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NONLINEAR BOUNDARY VALUE PROBLEMS
WITH APPLICATION
TO SEMICONDUCTOR DEVICE EQUATIONS

MIROSLAV PoOsP{SEK, Praha

(Received February 14, 1992)

Summary. The paper deals with boundary value problems for systems of nonlinear elliptic
equations in a relatively general form. Theorems based on monotone operator theory and
concerning the existence of weak solutions of such a system, as well as the convergence of
discretized problem solutions are presented.

As an example, the approach is applied to the stationary Van Roosbroeck’s system,
arising in semiconductor device modelling.

A convergent algorithm suitable for solving sets of algebraic equations generated by the
discretization procedure proposed will be described in a forthcoming paper.

Keywords: boundary value problems for systems of nonlinear elliptic equations, semicon-
ductor device equations

AMS classification: 65N30, 35365, 65P05

1. INTRODUCTION

Very fast progress in many current technologies has also brought forth an increas-
ing interest in mathematical modelling of the undergoing physical processes, which
are often described by (usually nonlinear) systems of partial differential equations.
In this paper, an approach to the analysis of a boundary value problem for a system
of nonlinear, elliptic type equations in rather general form is described.

In Section 3, conditions on the problem data that are sufficient to define weak
solutions of the problem and to prove their existence are given. Similar conditions
can also be found in many other publications, see e.g. Fuéik, Kufner [4], Ne€as [14]
and Franci [3], but the form of the so-called coercivity conditions presented here
seems to be new.
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Then, a discretization scheme based on the numerical integration of the lower
order terms only is proposed. Existence and convergence results for this procedure
are proved. Moreover, Hackbusch’s results [8] are used to show that the proposed
discretization scheme has some properties of the box integration method (Varga [20]).

In Section 4, the theory is applied to the well-known Van Roosbroeck’s system
of three coupled nonlinear partial differential equations describing the function of a
semiconductor device in stationary state.

Most theorems on the existence of (weak) solutions of this problem use directly
the Schauder fixed point theorem (Mock [13], Gajewski [5], Groger [6]), or the theory
of variational inequalities (Jerome [9]).

The results of Section 3 are based on monotone operator theory. To be able
to apply them to the semiconductor device problem, a modified problem, solutions
of which are also solutions of the original one, is formulated. Then, using theo-
rems of Section 3, the existence of the modified problem solutions, and also exis-
tence/convergence results for the discretized problem solutions, are proved. This
procedure is similar to that of Groger [6], the difference being in the technique used
to prove existence of the modified problem solutions. In [6], Schauder fixed point
theorem is used directly, leading to a nonlinear block Gauss-Seidel type algorithm,
but without a proof of its convergence. We shall apply Theorem 3.2, use its assertions
also in the analysis of discretization procedure and in the related paper [16] prove
the convergence of a solution algorithm, based on fully coupled Newton’s method.

The current continuity equations (4.2) and (4.3) are often discretized by the box
integration method in conjuction with the so called Scharfetter-Gummel approxima-
tion of current densities, see [18]. However, other techniques also have been developed
recently, see Markowich, Zldmal [11], Miller [12], Biirgler et al. [1], Shigyo, Wada,
Yasuda [19], Chen [2] and others. Good numerical properties of the discretization
scheme proposed in this paper should be guaranteed by the fact that it is actually a
box integration method applied to some closely related differential equation.

As far as the author knows, no similar approach to the semiconductor device
equations resulting in theoretically convergent multigrid based algorithm (see [16])
has been published yet. Moreover, some results from the more general part of the
paper also seem to be new—the form of the coercivity condition (3.10) and Theorem
3.3 on the convergence of discretized problem solutions.
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2. BASIC NOTATION

We shall use the following notation:

N the set of non-negative integers,
R the set of real numbers,
V almost everywhere,
it = (n1,...,nn) vector of outward normal,
— strong convergence,
— weak convergence.

Let X be a real reflexive separable Banach space, equipped with a norm || - || x.
The dual space of X will be denoted by X* and the value of a continuous linear
functional F € X* on an element v € X will be denoted as

(Fvv)x :

Let N > 1, m > 1 be integers, Kk = m(N + 1), and let @ C R be a bounded
domain with a Lipschitz boundary divided into two disjoint measurable subsets I'p
and I'y. Suppose that puy_1(I'p)—the (N — 1)-dimensional Lebesgue measure of
I' p—is nonzero.

