Archivum Mathematicum

Firas Ghanim; Maslina Darus
On new subclass of analytic functions with respect to symmetric points

Archivum Mathematicum, Vol. 45 (2009), No. 3, 179--188

Persistent URL: http://dml.cz/dmlcz/134232

Terms of use:

© Masaryk University, 2009

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/134232
http://project.dml.cz

ARCHIVUM MATHEMATICUM (BRNO)
Tomus 45 (2009), 179-188

ON NEW SUBCLASS OF ANALYTIC FUNCTIONS WITH
RESPECT TO SYMMETRIC POINTS

FIRAS GHANIM AND MASLINA DARUS

ABSTRACT. In the present paper, we obtain coefficient estimates for new
subclass of analytic functions with respect to symmetric points. A sufficient
condition for a function to belong to this class of function is also obtained.

1. INTRODUCTION

Let A be the class of functions f normalized by
(L.1) f() :Z+Zanz”,
n=2

which are analytic in the open unit disc
D={zeC:|z|<1}.

As usual, we denote by S the subclass of A, consisting of functions which are also
univalent in D. We recall here the definitions of the well-known classes of starlike
function and convex functions:

s*:{feA:Re<ZJfES)> >0,z€D},

"
C:{feA:Re(l—i—Zf, (Z)> >O,z€D} .
f'(2)
Let w be a fixed point in D and A(w) = {f € H(D) : f(w) = f'(w) — 1 =0}.
In [8], Kanas and Ronning introduced the following classes
Sw={f € A(w) : f is univalent in D}

(1.2) STw:{feA(w):Re ((Z_;(]l)fl(z)) >O,zeD} ,

(1.3) CVw:{feA(w):H(ReW) >O,zeD} .

Later Acu and Owa [I] studied the classes extensively.
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The class ST, is defined by geometric property that the image of any circular
arc centered at w is starlike with respect to f(w) and the corresponding class Sg, is
defined by the property that the image of any circular arc centered at w is convex.
We observe that the definitions are somewhat similar to the ones introduced by
Goodman in [7] and [6] for uniformly starlike and convex functions, except that in
this case the point w is fixed.

Let ¥, denoted the subclass of A(w) consisting of the function of the form

(z—w) (420, 2 £ w).

(1.4) flz) =

The function f in X, is said to be starlike function of order § if and only if

(= w)f'(2) }
1.5 Re { > zeD
(15) e (e D)
for some 8 (0 < 3 < 1). We denote by S (8) the class of all starlike functions of
order §. Similarly , a function f in X, is said to be convex of order g if and only if
(== w)f"(2)
1.6 Re|l -1— —7F7+——
(0 ° 7'
for some 3 (0 < 8 < 1). We denote by C,,(8) the class of all convex functions of

order 3. The class 3, studied extensively by Ghanim and Darus ([4], [5]).
Let S? . be the subclass of ¥, consisting of functions given by (1.4) satisfying

(1.7) Re{(z —w)f'(2)/(f(2) = f(=2))} > 0,

for z € D.

These functions are called starlike with respect to symmetric points and were intro-
duced by Sakaguchi [10]. Recently, El-Ashwah and Thomas [3] have introduced two
function classes, namely the class of functions starlike with respect to conjugate
points and the class of functions starlike with respect to symmetric conjugate points.

)>ﬂ (2 € D)

In this paper, we introduce the class S7 . («, ) of functions f, regular and univalent
in D given by (L.7)) and satisfying the condition

’ _ /
’ f()71’</3‘ w) f'(z)

f(z (=2) f(z) = f(=2)
2€D,0<8<1,0<a<1 and we obtain coefficient estimates for functions in

this class.We also obtain a sufficient condition for a function f to belong to the

class S* . (a, ).

+1

Along with S?,(«, ), we also consider the class S} (a, ) of functions f with
respect to conjugate points, regular in D and satisfying

Cowf) oz — w)F'(2)
o7 U e

withze D, 0<f<1l,and 0 <a<1.
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We analogously obtain coefficient estimates for functions in the class S; (o, 3).
2. COEFFICIENT ESTIMATES

We need a lemma of Lakshminarasimhan [9].

