Applications of Mathematics

Ivan Hlavacek
Weight minimization of an elastic plate with a unilateral inner obstacle by a

mixed finite element method
Applications of Mathematics, Vol. 39 (1994), No. 5, 375-394

Persistent URL: http://dml.cz/dmlcz/134266

Terms of use:

© Institute of Mathematics AS CR, 1994

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/134266
http://dml.cz

39 (1994) APPLICATIONS OF MATHEMATICS No. 5, 375-394

WEIGHT MINIMIZATION OF AN ELASTIC PLATE
WITH A UNILATERAL INNER OBSTACLE
BY A MIXED FINITE ELEMENT METHOD

IVAN HLAVACEK, Praha

(Received June 1, 1993)

Summary. Unilateral deflection problem of a clamped plate above a rigid inner obstacle
is considered. The variable thickness of the plate is to be optimized to reach minimal weight
under some constraints for maximal stresses. Since the constraints are expressed in terms
of the bending moments only, Herrmann-Hellan finite element scheme is employed. The
existence of an optimal thickness is proved and some convergence analysis for approximate
penalized optimal design problem is presented.

Keywords: weight minimization, penalty method, unilateral plate bending, mixed finite
clements

AMS classification: 65N30, 65K10, 49A29, 73K10

INTRODUCTION

The weight minimization problem for elastic plates is usually constrained by a pre-
scribed upper bound for some stress invariant. This constraint can be equivalently
expressed in terms of bending moments. Therefore a mixed variational formulation
seems to be suitable, which enables to compute moments and deflection function
simultancously. It is the task of the present paper to employ results of the recent pa-
per [4], where the Herrmann-Hellan-Johnson finite element model has been extended
to variational inequalities of the fourth order. Piecewise linear and piecewise constant
functions over triangulations are used for approximations of deflections and bend-
ing moments, respectively. For the set of admissible thickness functions we choose
Lipschitz continuous functions and approximate them by affine triangular finite ele-
ments. Section 1 contains basic assumptions and formulation of the optimal design
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problem. We prove the existence of at least onc optimal solution in Scction 2, using
the concept of a penalized optimal design problem to remove the statical constraints.
Here the crucial role is played by Proposition 2.1 on the continuous depen.. uce of
the deflection function on the design variable. In Section 3 we define a finite element
discretization of the penalized optimal design problem and prove its solvability. Main
result of Section 4 is, that any sequence of approximate solutions, with mesh size
decreasing to zero, contains a subsequence, converging to a solution of the penalized
optimal design problem. Having a sequence of the latter solutions with the penaliza-
tion parameter tending to zcro, any limit point is proved to coincide with a solution
of the original weight minimization problem.

1. ASSUMPTIONS AND DEFINITIONS

Throughout the paper we shall consider clamped clastic nonhomogeneous and
anisotropic plates, the middle plane of which occupies a given bounded domain Q C
R? with polygonal boundary 9.

Let the bending moments g;; be linked with the second derivatives of the deflection
by the following relation

(1) Gij = € ClipmWim, i,j=1,2,

where e denotes the thickness of the plate, wig,, = 9*w/dx02.,, the cocflicients
C?jkm € L°°(2) and repeated indices imply summation within the range 1, 2. We
assume that

0 — o — 0
Ct'jkm - Cjikm - Ckmij

and

0
CiikmTijTkm 2 COTijTij

holds for all symmetric matrices 7 almost everywhere in @ with some positive con-

stant cg.
The thickness e will be sought in the following set of admissible functions

de

Ui = {e € C(O)’l(ﬁ) | Cmin € (:‘(;l)) < Cmax, W

<G i= 1,2},

where C©):1(§}) denotes the set of Lipschitz functions, €uin, €max and c; are given
positive parameters.

It is not difficult to verify that U,q is a compact subsct of C(§2), making use of
the Arzela theorem (cf. [5]).
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Let us introduce the functional space
Z =W, ?(Q) with some p € (2,00).