For a given vector function u = (u,...,un) with sufficiently smooth components
u;: = R, 1 <7< m, we write

Vo = (% ou,, Ou aum)

axl""’ or ’aztg"“’a:BN

and

. Uq, j = 0’
Diu; =
oui/ox;, 1<j<N.

For £ € R", we denote its components in the following way:

{ = (6107 ey {mo: flly .. -1€mN)1

so that they correspond to the components of (u, Vu).

We also introduce here an abstract function space V, which will be referred to
throughout the paper:

Let 1 < p < 0o. The closure of the set

{fveC=():v=00nTp}
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in the norm of W,"*(R2) ! will be denoted as V?. The space V is defined by
(2.1) v=[]v" 1<pi<oo, 1<i<m,
i=1

and equipped with the norm

1

Pinin

22) ol = (ﬁ:: ol ) = ($ (f [ 1Dz ) R

i=1 ‘j=1

where puin = min{py,...,pm}.

3. GENERAL THEORY

3.1. Weak formulation and existence theorem. Let us first recall some
important definitions and an abstract theorem, which plays principal role in our
analysis. '

Definition 3.1. Let X be a real reflexive and separable Banach space. A map-
ping A: X = X~ is said to be
demicontinuous, if

(3.1)  (Vup € X)(V{tun}n>1: tun € X)(un = up in X) = (Au, — Ayg in X*),

coercive, if

(Av,v) x _

3.2 1
(3.2) loilx soo 0l

)

strictly monotone, if

(3.3) (Vv,w € X,v # w)((Av — Aw,v — w)x > 0),

! Recall that this norm can be defined as follows:

(Vu € wg"’(n))(nullw;m(m = (XN; [ “’)l/p)‘
Z
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satisfying the so-called condition (M)o, if
(34)  (vn = V) A(Avp 2 ©) A ((Ava, va)x = (0,0)x) = (Av = in X*).

Definition 3.2. Let X be a real reflexive and separable Banach space, A: X —
X*, F € X*, X a finite-dimensional subspace of X, and let the following problem
be given:

(3.5) Find u € X such that
(Vv € X)((Au,v)x = (F,v)x).
The problem

(3.6) Find u; € X such that
(V‘U € X[)((A'Uz,'v)x = (F,'U)x)

is called the Galerkin approrimation of the problem (3.5) on the subspace X;.

Theorem 3.1. Let X be a real reflexive and separable Banach space and let a
mapping A: X = X* which is demicontinuous, bounded, coercive and satifying the
condition (M) be given. Then the problem (3.5) has a solution for all F € X*. The
problems (3.6), l € N are also solvable and if

Uxi=x,
=1 .
then u; — u. Moreover, if A is strictly monotone, then the solution of (3.5) is unique.
Proof. Seee.g. Franct [3, Th.5.2. and Th.7.2] or PospiSek [15, Th.4.7). O

Let N, m and Q be as in Section 2 and let functions
a;;: AxXR* 2R, 1<i<m, 0<j<N,

f,'tﬂ—)R, 1<i<m,
d; : QUI'p R, 1<i<m,
h; :T'ny - R, 1<i<m

be given. (Recall that kK = m(N +1).) We are interested in boundary value problems
in the following form:

N
3.7 - ZDja,-j(m;u, Vu) +ap(z;u,Vu) = f;, i=1,...,m, z€Q,
Jj=1 ;
ui=d;, i=1,...,m, z €Tp,

N
~ Zn,-a.-,-(x;u,Vu):h;, i=1,...,m, x €n.
=t . . : : v

Let us introduce some useful properties of the functions a;;:
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Definition 3.3. Let functions a;;: @ x R* - R, 1 i< m,0<j <N, be
given. We say that they satisfy Carathéodory conditions, if