Lemma 2.1. Let H(z) be analytic in D and satisfy the condition

1—H(z)
2.1) 1+aH(z)‘ <f
2€D,0<p<1,0<a<1, wth HO)=1. Then we have
1_
(2.2) HG) = 1o

where ¢(z) is analytic in D and |¢(z)‘ < B for z € D. Conversely, any function
H(z) given by (2.2) above is analytic in D and satisfies (2.1)).

Next, we shall prove a lemma, in order to obtain the coefficient estimates for
functions f in the classes S} (a, 8) and S («, ).

Lemma 2.2. Let f and g belong to ¥, and satisfy

(z —w)f'(z) a(z —w)f'(2)
(2.3) )T_1‘<6‘T+1"
0<pB<1,0<a<1landz € D, with f given by (L4), and g(z) = L +

> bn(z —w)™. Then forn >1

n=1
9 n—1
(2.4) [nan = ba| <268+ 1)1+ ol Ios])
=0

Proof. We use the method of Clunie and Keogh [2] and Thomas [II]. By Lemma

2.1l we have
(z—w)f'(z) _ 1-(z—w)¢(2)

9(z)  lta(z—w)ez)’
¢(z) is analytic in D and |¢(z)| < 8 for (z — w) € D. Then

(z—w)f'(z) = g(2) {11-1-_05(2,2_—112)(;;52)}

[a(z —w)(f'(2) + 9(2)] (z = w)¢(2) = g(2) = (z —w) f'(2) .
Now if
() = (= 0)o(2) = 3 talz — w)"
n=0
then

[v(2)| < Blz —w| for (z—w)eD.
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Therefore
(2.5) e . i

= an(z—w)"—Znan(Z—w)

Comparing the coefficient of (z — w)™ in (2.5), we have

(b, — nay) = (@ + 1)ty_1
+ (aal + b1)tn_2 + ((12&2 + bg)tn_g + -+ (a(n — 1)an_1 + bn—l)tl .
Thus the coefficient combination on the right-hand side of (2.5) depends only on

the coefficients combination (away +b1), ..., (a(n —1)an—1 + b,—1) on the left-hand
side. Hence, for n > 1, we can write

n—1

[T DS ey + )~ w)]ue)

(2.6) =0 .
Z bj — jaj) (z —w)’ + Z cj(z —w)l.

Jj=1 j=n+1

Squaring the modulus of the both sides of (2.6) and integrating along |z—w| =1 < 1,
and using the fact that |¢(2)| < 8]z — w|, we obtain

n—1
Z ljaj— bit|?r20+D) 4 Z |c; 720+ < g2 [(ole +Z lajaj + b;[*r 2(]+1)}
j=1 Jj=n-+1 7=0

Letting » — 1 on the left-hand side of this inequality, we obtain

n n—1
> lja; = bil* < Ba+1)2+ 87> |aga; + bl
j=1 j=0
This implies that

n—1

nay, — bnl* < B2(a+1)%+ 52 |aja; + bl = Y [ja; — by
7=0 7=0

(2.7) < Ba+1)+ (5 —1 ZJ Jay | + Z ;]2

+2m¥§:ﬂ%@ﬂ+2§:ﬂ%@\
§=0 j=0

or
n—1 n—1

nap — bnl?* < 2(0B” +1) + 208> jlas|[b;] +2 jlas|[b;].

Jj=0 j=0
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Thus .
[nan = baf? < 2082 + 1) (1+ 3 jlag|1bs]) .
§=0
since 0<fB<1,0<a<l. O

Theorem 2.1. Let f and g belong to ¥, and be given as in Lemma[2.4 Then for
n>1
Inan —bo|? < 2(af? +1)(1+ CA1 — 1/n, f)ZA(1 - 1/n,g)%),
where A(r, ) denotes the area enclosed by f(|z—w| = r) and where C is a constant.
Proof. We have by of Lemma
n—1

nan — ba|* < 2(aB” + 1)1+ > jlas| [b;]) .
j=0

The Cauchy-Schwarz inequality gives for 0 < r < 1
|nan - bn|2 S 2(aﬂ2 + 1)