Let a loading functional f € 2’ and a function ¢ € C(f) be given, describing a lower
unilateral obstacle. We assumne that

- 1
(Al) ilé?a)r(: tp(.L) + 3€max <0.

For any given e € U,q4 we define the solution w(e) of the state problem as follows:

1
(2) w(e) = aréxll:'in {5 /Q e3C?jkmv,ijv,km —(f, Ev) },

where
Ke={veWy*Q) | Iv > ¢+ le},

Iy and E is the embedding of IV02’2(Q) into L*(Q2) and Z, respectively.
It is well-known that a unique w(e) cxists for any e € U,q. Since we intend to use
a non-standard (mixed) variational approach for numerical approximate solutions,
some additional regularity of w(e) will be required. Namely, we assume that
(A2) there exists a triangulation Ty, of the domain 2 such that each triangle T' € Ty,
has two sides parallel with the coordinate axes, and for all T € T,
(i) ¢lr € P(T),
(it) C?jkmlT € Py(T),
(where P,(T) is the set of polynomials of the degree at most n),
(iii) w(e)lr € W3(T), viw;Cly,w(e)km is continuous at each interelement
edge (v; are components of the unit normal to the edge) and

Y lw@l.r<C

TET,

holds for all e € U,4 with some constant C' independent of e.
Let a specific weight v € L*°(Q) be given, v > 0. Thus the weight of the plate is

(3) j(e) = / vedx.
Q
Moreover, the following constraints will be considered (cf. e.g. [6]):
(4) Vi (e,q(e)) €0, K=1,2,...,K, K < +o0,
where

36 . ney
v (eale)) = m/A e[ati(e) + a(e) + (%) aha(e)] da o},
K
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Ak C Q are given subdomains, o4, T given positive constants and q(e) is the bending
moment tensor, derived by the relations (1) from the solution w(e) of (2).
Let us introduce the set of statically admissible design variables

K
Eas = {e € Uaal Y [Yuc(esa(@)]” =0}

K=1

and assume
(A3) &L #0.

Our main task is to solve the Optimal Design Problem

(5) eo = argmin j(e).
e€€uq

2. EXISTENCE OF AN OPTIMAL SOLUTION

We shall remove the constraints (4) by means of a penalty method. To this end
we introduce a penalized cost functional

K
Te(e,q(e)) =jle) +e1 S [Wu(eq(e)]”, e>0,

K=1
and a penalized optimal design problem
(6) ee = argmin J; (e, q(e)).
e€Uqa

In the following we shall prove the solvability of the problem (G). The crucial role
is played by the continuity of the mapping e — w(e) of U,q into IVg’2(Q).

Proposition 2.1. Let e, = e in C(f}) asn — o0, e, € Uqq. Then

w(e,) = w(e) in "V(;Z‘Q(Q).

Proof. 1° For any v € IV, therc exists a scquence

(7 {vn}, such that v, € EV(;Z‘Z(Q), v, € IV, for n sufficiently great and

2,2
Uy = v in WE3(Q), as n— 0.
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Indeed, let us define
w=v- (tp + 16)
2

so that w € C(2), w > 0 in 2, and

1 _
o = %(en-—e)—w= -2-en——v+<p€C(Q),

1
{zeQ|m@ > 3¢}

Q
3
I

where )
*=max (&) + =emax <0
¢ xe(é)()(p( ) 2 M

by assumption (Al).
There cxists an open set G C G C Q such that

(8) G,.CG Vn.

To sec this, we rcalize that

l *
nn=so+§€n<0

on the boundary 9. The continuity of 77, and the constraints |de, /dz;| < C; imply
that

oo

JGncca

n=1

and (8) follows.
Obviously, there exists a function ¢ € C*({) such that ¢(z) = 1 for z € G and

Y(x) =0, dY(x)/ov =0 for 2 € 9N, 0 < Y(z) < 1for z € Q.
Let us set 1
Up =V + 5”6" — éello,00®-
Then v,, € Wo2’2(Q) and
1
v = vallz = Sllen —ello,oll$ll2 = 0 asn — co.
We can show that there exists ng > 0 such that

1 _
9) n>ny = v, 2@+ 76n inQ = v, ek, .

