.1)-(3.5) may also be considered in the case of the
infinite time interval (0,4o00) instead of (0,T). In this case, if (3.6), (3.7), (3.9),
(3.10) are fulfilled and

be CI(R+aH)1 f € CI(R+1HP)1 g€ CI(R+’E,)

then problem (3.1)-(3.5) has a unique solution (u,o) having the regularity u €
C'(R4,H1), 0 € C*(Ry,H,) (for the proof of this result see Ionescu and Sofonea [4]).

4. A NUMERICAL APPROACH

As follows from the previous section, the existence and uniqueness of the solution
for the problem (3.1)-(3.5) may obtained in two steps: the study of the elastic
problem (3.13)-(3.16) defined for every n € C°(0,T,H) and the fixed point property
of the operator A defined by (3.17). So, in order to obtain a numerical approximation
of the solution for the problem (3.1)-(3.5), we start by presenting an approximation
in the space of the elastic problem (3.13)—(3.16).

Let us suppose in the sequel that (3.6)—(3.10) hold. Let n € C°(0,7,H) and let
zp € C1(0,T,H) be defined by (3.11), (3.12). Using (3.8) we obtain that there exists
i € C'(0,T, H;) such that

(4.1) i=fonTy x(0,T).
Let a: V xV — R and [,;: [0,T] = V' be defined by

(4.2) a(u,v) = (€e(u),e(v))y
{ (ln(8), v}y = (B(2),0) i + (9(1), V) g i

- (gs(ﬁ(t))ae(v)>u - (Zn(t),E(U))H
for all u,v € V and t € [0,T].

Using (3.6)-(3.8) we get that a is a bilinear symmetric and coercive form on V,
l, € C}(0,T,V') and, by a standard argument, it results that u, € C'(0,T, Hy),
oy € C1(0,T,H) is a solution of the elastic problem (3.13)—(3.16) if and only if

(4.3)

Uy =Uy + U
(4.4) Uy €V, a(tn,v) = (Ip,v),, forallveV

on = Ee(uy) + 24

406



for all t € [0, 7).
Let now V}, be a closed subspace included in V. We consider the following problem:
find u?: [0, T] - Hy, o}: [0,T] - H such that

y0) = (ln, V) iy, forallvy € Vi

h
n
(4.5) uk €
0# Ee(u,,) + z,

~for all t € [0,T].
Using a standard argument we obtain that (4.5) has a unique solution uﬁ,‘ €
C!(0,T,H;), o} € C*(0,T,H). Moreover, if (u?,ok) and (u},,0}) are the so-
lutions of (4.5) for n = m; and n = 72, there exists C > 0 which depends only on 2,

I'; and € such that

(4.6) lun (8) = ub (O] 5, + loh (8) — on (£)|2 < Clzn, (8) — 20y () |1

for all ¢t € [0,T]
(4.7) lup, — un |51 + lon — om0 < Clzn, — 2n,l5,mm

for all j =0,1.

Let us denote by (u,,0,) the solution of (4.4) and let S:,‘(j, T) be the quantities
defined by

(4.8) Sp0,T) = sup ( mf [@,(t) — valv)

tef0,T] vh €EVh
49) Sh1,T)= f t) — f t) —
(4.9) (1,T) = t:;%](v:gvh [T, (t) — vnlv) + :[%l}](u:lel |t (t) — vnlv)-

The distance between the couples (u’,;,or,’;) and (un,0,) is given by the following
result:

Lemma 4.1. There exists C which depends only on Q, T'; and € such that

(4.10) |u - UpljTH, + |cr —OgliTH < CS"(J, T) forallj=0,1.