(3.8) (V€ € R*)(ai;j(-; £) is measurable in ),

(\;’z € N)(aij(x;-) is continuous in R*),

growth conditions with the coefficients p,, ..., pm, if

(3.9) (Fpe 2 1, 1< k< m)(¥i, 1 < i< m)(Vj, 0 <J < N)(Vz € Q)(V€ € R*)
latj T, {)I E (g:_', .'L') + Cij Z |€kll Pi (P- 1))
k=1 1=0

where c;; are non-negative constants and g;; € L,, (), 1/p; +1/¢; =1,
coercivity condition with the coefficients py,...,pm, if

(3.10) (ap 1<k<m)@3C. > 0)(\:11: € N)(V€ € R")
Zzau (z; & 2 C. ZZ Ifulp' + Ze (z)é:0,
i=1 j=0 i=1 j=1

where C. > 0 is a constant and 6; € Lo, (), 1 <1 < m,
strict monotonicity condition, if

(3.11) (Vz € Q)(VE,n € R, # 1)
(ZZ[G‘J(:E §) - a’J( 17’)](61_1 nij) > O)
=1 j=0

condition of strict monotonicity in principal part, if

(3.12) (Vz € Q)(VE € R™)(Vn,v € R™N n #v)
m N
(z Z[aij(m;ﬁ,ﬂ) = a;;(z; &, v))(mi5 — viz) > 0).
i=1 j=1

The next theorem summarizes first results. It shows conditions on boundary value
problem data that are sufficient for defining weak solutions of the problem and for
proving their existence.
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Theorem 3.2. Let N, m and Q be given. Consider the boundary value problem

N

3.13) - ZD"a.-J-(x; u,Vu) + ayo(z;u,Vu) = f;, i=1,...,m, z€Q,
j=1

u; = d;, i=1,....m,  €p,

N
E njaij(c;u,Vu) = h;, i=1,....m, z € Ly,
j=1

where the functions a;j: 8 x R* = R, 1 <i<m, 0<j <N, satisfy
(A1) Carathéodory conditions,
(A2) growth conditions with some coefficients p; > 1,1 < i < m,
(A3) coercivity condition with the same coeflicients as in (A2),

(A4) condition of strict monotonicity in principal part
and

(D) di c Wl‘pi(Q)v fi € Lqi(n)v gi € L(Ii(FN)y I/Pt'*' 1/111 = 1» 1 < i <m.

Let the space V' be defined as in (2.1)—(2.2), with p; from (A2). Then:
The expression

m N
(3.14) (Vu,v € V)((Au, o)y =Y > / aij(z;u + d, V(u + d)) D¥v; dz)
i=1 =079
defines a mapping A: V — V* which is bounded, continuous, coercive and satisfies

the condition (M)o.
A functional F € V* can be defined by

(3.15) (Vv e V)((F,v)v = ;nl (/invi dx+/FN hivi dS))

and thus the weak formulation of the problem (3.13) can be obtained (with A from
(3.14) and F from (3.15)):

(3.16) Find u € V such that
(Vv € V)((Au,v)y = (F,v)y).

The problem (3.16) has a solution.
If the strict monotonicity condition is fulfilled, then the solution of (3.16) is unique.
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Any solution of the problem (3.16) can be expressed as a weak limit of solutions
of its Galerkin approximations on the subspaces V;, supposing that

|4

-
=
I

is valid.

Proof. For the case m = 1, i.e. single partial differential equation, the proof
can be found e.g. in Fuéik, Kufner [4], NeCas [14] or Franct [3]. For the case m > 1,
only few corrections in the proof are to be made, as shown in PospiSek [15]. Here,
only these differences summarized in Lemma 3.1 will be proved. O

Lemma 3.1. Let, as in Theorem 3.2, the boundary value problem (3.13) be given.
The assumptions (A1), (A2) and (D) are sufficient for the mapping A from (3.14) to
be bounded. Moreover, if (A3) is also valid, then the mapping A is coercive.