Indeed, let
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(i) z € G. Then
1 1 1
Vn=V+ =|len —€llococ Z v+ =(en —€) 2 9+ Zen.
2 2 2
(ii) Let z € @ — G. Then
1 1
(10) vn><p+§e+w+§|en—e|<p.

Since z ¢ G, z ¢ G,, Vn and 7, < %c‘, so that

Inserting into (10), we obtain

1
Un 2 ("2 + 58 + Zy
where 1
ZzZ= —51/)0* +(1-vY)w.

The function Z is continuous and attains a positive minimum in the compact set
-G,

m = Z(xp) = min Z > 0.
G

bo]]

Indeed, let ¥(zg) = 0. Then z¢ € 0N and
1
Z(zo) = w(wo) = —(p(z0) + —2-6(;v0)) > —c*>0.

If ¥(x0) > 0, then
1
Z(zo) 2 —§C*¢(xo) > 0.

There exists ng(m) such that

1
n>no(m) = -2-||en —é€llo,c0 < .

Then
(en(z) — e(2))

1
2(2) > Z(20) > 5llen = elloco >

N =

so that
1

v () 2 o(x) + ien(m), n > ng(n),
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and (9) is verified. The proof of (7) is completed.
2° Denoting

A(e;u,v) = /Qe:’C?jkmu:,-jv'km d:lZ,
we may introduce the variational inequality for w(e) € K,
(11) Ae;w(e),v —w(e)) = (f,Ev— Ew(e)) Vve K.,

which is equivalent to the state problem (2).
For brevity, we shall write w, = w(e,). Inserting the sequence {v,} from (7) into
the variational inequality for e,,, we obtain

(12) A(en; Wn, Uy — wy) 2 (f, Ev, — Ew,), n > ng.

Recall that
A(e;v,v) 2 Collv||2 Ve € Ua, Yo € W22(R)

with the constant Cj, independent of e, v. Consequently, we may write

C(J”wﬂug < A(en§ Wn, vn) + (f, Ev, — Ewn)
< C(llwallzllvalls + 1 £ll 2 (lnll2 + llwall2))
< C(llwnll2 + 1)

and
lwallz £ C  Vn.

There exists w € WZ*() and a subsequence {wx} C {w,}, such that
wy = w  (weakly in W2?(2)), as k — oco.

Since
1 =
wE 2 ¢+ Eek in Q

and the embedding W22(Q) c, C(Q) is compact, we may pass to the limit with
k — oo to obtain that )
w>p+ 3¢ in Q,

ie., w € I,.
We shall verify that w satisfies the variational inequality (11). Let us consider an
arbitrary v € I,.
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The functional u = A(1; u, u) is weakly lower semicontinuous on Wg 2(Q) for any
1 € Unq. Consequently,

liminf A(e; w, wi) > A(e; w, w),
k—o00

since e € U,4. Moreover, we have

(13) |A(ex; wi, wi) — A(e; wr, wr)| < Clle} — €*[lo.o llwi]3 — 0,
so that
(14) liminf A(ey; wy, wy)

k— o0

= liminf (A(e; Wk, W) + [A(ek;wk,wk) — A(e; wg, wk)])

> liminf A(e; wi, wi) 2 A(e; w,w).
We derive easily that
(15) klil)lgo A(ex;wi,g) = Ale;w,g) Vg€ W02’2(Q),
using the decomposition
Aler; wi, ) — A(e;w, g) = [Alex; w, 9) — Ale; wi, 9)] + Ale; wi —w, g)

and the weak convergence of {wg}.
Making use of (7), we obtain

(16) | A(ex; wr, v — V)| < Cllwkllzllvk —vll2 > 0 as k — co.
Combining (15) and (16), we arrive at

)] |A(er; wi,vx) — A(e; w, v)]
< |A(er; wi, v — V)| + |Aex; wi,v) — A(e;w,v)| — 0.