Proof. Using classical results for elliptic variational inequalities (see for in-
stance Ciarlet [12] p. 186), from (4.4) and (4.5) we get

(4.11) [ul(t) — un(t)|, < C1 ixg, [@,(t) — va|lv for all t € [0,T]
Vh h
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where C; > 0 depends only on 2, I'; and £. In a similar way, taking the derivative
with respect to the time variable in (4.4) and (4.5) we obtain

(4.12) [a(t) — iq ()5, < C1 v,f‘e‘{/,. [ty (t) — vn|y for all ¢ € [0, T].
Using now the notation (4.8), (4.9), the inequalities (4.11), (4.12) imply
(4.13) lub — w1, < C1SE(,T) for j =0,1.
Moreover, from (4.4), (4.5) we obtain
(4.14) lok — onljmn < Colul —upljrH, forallj=0,1
where C; depends only on £ and, using (4.13), we conclude that
(4.15) lo — onljrm < C1C2SE(4,T) for all j =0,1.

The inequality (4.10) is now a consequence of (4.13), (4.15). O

We now study the discrete version of the fixed point property of the operator A
defined by (3.17). As in the continuous case, let us now define an operator Ap:
C%(0,T,#H) — C°(0,T,H) by the equality
(4.16) Ann(t) = F(oh(t),e(un(t))) forallne C°(0,T,H) and t € [0,T].

Let n1,m2 € C°(0,T,H); using (3.7), (4.6) and (3.11) we obtain
t
@17 1Awm(® — Mm@l <OL [ Im(s) = ms)luds forall t€ [0,7]
0
and, by recurrence, denoting by A} the powers of the operator Ay, we get

CLT)?
418) 1A = Mmlar < TS iy - o forallpeN.

The inequality (4.18) shows that for p large enough the operator A} is a contraction
in C°(0,T, ), hence the operator A, has a unique fixed point n} € C°(0,T,H).

Now let n* be the fixed point of the operator A defined by (3.17); as results from
Section 3, the solution (u,+,0y) of the elastic problem (3.13)—(3.16) for n = n* is
the solution of the viscoplastic problem (3.1)-(3.5), i.e.

(4.19) Upe =U, Oy =0.
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For this reason we are interested in examining the distance between the couples
(Uf,‘,;,o,',‘;.) and (uy-,09+).

Lemma 4.2. Let C and C be the constants of (4.6) and (4.10) and K = CLT.
Then

(420) [upse = un+liT oty + loge — OneliTn
< C(T + j)LCeX Sk (0,T) + CSE.(j,T) for j=0,1.

Proof. Since n; = Axn;;, and n* = An*, using (3.17), (4.16), (4.17) and (3.7)
we obtain

5(8) — 1 Ol < [ARmE(E) — Ann* Ol + 1Aw™(6) — An* (D)t
<CL /0 () = 1"(8)lac ds + L(jut. (2
— e ()1, + 0P (£) = 0 (B)]3)

for all t € [0, T).
If we apply (4.10) for n = n* and j = 0, this inequality becomes

I (8) — n* (Ol < LESE (0,T) +CL /0 Wi () = n*(s)lweds for all t € [0,7]
and, using a Gronwall-type inequality, we get
(4.21) I (t) — n*(t)|% < LCeX SE(0,T) for all t € [0,T].
Let us also remark that from (3.11) we obtain
|z = zn+lj,r < (T + 5|k — n*lo,r,n for all j =0,1,
hence by (4.21) it results that
(4.22) |zng — zn+lj 70 < (T +j)LCeXSE(0,T) forall j =0,1.
Using now (4.7) for m; = 7, and 72 = n* we obtain
(4.23) |u,';;_ —uk i + IU:;;‘. —opirn € Clzg: — zgeljrn forall j=0,1
and using again (4.10) for n = n* we conclude
(4.24) luhe — upeljr,m, + |0k = opeljrn < CSE(5,T) forall j=0,1.
The inequality (4.20) is now a consequence of (4.22)—(4.24). O
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We now consider the iterative part of the method. Let 19 be an arbitrary element
of C°(0,T,H) and let (n}) C C°(0,T,H) be the sequence defined by

(4.25) n = no, 77,':“ = Apnp  for all n € N.