Proof of Lemma 3.1. Boundedness. Applying the theorem on Nemyckij
operators (see e.g. Franci [3, Th.8.9]) to the functions a;;, we see that the mappings

(3.18) (u(-), Vu(-)) = ai; (- ul-), Vu(-))

m N
are bounded and continuous mappings from [ [] L, (Q) to L, (), where p; and
=1 3j=0

g; are given by (3.9). Let v,w € V. Using the Holder inequality, we estimate
m N )
(8.19) [(Av,w)vl = l Z Z/ a,'j(z;v +d,V(v+d))D’w; dz
Q

i=1 j=0

m N
<)Y llaii(5v + d, V(0 + @) g | D willps,

i=1 j=0

where || - ||, p € N, denotes the norm in the space L,(?). The term ||Dwillp; can
be estimated as follows. By the Friedrichs inequality we have

(3.20) (Vi, 1 <i<m)3ei > 0)(Yu; € VP)(|lvillp: < esllvillve:)-
Denoting C = max{1,cy,...,cm}, we obtain
(Vi,1 <i <m)(V4, 0 <j < N)(IDwillp: < Cllwillve:).

Now, using the Holder inequality, we see that

m
(3.21) HDjwi”m < CZ llwillve: < Cmp...m/(p...i..—t)"w"V_
i=1
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From (3.19) and (3.21) we obtain

m N
[{(Av, w)v| < m(N + 1)CmPuin/ Bein=) 3 "N g, (0 + d, V(v + d)) g, Jwllv-

j=13j=0
The boundedness of A now follows from the same property of the mappings in (3.18)
foy ,
as above and from the fact that d € [] Wi (Q).

i=1
Coercivity. Integration of (3.10) yields
(3.22) (Vv € V)((Av,v)v > Z (Cc"'vi“’\J/‘;,_ +/ 0;v; dz))
i=1 ’ Q

We shall estimate the two terms on the right-hand side of this inequality. First, note
that
(i, 1< <m)(Vos € V) (lluilly, > llusllfs - 1)

holds. Thus, we have the estimate

m

m
(3.23) Z [lvs] "’/‘m > Z "Ul”l"/x'n‘m —m = [jo]|% —m.
=1 =1

Consider npw the term [, 6;v; dz . We shall show that it is bounded for ||lv||y — oo.
Denoting  nax {ll6illc} as 80, we have
Ligm

(3.24) —000/ [vi| dz < / 0;v;dz < 000/ |vi|dz, 1 < i< m,
Q Q Q
hence we are interested in the integral [, [v;|dz. By the Hélder inequality,

1
/Q il dz < pa() % fJvzlpe.

Combining this inequality with the Friedrichs inequality (3.20) and using the same
technique as in (3.21), we obtain

(3.25) [ iz < clvly,
Q
where ¢ = max{p2()/% }1cigmCmPmin/(Pwin=1) " Now, we can see from (3.22)-

(3.25) that

(Av,v)y

v V > Pmin_l — — hoo
(Vv e )(—”v"v llly hooc = oo)

m
lvllv
and hence A is coercive. O
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3.2. Discretization. Now, we could immediately start to look for an algorithm
solving the Galerkin approximations (3.6) of the problem (3.16) on some finite-
dimensional space V;. In practice, however, problems defined by introducing some
kind of numerical integration into (3.6) are solved. We shall consider these modified
problems. Starting from this point, we restrict ourselves to the case N = 2 and in
addition we shall suppose that Q is a polygon.

First, let us construct a sequence {V,}:;>0 of finite-dimensional subspaces of the
space V, such that (3.17) is valid:

1. Let Tp be a conforming triangulation of €2, i.e. a set of triangles such that

their union is Q and the intersection of any two distinct triangles is either
a common cdge or a common vertex or is empty. Assume that the points
Tp NTy are vertices of some triangles from Ty. Then triangulations Tj, [ > 0,
are constructed by induction: For each t € T;_; we generate four triangles in 7;
by pairwise connecting the midpoints of the edges.

2. For I > 0, p > 1 we define V} as the set of continuous and piecewise linear

functions

(3.26) {v € V?: (Vt € T})(v is linear on t)},

equipped with the norm of the space V. Then, given p;, 1 < ¢ < m, we set
m X
vi= i v
i=1

(Note that the condition (3.17) is fulfilled.)
We introduce the following abbreviations:

(3.27) Q = {P €Q: Pis a vertex of some t € T},
Q={Peq ~Tp: Pis a vertex of some t € T},
N = card ;.

We now construct a dual mesh B, for 7;: for each triangle t € T}, connect its centre
of gravity by straight line segments to the edge midpoints of ¢t. This subdivides t
into three subregions with the same area. With each vertex P € §}] we will associate
a region wp consisting of those triangles ¢t € T; which have P as a vertex, and the
so-called box bp € By, bp C wp which consists of the union of the subregions in wp
which again have P as a vertex.