The weak convergence of {wy} and (7) yield that

(18) (f, E(vk —wi)) = (f, E(v —w)).

From the inequality (12) we deduce that

(19) Aler;wi,wi) + (f, E(vk, — wi)) < A(ex; w, vi).
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Passing to the liminf on both sides and using (14), (18), (17), we obtain
A(e;w,w) + (f, E(v — w)) < A(e; w, v).

Consequently, w satisfies the inequality (11). Since the solution w(e) of (11) is
unique, w = w(e) follows and the whole sequence {w, } converges to w(e) weakly in
2,2
Wy ().
3% It remains to verify the strong convergence. First we prove that
(20) lim A(en;wn,wn) = a(e; w,w).
n—00

In fact, we obtain from (19), (17) and (18)

(21) limsup A(en; wn, w,) < A(e;w,v) + (f, E(w — v))

n—00

for any v € I,. Inserting v :=w, (21) and (14) imply

A(e;w,w) < liminf A(en; wn, wy) < limsup A(en; wn, wy,)
< A(e; w, w),

so that (20) follows.
Combining (13) and (20), we arrive at

(22) lim A(e; wy, w,) = A(e; w, w).

If 1.{/(')3 ’Q(Q) is equipped with the scalar product A(e;u,v) = (u,v)4, then (22) implies
that the associated norms ||w,||a tend to ||w||a. Since the norms ||. |4 and || ||2 are
cquivalent, we are led to the strong convergence ||w, — w||2 = 0. O

Corollary 2.1. Let e, — e in C(Q) asn — oo, e, € Uyq. Then

q(en) = ale) in [L2(Q)]".

Proof. We may write

llai;(en) — qij(e)llo,n < “(Cn - ) ?kaw(en)’kaO,Q
+ ”ezcljkln (u)(en) - w(e)):kaO,Q
= Iln + [2n'
Proposition 2.1 yields that both I, and I, tends to zero, as n —= 0. O
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Lemma 2.1. Let e,, = ¢ in C(S_l) asn — 00, e, € Ugg. Then for any K =
1,....K
[ (en alen)]™ = ¥k (e q(e)]*
Proof. Since
I(L+ _b+' < |0,— blv

we may write

|[¥x (en.a en))] = [¥x (e, q(e )] I
< le\’ enaQ(en)) _1/)1\'(67(1(6)”

< s ol (ahew) + daten) + (%) dhaen)

meas A g

—e (’111(‘3) + q3q(e) + ( ) ‘hz(e))l
< C/; |€; (‘lu(en) - qii(e)+.. ) + (et —e ™) (gh(e) + .. )I dz

<Cert

mm{ / lqll(en) + 1111(6)|- I(Ill(en) - lIu(C)l de +... }
Ak

+C(e).llex* — e *lo,0 = 0 asn — oo,
making use of Corollary 2.1. O
Proposition 2.2. The penalized optimal design problem (6) has a solution for
any € > 0.
Proof. Since the functionals j(e) and [y (e, q(e))]+ are continuous in Uyy and

U,a is compact in C({2), there exists a minimizer e, of J: (e, q(e)) in Usa. ]

Theorem 2.1. Assume that .4 # 0. Let {¢}, ¢ = 04, be a sequence and {e.}
a sequence of solutions of the penalized optimal design problems (6), {q(ec)} the
sequence of corresponding monient fields.

Then there exist a subsequence {€} C {e} and an element eq € .4 such that

(23) ez~ ey inC(Q),
(24) ales) = qleo) in [L*Q)T,
where eq is a solution of the optimal design problem (5).