208 ( S gla) (S o) 42 (Z ) (S 2)’
=0 P i= =0

n—1

< 2(af?) 1+ “52(Zj|a ) (3 sy e

7=0

rzn(Z]I%IQ o) (Zylb 22"

20462

-

I\)‘H
Nl

A(r,g)? A(r, )2 A(r, g)

N‘H

2(aB? +1) +

A(r, f)

[e.e]
Since A(r, f) == Z n|an|2r2” .
Choosing r =1 — = for n > 1, the result follows. O
Theorem 2.2. Let f € STys(a, 3) and be given by (1.4]). Then

(1) (m+ D2zl < 302 + 1) 525+ DlagP) m >0, Jao] = 1;
j=0

m—1
(2) m?|agm|? < %(aﬁQ + 1)( S (25 + 1)|a2j\2), m > 1. Further, if af < 1;

§=0
FE( 5 lanl?) + 25 352+ Dlasi) form 2 0,

j=0

(3) (m+1)?

lap] =1 and
(4) maz[* < & *1( z 0z, [2) + (;<2j+1>|a2j|2) m > 1, Jao| = 1.

The inequalities (1) and (2 ) are sharp.
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9(z)
is an odd starlike function with g(z) = %ﬂ_z) and h(z) = %% (2)
analytic in D and |¢(z2)| < § for z € D. Thus, with g(z) = (z—ﬁ + 37 agn(z—w)?"
n=1

for z € D, using (2.4) of Lemma with b, suitably chosen, the inequalities (1)
and (2) in the theorem follow. Indeed, when a8 < 1 using (2.7)) of Lemma [2.2]

Proof. Since f € STys(e, (), by Lemma we have Z=w/'() (z), where g

n—1 n—1
[nan = bal? <208+ 1) (14D jlasPIbsl?) + (82 = 1) 3 Ibsf?
Jj=0 j=0
and the inequalities (3) and (4) follow. O

Theorem 2.3. If f € S («, B) with af < 1, then a, = O( ) as n — 0o.

1
Proof. We observe that when af < 1, for f € STys(a, 8), ]E’zz_)’fi)ff(lf?) is bounded,
we first prove that

n—1

(n= (1= (=1)") lanl? <28+ 1) (14 Y jlay?)

§=0
If f e STys(a,B) is given by (1.4]), we have using Lemma
(z—w)f'(z) _ 1—(z—-w)¢(2)

G = f(=2)  1+alz—w)é(z)’
¢(z) is analytic in D and |¢(z)| < 8 for (z — w) € D. Then
[a(z = w) f'(2) + [(2) = F(=2)] (z = w)o(2)
=[f(2) = f(=2)] = (z —w)f'(2)

Now if
U(z) = (z—w)p(z) = > _tn(z —w)",
n=0
then
lf(z)| < Blz—w| for (z—w)eD
therefore
[ e w3 (1 (et -]

(2.8)

x(itn@—w)"):[ ! +§:((1—<—1)n)—n)an(z—w)"}.

zZ—w
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Equating coefficients of (z — w)™ in , we have
(A= (-1D)™) =n) = (a+ Dty—1 + (car + (1 = (=1)"))tn—2
+ (02a2 + (1 = (=1)*))tp-g + -+ (a(n — Day—1 + (1 = (=1)"""))t; .