Theorem 3.3. Counsider the problem (3.13) and suppose that, in addition to the
assumptions of Theorem 3.2, the following is valid:
N =2 and Q is a polygon,
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aip € C(Q x R™), 1 <i < m, and they do not depend on Vu,
fieCc@®),1<i<m,

d; €C'(),1<i<m,

h;e C(C'n),1<i<m.

Then, in addition to the assertions of Theorem 3.2:

1. The following problem on the space Vj, | > 0, is well-defined:

(3.28) Find u' € V; such that
(V‘U € I/[)((A[’ll.l,’v)v = (F,‘U)V),

where the mapping A;: Vi = V;* and the functional F; € V;* are defined by (u,v € V})

m N
(3.29) (Au,v), = Z Z/ aij(z;u+ d,V(u+ d))Div; dz
Q

=1 j=1

+3°3 wa(bp)aio(P; (u + d)(P))ws(P),

i=1 PeQ,

(Fi,v)bv = 3 Y (u2(bp) fi(P)oi(P) + p (bp NTw)hi(P)vi(P)) .

i=1 PeQ,

2. For every | > 0, the problem (3.28) has a solution.
3. The sequence {u'};>0 defined by (3.28) weakly converges to the solution of the
problem (3.14)—(3.16).

Proof. 1. The assertion follows from the properties (A1), (A2) and (D), the
continuity of the functions a;p, 1 < 7 < m and from Theorem 3.2.

2. This also follows from Theorem 3.2. Note that the problems are formulated in
finite-dimensional spaces, hence only continuity and coercivity of mappings A; are
sufficient for those problems to be solvable (see e.g. Franct [3]).

3. Consider a sequence of problems from (3.28),

(3.31) (A, o)y = (F,v)y, wveV, leN.

As discussed above, the problems (3.31) are solvable for all I € N. Moreover, there
exists a constant M; > 0 such that
(A, ul)y
llutllv

Then, taking the coercivity of A, A;, I > 0, into account, we see that the sequence
{llu'llv }ien is uniformly bounded, i.e.

< IEllve <IIFllv- + IR = Fllv- < M.

(3.32) (3Mz > 0)(V1 € N)(||lu'llv < M)
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and thus there exists a subsequence of {u'};en weakly converging to some u? € V.
Denote this sequence again by {u'};en. Denote also

m —
® = [[{pi € C°([): p; =00nTp}
i=1
and let ¢ € &. We have
(3.33) lim (Aiu! — F,p)y = lim (F, — F, )y =0.
l—oo o0
On the other hand,
lim (A;u! — F, o)y = lim (A — A, ©)v + lim (Au! — F,p)y
l—00 l— 00 l—00

= Jim 32| 3 palbr)an(Pi @+ DPNelP) - [ ol +d)ou(o) e |

PeQ,

=1

+ lim (Au' = F, )y .
The first limit in the last expression is zero while the second equals to
(Au® - F o).
Hence we have from (3.33)
(Vo € ®)((Au® - F,p)y = 0).

The set  being dense in V, we thus conclude that u® (which is the weak limit of
the subsequence {u'};en) is a solution of the problem (3.14)-(3.16). O

Remark 3.1. Clearly, the set
(3.34) {op € VP: (VP,Q € Qu,1p(Q) = 6pq)}

(6pq is the Kronecker symbol) forms a basis of the space V/?, i.e. any v € V; can be
expressed in the form

(3.35) V= Z Z Vi IPPIP-

Let < be a complete ordering of the set ;. Define a mapping v;: {1,2,...,N;} = O
by
(Vkl,kz,]. < ki, ke < N])(kl <k & l/[(kl) < V[(k-z)).
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Then the coefficient vector v,” = ((v1,1Q)Qeqs - - - (Um,1Q)Qeq,) can be understood
as a point in a linear space H; = R™M1, with its [(i — 1) - N, + j]-th component being
equal to v;,(j), i = 1,...,m, j = 1,..., N;. The isomorphism between the space H;
and V, is given by a mapping

(3.36) PE: Hy = Vi, with PCvf! Z > vigwie-
i=1 Qe

If (-,-) is the scalar product in the space H; and g;: H, — H; and fH € H; are
defined by

(3.37) (Vu,v € H))(gi(u),v) = (AiPeuf’, Pov!)v,
(3.38) (Vv € H)(f,v) = (F, Pov{')v,

then the problem (3.28) in the space V] is equivalent to the problem
(3.39) a@f)=f"in H.