Proof. Since U,q is compact in C(Q), there cxists a subsequence {e:} C {ec}
such that (23) holds with eg € U,q. Corollary 2.1 then implies (24). Let us show
that eg is a solution of (5).
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It follows from the definition that

K
(25) jles) + (&)1 [¢1((€5,Q(65))]+ <ile)+(@)7! Z [¢K(€"1(e))]+

K=1 K=1

A

holds for any e € Uy,gq.
Taking now an element e € £qq4, we obtain

gjlee) + Y [k (e alee)]t < Ej(e),
K

0< ) [k (eeralea))] ™ < éiile)-

I%

Passing to the limit with € — 0 and using Lemma 2.1, we arrive at
+
Z [¥k (eo0,q(e0))]” =0,
K

so that eg € .4 follows. Then (25) implies

jlez) <jles) + (&) z [1/)1((65,11(65))]+ <j(e) Ve€ &aa.
K

Passing to the limit with € — 0 and using (23), we deduce that
j(eo) < j(e) Ve € Egq.
O

Corollary 2.2. If £,4 # @ then there cxists at lcast one solution of the optimal
design problem (5).

Proof follows immediately from Proposition 2.2 and Theorem 2.1. O




3. APPROXIMATE OPTIMAL DESIGN PROBLEM

Since the constraints are expressed in terms of the bending moments ¢, it scems
to be suitable to employ a mixed finite element model in which both the deflections
and moments are computed simultancously. We shall use the so-called Herrmann-
Hellan finite element scheme with piecewise lincar approximations for deflections and
piecewise constant for bending moments. An extension of this approach to the inner
obstacle problem has been developed in [4] on the basis of some results of Brezzi and
Raviart [1], Comodi [2] and Glowinski, Lions and Trémoliéres [3].

We consider a regular family of triangulations {7}, i — 04, refining the original
triangulation T, (sce (A2) in Sec. 1) and such that each triangle has two sides
parallel with the coordinate axes. We shall need the space of tensor-valued functions

S= {((lij)i,j=1,2 | gij € LZ(Q), ,j=12 qo= tIzl}-
Let us introduce the following spaces of finite elements

Zn = {zh €C(Q) | znlr € A(T) YT €Ty, 2z, =0o0n (')Q}
Qn = {(Ih € S| quijlr € Po(T) VT € Ta,

‘qnijviv; are continuous at cach interelement edge},

Wi(en) = {[2n,qn] € 21 X Qn | alen; g, pr) + b(pr, ) =0 Vpr € Qu}
where

a(e;q,p) = / e 3 BijkmGijpem dz, B = (C°)71,
Q

b(p, z) = Z (/Tl)ij,jz,id:r—/aTz)ijVit,-az/c’)tcls),

T€ET

(¢ is the unit tangential vector to 9T).
Let us consider the problemn

1
(26) [2n(en),Gn(en)) =  argmin —alen; qn,qn) — (f.2) ¥,
[zn,qn] €K (en) { 2 t (f ! ) }

where
Kn(en) = {[zn,qn] € Wh(en) | za(P) 2 o(P) + Len(P) VP e 29}
and P is the set of all vertices of T inside Q.
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By [4, Theorem 2.1], (26) has a unique solution for any e, € U,q. Let us re-
call the following result ([4, Theorem 2.2). There exists a unique saddle point

{[Eh(ch),(jh(eh)],/ih} on Wh(ch) X Ril" of

i 1 1
Lrlens [zhyan), An) = §(l(€h;Qh,qh) —(f zn) + </\h,<P+ 26h — z">h’

where

Ol =3 3 APIMPIE(P)

Pex))

and A(P) denotes the sum of the arcas of the triangles in 7, which admit P as
common vertex, my, is the number of vertices in £ and R}™ is the subset of non-
negative coordinates in R™".

The first component [Z4(en),dn(en)] coincides with the solution of the prob-
lem (26).

Remark 3.1. The saddle point can be computed iteratively by means of an
algorithm of Uzawa’s type. Its convergence has been proved in [4, Theorem 2.3].