Thus the coefficient combination on the right side of (2.8)) depends only on the
coefficient combination

(aa1 +(1- (—1)1)), cey (a(n —1Dap—1+ (1 - (—1)”_1))
on the left-hand side. Hence, for n > 1, we can write

n—1

(25043 (0 + (- (-1))as(e — wp (e
(2.9) nj:O N
=) (1= (1)) = jlaj(z—w) + > ¢z —w).
J=1 j=n+1

Squaring the modules of both sides of (2.9) and integrating along |z — w| =r < 1,
we obtain (using the fact that |¢(2)]| < 8]z — w])

DG == ) s+ D7 e

Jj=n+1
< P[OLE LY (g (- 1) lagr].
j=0

Letting » — 1 on the left-hand side of the last inequality we obtain

n n—1
> G- 0= 00) e < B2+ 12+ (g + (1= (=) ey ]
Jj=1 0=1
This implies
(= (1= (~1)")2anl? < o+ 12+ Y (o + (1 (~1)9))]a?
§=0
-0 (=1)))2la; 2 < B2(a +1)° + (@*8% — 1)
(2.10) i_ll
x 37 %a; P+ Zl— —1)7)?[ay?
7=0
+20¢ﬁ22j(1—(— |ajl2+2231_ - |a]|2

Jj=0
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or
) n—1 n—1
(n— (1= (=D)") lanl* <208+1)+28> jla;[* +2_ jlag|?
n—1
(2.11) <28+ D)(1+ > jlayP?)
3=0
since af < 1.
It remains to show that a,, = O(1) as n — co. From (2.11)) we have
n—1
n 2 .
(2.12) (n— (1= (1)) lanl® <28+ 1) (14 jlas?)
§=0

Since (f)wi)ff((?) is bounded, it follows that f(z) is bounded. Now following Clunie

and Keogh [2] we conclude that A, the area of the image of f(z), is given by

oo
(2.13) A :77(1—|—Zj|aj|2) )
j=1
and consequently, Y jla;|* < oo and hence 7, = > jla;|* — 0 as n — oo.
j=1 j=1
Thus we have
n—1
(2.14) Zj|a]| Z i—Tjt1)=r1—r, =0(1) as n— 0.
7=0
Using (2.12) and (2.14), we have a,, = O(%) as n — oo. O

3. SUFFICIENT CONDITION

We obtain a sufficient condition for functions to belong to the class S} . («, 3).

Theorem 3.1. Let f(z) =

an(z —w)™ be analytic in the unit disc D.
n=1

Iff0r0§a§1,5<ﬂ§1.

- (1+af)n (B - (—1)")) — (1= (=1)")

n=1

or equivalently,

> (14 af)(2m + 1)|agm+1]
CHNDY Bor-1

{1+ af)(2m + 2)|agm+2| + 2(8 — 1)|azm+2|}
+Z Blat+2) -1 | <1,

m=0

then f belongs to the class STys(a, B).
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Proof. We use the method of Clunic and Keogh [2]. Suppose that f(z) = - +
an(z —w)™, then for |z —w| < 1
n=1

[(z = w)f'(2) = f(2) = f(=2)| = Blalz —w) f'(2) + f(2) = f(—2)|
x ‘(Z%lw) +3 nan(z —w)” = 3" (1= (=))an(z — w)"

o [t agnan(z —w) - ﬁ + g(l — (~1)M)an(z — w)
oo in( w" - i(l — (1)")an(z = w)"
- 4| (io‘ +w2)) + oznz::lnan(z —w)" 2(1 (1) an(z — w)"
‘@:20+§;@r(1(nﬂﬁdzwf
A S 0 0= e -
< iﬂi (n— (1= (1)) e
- p[2E2 - i (nav+ (1= (=1)"))anr"
< [ i(l +aB)(2m + 1)agm1| + 2{(1 +af)(2m + 2)|agm2|

(Bla+2)-1)

r

+2(8 = Dlazm |} r -

< [+ aB)@m+ Dlazmil + 3 {(1+aB)(@m + 2)|azmsal

m=0 m=0

+2(8 = Dlazmsal} = (Bla+2) = D]r <0

by (3.1). Hence, it follows that in |(z — w)| < 1

Gaies -0/ Ga=s )l <
so that f(z) € STys(a, 3). We note that
flo) = — & (Bla+2)-1) (2 — w)"

z—w  (I+af)n+ (B0 —(=)") -1 - (=1)")
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is an extremal function with respect to the theorem since

(z —w)f'(2) a(z—w)f'(2) B
Go=res ~ 9/ Go=r=s =2

forz=1,2<B8<1,0<a<1,n=1,23,.... O
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