Remark 3.2. Consider the problem (3.13) and suppose, in addition to the
assumptions of Theorem 3.3, that the functions a;;,1 <7< m, 1 < j < N, have the
form

(3.40) ai; = a;(z;u) DIy,
where a; € C1(1 x R™), 1 < i < m, and
(3ag >0, ay > 0)(Vi:i=1,...,M)(Vz € Q)(V¢é € RM)(ah > ai(z;€) > ao).

Then, obviously,

(Vu,w € \/2)(/ a;(x;u) DIu;(x) DI w;(a) de =/
Q

@ (z; u) DIu;(z) DI w;i(z) dz ) ,
Q

where the functions @;: @ — R are defined by

(Vt e T[)(a_ilt = u%(t) /ta,«(m;u)da:)

As shown in Hackbusch [8, Propositon 3.1.2],

(VP € Q)(Vu; € V’”‘)( / DIy p(x)Divi(z)dz = Ov; dS)
Q bp O
and hence the system (3.39) derived from our procedure is the same as that generated
by the so-called box integration method (see e.g. Varga [20]), applied to the system
(3.13) with the functions @;(x;u) in the place of a;(z;u). (Note that in the case
a; = const. the functions a; and @; are identical.)
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4. APPLICATION TO THE SEMICONDUCTOR DEVICE EQUATIONS

4.1. Model problem. In 1950, Van Roosbroeck {17] proposed a system of three
coupled nonlinear partial differential equations as a basic mathematical model de-
scribing electro-physical behaviour of semiconductor devices. We shall be interested
in the following, rather simplified form of these equations, ignoring complications
like variable mobilities, oxide regions and avalanche generation rate. Our problem,
however, captures some of the difficulties that occur in practice and its satisfactory
solution still represents a great challenge to numerical analysis:

(4.1) — div(gradu) + e*™" — e = D¢,
(4.2) —div(e" 7" gradv) — Q(u,v,w)(e¥ " -1)=0 in Q,
(4.3) — div(e¥ " gradw) + Q(u,v,w)(e”"" - 1) =0,
(4.4) U =1up, Vv =vp, W=wWp onI'p,
Jdu v ow
. etV —eWwur_ — n.
(4.5) = ga=¢ o on 'y

where
(4.6) D¢ € Loo(R), Q € C(R?) and (up,vp,wp) € [Leo(R) N CHQ))?.

4.2. Weak formulation and existence theorem. First, we reformulate the
problem (4.1)—(4.5) in terms of the so-called Slotboom variables u, 1, v, defined by

—v w

n=e ", v=e".

We obtain a boundary value problem in the form (3.13), where N = 2, m = 3 and
(writing afj instead of a;;)

et"’f'),o _ e—iu:&m, ] =0,
S (. —
(4.7) ay;(z;6) = {flj, i=12,
Q(&10, €20, €30)(€20830 — 1), =0,
S (. —
(4.8) a3 (x;€) = {egw 2, i=12,
Q(&10, €20, €30) (E20830 — 1), 7 =0,
S (. _
(4.9) a3_‘i($1 {) - {e“&“&;j, j — 1’2’

(4.10) f1 = Dc,f2 = f3 = O, d1 = ’UD,d2 = e_”",d3 = e“’D,hl = ]1.2 = ha =0.
We refer to this problem as to the problem (S) and use the notation
Up = (up,e”"?,e"P).
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However, due to exponentials in (4.7)-(4.9), no p;, 1 < p; < o0, i = 1,2, 3, satisfy
the condition (A2), so direct application of Theorem 3.2 is not possible. Nevertheless,
note that if Vo = [V2NLw(2)]® and V = [V2]3, then the following expressions define
a mapping A5: V° — V* and a functjonal f5 € V*:

(VU € Voo’cf = (uan, V))(‘Vl(p S Va(p = (901"1027‘;93))

3 2
(4.11) ((ASU,¢>V=ZZ/ af(z;U + Up, V(U + Up)) DI p; dz),
Q

i=1 j=0

(4.12) VB EV) (f5 @)y = /Q Do(z)p1 (z) da).