Instead of U,y we introduce an approximate set
UL = {en € Usa | enlr € Pi(T) VT € Tr}

and the approzimate optimal design problem

K
(27) ¢}, = argmin {j(eh) +e7! E [1/”\' (eltaqh(elm))]+},

en€ly, K=1

where G, (en) is the component of the saddle point mentioned above.
We shall prove the solvability of the problem (27). To this end we first establish
the following lemma.

Lemma 3.1. Let T, be fixed and let ¢}, € Ur’:d’ n=12 ..,
er >e, inC(Q), asn— co.

Then

qn(ep) = qnlen) inS.

Proof. 1° We shall drop out some subscripts & in what follows. Let us recall
that {[z(e), q(e)], A(e)} is the (unique) saddle point of £y (e) on Wy (e) x R}, if and
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only if the following three conditions are fulfilled:

(28) b(g(e),z) + (f,2) + (A(e),z), =0 Vz € Z,
(29) a(e; q(e),p) +b(p,2(e)) =0 Vp € Qn,
(30) <)\ - Xe), o+ %e - E(e)>h <0 VAeRD".

Analogous conditions hold for the saddle point {[z(e"),g(e™)], A(e™)} of Ln(e™)
on Wj(e™) x RT". Subtracting, we obtain

(31) b(7(e™) — qle), z) + (A(e™) — A(e),2), =0 Vz € Z,
(32) a(e”;d(e™),p) — a(e; d(e),p) +b(p, 2(e") — z(e)) =0 Vp € Qn.

Let us substitute z := z(e™) — Z(e) in (31) and p := g(e™) — g(e) = A, in (32). Thus
we get

b(An, 2(e™) — 2(e)) + (Me™) — A(e), z(e™) — Z(e)), =0,
a(e”;G(e™), An) — a(e;d(e), An) + b(An, 2(e) — 2(e)) =0,

so that
(33) a(e; a(e), An) —a(e™; q(e™), An) + (X(e™) — Ae), z(e™) - z(e»h =0.

Let us substitute A := A(e™) in (30) and A := X(e) in the counterpart of (30).
Thus we arrive at the inequalities, the addition of which yields

(A(e) - X&), %(e” — ) +3(e) ~ 3(e"), <0

and therefore we have
(o1 Y 5(pM 5 YoM Y 1 n
(34) (X(e) = X(e), 2(e™) = 2(e)), < (A(e™) = A(e), 5" ) .
Substituting (34) into (33), we obtain

(35) a(e™; g(e™), An) —a(e; de), An) < = (A(€") — A(e), e™ —e)

h’

N =

20 Next let us show that a constant C > 0 exists such that

(36) llge™)lls + lz(e™)llz + IAe™)lln < C Vn,
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where A\l = (0, \),)"2.
In fact, let us point out that the inequalities

(37) a(e™;9,9) > aollqll%
(38) a(e™;p,q) < Clplisllalls

hold for all p, ¢ € Q and for all e™ € U,,, with constants ap and C independent of
p, ¢, €”. Then it is easy to verify that Lemma 2.1 of [4] holds with constants C, C
in [4, (2.2)] independent of e™.

Obviously, there exists a function 2° € Zj such that z°(P) > ¢(P) + femax at
all points P € £9. Using Lemma 2.1 of [4], we obtain a unique ¢°" € Q, such that
[2°,¢°") € Wy (e™). Since 2° > ¢ + 3e™ at P € £Y, [2°,¢°") € Kx(e™) and

(39) Il s <C 7Y%z =C Vn.

By definition (26), we have

a(e . q On On) (f, 0>

N =

1
salea(e™),a(e") - (f,2(e™) <
Making use of (37), (38), (39) and Lemma 2.1 of [4], we get

—aoIIfI(e")ils Co + [Ifllz llz(e™)llz < C2 + Csllg(e™)lls-

Consequently, the norms ||G(e™)||s are bounded. Lemma 2.1 of [4] yields the bound-
cdness of Z(e™). Since RY'™* is isomorphic with the subset Ay = {\y € Z5 | Ap 2 0},
we may insert z := A(e™) in (28) to deduce that