Let (u,, ,o ) be the solution of (4.5) for n = n} and recall that (u .,a,, L) is
the solutlon of (4.5) for n = n}. The distance between the couples (u? n s f,"...) and
(u )0 ) is given by

Lemma 4.3. Let C be the strictly positive constant defined in (4.6) and let
K =CLT. Then

(4.26) “:;,': - ui;;lijyHl + |U,';;; - 07’;;. 5,1
< C(T + j)eX EX|Anmo — molor, for all j =0,1 and n € N.

Proof. We start by estimating the distance between 7} and 7}, ; we remark that
for every m,n € N, m > n, (4.25) and (4.18) yield

Inr = ntlor < Imk =t orm + - |Am_"_l77;f o VA e P
(1 totot __(m e )lﬂh =1 o1y m-

This inequality implies

7 = nitlo,ri < eX|nf — it o m

and, passing to the limit when m — +o0, since n* — n}, in C°(0,T,H) (consequence
of (4.25) and (4.18)), we get

Ink = nklo.rm < €¥Inp — i o,rm
By (4.25) we get np = ARno, n;:'“ = A}*1no, hence using again (4.18) the last
inequality leeds to

n * K K"
(4.27) Ink — nhlo,rn < e FlAhTIO — molo,Tu-

Let us denote by z,» and z,: the elements defined by (3.11) for n = nj; and n = ;.
We have

(4.28) |znp — 2znzli,rn < (T +5)Ink — nhlo,rn forallj=0,1andneN
and using (4.7) we get

(429)  lupn —upelirmy + |ome — o limn < Clang = zmliin
forall j =0,1and n € N.

The estimate (4.26) now follows from (4.27)-(4.29). ]
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In order to come to a conclusion we use (4.19), (4.20), (4.26) and obtain the
following estimate of the difference between the solution (u,o) of the viscoplastic
problem (3.1)~(3.5) and the solution (u/j», 07 ) of the approximate problem (4.5) for
N =1

Theorem 4.1. There exist C, C which depend only on Q, I'; and £ such that

(4.30) { |u:;;: - ’ulj,'r,[{1 + lo‘:";: - Ulj.T,‘H <C(T+ J')L(:‘eKS,’,‘. 0,T)

+CSM(5,T) + C(T + )X KX | Anmo — molo,rm

for all j = 0,1, n € N where K = CLT.

5. THE FINAL ALGORITHM

In this section we propose a numerical algorithm which can be directly run on
a computer, in order to approximate the solution (u, o) of the viscoplastic problem
(3.1)—(3.5). This algorithm is based on the approximation of the unknowns in space
and time. As results from Section 4, the approximation in space is realized by
considering a closed subspace V;, of V' and replacing problem (3.1)—(3.5) by the
following sequence of linear problems:

Find u}: [0,T] = Hi, o} : [0,T] = H such that

up =up +u
(5.1) uy € Vi, a(uf,vp) = (l;:’vh)V’xV for all vy, € V},

op = Ee(uy) + 21

for all t € [0, T], where I}: [0,T] — V' is the functional defined by (4.3) for n = np,
ie.

(5.2) { (R0, 0) ey = (B(1),0)y + (9(), 1) g

—(ge(ﬂ(t)),s(v)),” - (z}T(t)’E(v))u
for all u,v € V and ¢t € [0,T]. In (5.2) we have
¢
(5.3) 2R (t) =/ ni(s)ds + 2o forall t € [0,T],
0
np is recursively defined by the equalities

(5.4) np(t) = Annp (t) = F(op 7 (t),e(up™"(¢))) forallt€[0,T)andn €N
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and 79 = ng is an arbitrary element of the space C°(0, T, #).
In practice V} is a finite dimensional subspace of V (constructed for instance by
the finite element method), hence (5.1) is in fact a linear algebraic system.