Definition 4.1. Let W = [W12(Q) N Lo (N)]3. We say that Us € W™ is a
solution of the problem (S) in the space W, if

(4.13) Us =Us +Up,
where U3 € V*° and
(4.14) AU = fSin V™.
Theorem 4.1. There exists at least one solution of the problem (S) in the

space W>.

Proof. of this theorem will be divided into two steps. First, as in Groger {6],
we shall formulate a modified problem such that its solutions are also solutions of
(S). Then we shall apply Theorem 3.2 to this modified problem. a

Definition 4.2. Let r < s be real numbers and g: M — R (M is an arbitrary
set) any real function. We define £,,9: M — R by

r if g(z) <,
(Vz € M)(Prsg)(z) =X g(z) ifr <g(z)<s,
s if s < 9(z).

For r = —s we write only Ps.

Definition 4.3. Let F > max{||tn|leo, ||wpllew}, G = e~ F, H = ef'. We choose
E > |luplle such that

eFF_ef"F 1 Dc<0, efFF_ef-F4Dc>0
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and define AS™: V o V* by

(VU € V,U = (U,U, V))(V(D € V,(I) = (‘plvﬂo’bﬁpl}))

3 2
(415) (AT =2 [ aff @V + Up, YU +Up))Diida),
Q

i=1 j=0
where

(Vz € Q)(Vi,i =1,2,3)(Vj,j =0,1,2)(VU = (u,n,v): 2 = R?)
(4.16) (a7 (z; U, VU) = af(; Peu, Paun, Ponv, VU)).

We say that U € W is a weak solution of the problem (Sr), if
(4.17) U=U"+Up,

where U* € V and

(4.18) ASTU* = fSin V™.

Lemma 4.1. (Groger [6, Lemma 1)) Let U be a weak solution of the problem
(Sr). Then U is also a solution of the problem (S) in the space W.

Lemma 4.2. There exists at least one weak solution of the problem (Sr).

Proof. We shall verify the assumptions of Theorem 3.2:
(A1) is obvious.
(A2) with the coefficients p; = p» = p3 = 2 can be verified easily. The only
arguments of the functions afj' that can cause a;—sj’ to grow to infinity are those with
VU. But the dependence of a;s;-' on VU is linear, in the worst case.

(A3). In (3.10), we can choose

c= min(l,e"E), 6, =—eF 0,=0;=— sup a‘zgor(w; £).
z€Q,EER?

(A4) is also easy, because of

(Vz € Q)(V€ € R3)(Vn,v € RY)

3 2
DY (@ (@i &m) — aif (z3€,v)) (mi — vig)
i=1 j=1
2
> (mj —v1;)? + e E(m; — v25) + e E(ngj — vs;)*.
j=1
(D) follows from (4.6). 0
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The assertion of Lemma 4.2 now follows from Theorem 3.2.

Discretization.

Theorem 4.2. Consider the problem (S) with (4.10) and D¢ € C(Q). Then the
assertions of Theorem 3.3 hold.

Proof. Taking Lemma 4.2 and continuity of D¢ into account, the assumptions
of Theoremn 3.3 can be easily verified. O

Remark 4.1. Note that if we formulate the problem (3.28) for some [ > 0, then
the integrals of the form
/ efeu dg
t

{t € T)) are to be evaluated. But this can be done easily, because u is a piecewise
linear function. If, for example, |u(z)| < E for all z € ¢, and Uy, Uy, Us (Uy # U, #
Us # U;) denote the values of u(z) at the vertices of the triangle t € T}, we obtain
after some calculation

2 Us _ U2 Us _ Uy
/ePEu dz = /eu dz = ﬂ(t) [e € _ € €
t t

Uy -U; | Us = U, Us-Up |-

CONCLUSION

In this paper, we stop at the point when a system of (possibly nonlinear) alge-
braic equations is generated. In the forthcoming paper PospiSek [16], a convergent
algorithm suitable for solving such a system is proposed.
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