IIX(e")IIi = —b(a(e™), Ae™)) — (£, A(e™))
Cllate™)lls + I1fllz ) IXEe™)llz < CIX(E™)ln-

Thus we arrive at (36).
30 It is readily seen that

(40) la(e™;4(e), An) — a(e; d(e), An)| < Cll(e™) ™ ~ € *lo,c0 = 0
as n — 00, realizing that (36) implies

lAnlls < llz(e™)lls + llg(e)lls < €' Vn.
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On the basis of (37) and (35). we may write

aollAnll% < ale™;q(e™), An) — ale™; qle), An)
(e ale™), An) ~ a(eid(e), An)]
[a(e;d(e), An) —ale™;qe), An)]

(A(e™) = Ae),e™ =€), + |1

+

t\JI»—lMl»—a

(IAE™) I + 1A 1) lle™ = elln + Ln].

Since the right-hand side tends to zero with n — oo by virtue of (36) and (40), we
get
lla(e™) — q(e)lls = | Anlls = 0, asn — oo.

(]

Theorem 3.1. The approximate problem (27) has at least one solution for any
fixed triangulation Tj, and any € > 0.

Proof. Making use of Lemma 3.1, we prove that the functions
[1/)1( (eh, qh (Ch))]+ are continuous in U} " ', (cf. the proof of an analogous Lemma 2.1).
Consequently, the cost functional in (27) is continuous, as well.
Obviously,
ep € Uad = {eh(P } € A, CR™,

where P; are the vertices of T,. The set Ay is compact in R™ | being bounded and
closed. Hence the cost functional attains its minimum in U, O

4. FINITE ELEMENT ANALYSIS

In the present section we study the convergence of the solutions e}, of the approx-
imate optimal design problem (27), when the mesh size i tends to zero. To this end,
we shall need the following result.

Lemma 4.1. Let e, € U",. Then

ad*
(41) lZn(en) — glen)|ls < CRMP.

holds with some constant C independent of e, and h.

Proof. Let us denote g(en) = q, Z(en) = w(en) = =z, qnlen) = qn, Znlen) = 2,
for brevity.
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Let us.introduce the space of tensor fields

Q(Tw) ={p€S|pjlr e H(T) VT €Th, i,5=1,2,

pijviv; is continuous at cach interelement edge}.
By assumption (A2) (ii) and (iii), the relation (1) implies
(42) q(en) € Q(Th),

as the triangulations 75, under consideration refine Tp,. Moreover, (A2) implies

(43) laelbmy = > D lalenliar

4,j=1,2T€T,

<C Y lhwlen)llfor <CC
T€T,

Obviously, we may write

(44) aollg — anll% < alen;q — gy g — Tng) + alen; ¢ — an, Tng — qn)
= 11 + 12,

where 11, : Q(71) — Q@ is the (lincar) mapping from [1-Lemma 4].
Recall that

(45) b(p —Tup,yn) =0 Vp € Q(Th), yn € Zi.
Using the relation (see [4, Theorem 1.2])
a(en; q,p) +b(p,2) =0 Vp € Q(Tn),

the definition of Wy (ep), the Lagrange lincar interpolation I;,: Z — Z;, and (45) we
get

(46) I = a(en;q,1Iag — qn) — alen; qn, IIng — qn)
= —b(T1ng — qn, 2) + b(TTnq — qn, 2n) = U(IInq — qn, zn — 2)
= b(lIhg — ¢, Inz — 2) + b(TInq — ¢, zn — Inz) + b(q — qn, 21 — 2)
= =b(¢, Inz — z) + b(q — qn, 2n — 2),

since
(47) b(pr,Inz —2) =0 Vph € Qp.
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Wehavezp € ZpnC Zand 2, 2 o + %eh in O by virtue of the assumption (A2)(i).
Consequently, Lemma 3.2 of [4] yields that

(48) _b(q1 Zh — Z) 2 (f: Zh — Z) :
From the definition of the problem (26), we get
(49) =b(gn, yn — 2n) 2 (f,yn — 21)

for all y, € Z), such that y4(P) > ¢(P) + 3en(P) VP € T9. Using (48), (49) (with
yn := Inz) and (47), we obtain

(50) b(q — qn,zn — 2) = b(q, 2n — 2) — b(qn, 21 — Inz) — b(gn, Inz — 2)
S(fiz—2zn) +(fizn— In2) = (f,z — Inz).