Let us now consider M € N and let ¥k = T//M be the time step. The approximation
in space and time must enable us to compute the elements u};(mk), o} (mk) for every
n € N and m = 0, M. For this reason let us denote by P¥(n,m) the set defined by

(5.5) Pi(n,m) = {5} (mk), 2}, (mk), uf, (mk), o} (mk)}

for all n € N and m = 0, M and let us split the computing of Pf(n,m) into the
following steps:

(a) Computing the set Pf(n,0).

For every n? = no € C°(0,T,H) we get 27(0) = zo by (5.3) for every n € N, hence
by (5.1), (5.2) and (5.4) we obtain u}(0), o7(0) and 7n;(0) for all n € N.

(b) Computing the set P¥(0,m).

Since 7 is given, the values 7 (mk) are known for all m = 0, M. The elements
z)(mk) can be obtained using the trapezoidal rule for approximating (5.3):

(56)  2(0) = z0, 2(mk) = 2}((m — k) + & [12(mk) + 1R ((m ~ k)]

for all m = 1, M, and finally u)(mk), o9 (mk) are determined from (5.1), (5.2) and
(5.6) for all m =0, M.

(c) Computing the set P¥(n + 1,m).
Let us suppose that the sets P¥(n + 1,m — 1), Pf(n,m) are known for a given
n€Nand m €N, 1 <m < M. Using (5.4) we get
npt (mk) = F(of (mk),e(up(mk)))

and using again the trapezoidal rule, from (5.3) we obtain
22 (mk) = ¢t (m - 1)k [17"+l + 9t ((m - l)k)].

Finally, u}t!(mk), op** (mk) can be obtained by (5.1), (5.2).

Using now the steps (a), (b), (c) we compute the set P(n,m) for all n € N and
m = 0, M; in this way the approximate solution u}(t), o5 (t) is computed for all
t=mk,m=0,M.
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6. NUMERICAL RESULTS

Let us consider a viscoelastic problem of the form (3.1)—(3.5) defined on the infinite
time interval (0, +00) in the following context:
2=1(01), I = {0}7 Iy = {1}, b(z,t) = 0, f(t) = 0, g(t) = 15, uo(z) = 21‘2,
oo(z) =15 Vz € (0,1) and t > 0, £ = 20, F(o,€) = —10(c — G(¢)),

10e fore <2
G(e) =4 -5+ 30 for2<e<4
10e — 30 fore > 4

Vo,e € R. Let (u,0) be the solution of this problem (see Remark 3.2) and let
¢ = e(u). We have o(z,t) = 15 Vz € [0,1], t > 0 and, after some computation, we
get

1.5 if0<z<0.75
(6.1) t_lz?w e(z,t)=<¢ 3 if£=0.75
4.5 if0.75 <z < 1.

In order to illustrate the algorithm (5.1) let Vi, C H} (£2) be the finite element space
constructed with a polynomial function of degree 1, 2 being divided into 100 finite
elements. The initial value considered for 7 is 7o = 0 and the number of iterations
made was n = 10 (the numerical experiments show that for n > 10 the numerical
solution stabilizes). The time step chosen was k¥ = 0.05. The computed solution
e(u}) obtained by using the algorithm (5.1) for different moments ¢ are plotted in
Fig. 6.1. The results obtained agree with the behaviour of the exact solution given
by (6.1).

Y Y
A A
4.5J 4.5
38 3.0
1.5 1.5-
0.0 v T ¥ v T - > 0.0 v T v T v ¥ - —
0.00 0.25 0.50 0.75 100 % 0.00 0.25 0.50 0.75 100 T
a) b)
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A A
4.54 4.51
3.04 3.04
1.5 1.5
0.0 T v T T v —> 0.0 v T - T v T v —
0.00 0.25 0.50 0.75 1.00 x 0.00 0.25 0.50 0.75 1.00 x
c) d)

Fig. 6.1. The computed strain field e(uj(z,t)) for different values of ¢:
a)t=0;b)t=05;c)t=1;d) t=15.
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