Combining (44), (46) and (50), we arrive at
(51)  aollg ~ aull$ < alen;q — an,q — Iaa) +b(g, 2 = Inz) + (f, z = Inz).
Making use of (43) and the continuity of the form b, we may write

(52)  b(g,z — In2) +(f,z — Inz) < (Cllg(en)llom) + Ifllz')llz = Inzllz
< Cllz = Inzl|h pa-

The interpolation theory yields
(53) 1z = Inzllip0 < Ch*P|z)22.0 < Ch?/P,

since z = w(ey) is bounded in W22(Q) for all e, € U,q by virtue of assumption
(A2)(ii).
A slight modification of Lemma 4 in [1] and (43) implies

llg — Maglls < Chllg(en)llgcr,) < Ch.
Consequently, from (38) we derive that

(54) alen;q — qn,q — nq) < Cllg — qullsllg — Mrqlls
< zaollg — qull} + C3h2.

N =

Combining (51)-(54), we get
1 = .
5ollg = anll% < Csh? + Cn2/e < Cn',
so that (41) follows. O
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Proposition 4.1. Let {e,}, h = 04, be a sequence of ¢;, € U",, such that

en = e inC(Q), ash— 0.

(55) gn(en) > q(e) in S, ash — 04.

Proof. DBy triangle inequality and Lemma 4.1

ldn(en) — ale)lls < lan(en) — alen)lls + lla(en) — gle)lls
< CRYP 4 lg(en) — qle)lls-

Then (55) follows from Corollary 2.1, since U2, C U, a

ad-

Proposition 4.2. Let the assumptions of Proposition 4.1 be fulfilled. Then

js (eha qh.(eh)) i js (e»q(e)), as h — 0+.

Proof is analogous to that of Lemia 2.1, being based on Proposition 4.1. O

Lemma 4.2, For any e € U,y therc exists a sequence {nn}, h = 04, such that

gy € :d and

n —e inC(Q), ash — 04.

Proof. Let usset n, = Iye, i.e., the Lagrange linear interpolate of e over 7j,.
Since e € W1H=(Q), the interpolation theory yiclds

lle = Inello,co < Chlle]1,00-

Obviously, emin < Ine < emax cverywhere in . Finally, we have, for PP,
parallel with the wj-axis, § =1, 2,

01;L(E
O.I?j

1 1 [P+ ge
I le(Pig1) —e(Pi)| < » /P; —(“).vjldr’ <
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Theorem 4.1. Let {e}}, h = 04, be a sequence of solutions of the approximate
optimal design problems (27).
Then there exists a subsequence {5} C {e},} and an element e. € Uqq such that

(56) e, »> e inC(A),
(57) gi(e;) > qlec) inS

and e, is a solution of the penalized optimal design problem (G). Each uniformly
convergent subsequence of {€5} tends to a solution of (6) and (57) holds.

Proof. Since U, C U,q and Uqq is compact in C(f2), there exists a subsequence
of {5}, such that (56) holds with e, € Uyq. Then (57) follows from Proposition 4.1.
Let us prove that e, is a solution of the problem (6). Consider any e € Uyq and
use Lemma 4.2 to obtain {1}, n;, € U(’;Ld, such that 75, = e in C(2). By definition
(6),
Te (€5, d5,(e5)) < Te(n @, () -

Passing to the limit with I = 0 and employing Proposition 4.2 to both sides, we
arrive at

Te (65, Q(es)) < Je (C, q(c)).

Consequently, e. solves the problem (6). The rest of the assertion is obvious. a
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