Mathematica Bohemica

Cengiz Cinar; Ramazan Karatas; Ibrahim Yalcinkaya
On solutions of the difference equation x,, 11 = ¥, _3/(—1 + T, Tp_ 1Ty _2%,_3)

Mathematica Bohemica, Vol. 132 (2007), No. 3, 257-261

Persistent URL: http://dml.cz/dmlcz/134123

Terms of use:

© Institute of Mathematics AS CR, 2007

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/134123
http://dml.cz

132 (2007) MATHEMATICA BOHEMICA No. 3, 257261

ON SOLUTIONS OF THE DIFFERENCE EQUATION

Tn+1 = xn—S/(_l + xnxn—lxn—Ql'n—S»)

CENGIZ CINAR, RAMAZAN KARATAS, IBRAHIM YALGINKAYA, Konya

(Received March 13, 2006)

Abstract. We study the solutions and attractivity of the difference equation x,4+1 =
Tn—3/(—1+ xnTp—1Tn—2Tn—3) for n = 0,1,2,... where z_3,z_9,2_1 and zg are real
numbers such that xgx_1z_ox_3 # 1.
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1. INTRODUCTION

A lot of work has been done concerning the attractivity and solutions of the
rational difference equations, for example in [1]-[9]. In [3] Cinar studied the positive
solutions of the difference equation 11 = @p—1/(1 + 2pzp—1) for n = 0,1,2,...
and proved by induction the formula
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In [6] Stevic studied the stability properties of the solutions of Cinar’s equa-
tion. Also in [7] Stevic investigated the solutions of the difference equation z,4+1 =
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Bx,—1/B + x, and gave the formulas
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Moreover, in [1] Alogeili generalized the results from [3], [6] to the kth order
case and investigated the solutions, stability character and semicycle behavior of the
difference equation x, 1 = Tk /(A + p_r2,) where _g,...,29g > 0and A > 0, k
being any positive integer.

Our aim in this paper is to investigate the solutions of the difference equation

Tn-3
1.1 T = for n=0,1,2,...
( ) i '_14_$n$n—lxn—2$n—3
where z_3,x_o,x_1 and z are real numbers such that xgx_1z_sx_3 # 1.
First, we give two definitions which will be useful in our investigation of the be-
havior of solutions of Eq. (1.1).

Definition 1. Let I be an interval of real numbers and let f: I* — I be a
continuously differentiable function. Then for every z_; € I, ¢« = 0,1,2,3, the

difference equation z,41 = f(n,ZTn-1,Tn—2,Tn—3), n = 0,1,2,..., has a unique
oo

solution {x,},_ 5.

Definition 2. The equilibrium point Z of the equation z,+1 = f(zn, Tpn_1,..

)

Tn—k), n="0,1,2,..., is the point that satisfies the condition =z = f(Z,...,T).

2. MAIN RESULTS

Theorem 1. Assume that xox_1x_2x_3 # 1 and let {xn}zo:_g be a solution of
Eq.(1.1). Then for n =0,1,2,... all solutions of Eq.(1.1) are of the form

(2.1) Tant1 = 13/ (=1 + 2oz _12_o2_3)" ",
(2.2) Tantz = Tog (—1+ Toz_127_02_3)" ",

(2.3) Tants = T-1/(—1+ moz_12_0w_3)" ",

(2.4) Tansa = T0 (=1 + z0z_17_20_3)" "

Proof. 1,292,235 and x4 are clear from Eq. (1.1). Also, for n = 1 the result
holds. Now suppose that n > 1 and our assumption holds for (n — 1). We shall show
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that the result holds for n. From our assumption for (n — 1) we have

Tan—3 =a_3/ (=14 zor_17_22_3)",

Tan—2 = T_o(—1+zox_17_07_3)",

Tan—1 =x_1/ (=1 + zox_12_07_3)",
Tan = 20 (—1 + 2oT_17_27_3)" .

Then, from Eq. (1.1) and the above equality, we have

Tant1 = Tan—3/(—1 + TanTan—1Tan—2Tan—3)

_xog/(=1+ TOT_1T_27_3)" B r_3
o —1 4 2px_12_2%_3 B (=14 2oz 12_27_3)"
That is,
_ St
Pt = (=1 + zoz_1z_pz_3)" "
Also,

T4yn—2

Ton+2 =
—1+ T4n1T4nTan—1Tan—2

T_o (—1 + xox_lx_gx_g)n

T i+ 2or_1T_22_3/(—1 + Tox_12_20_3)
n+1

=z _o(—1+4+zor_12_27_3)

Hence, we have

n+1
Tant2 = T2 (—1 + zox_12_02_3)" " .
Similarly,
n
- Tan—1 z_1/(—1+ zor_12_22_3)
4an+3 — ==
=14+ T4n 204011040 Tan 1 =1+ zor_17 27 3
T—1

(—1 + X0T_1T_2T_3
Consequently, we have

r_1

$4TL+3 - n+l-
(—1 + xox_lx_gx_g)

Now we prove the last formula. Since

T4n

Ton+4 =
—1 4+ 240 13T4n42Tan41T4n

zo (—1+ zwor_12_22_3)"
-1+ xox_lx_gx_g/(—l + LUQLU_L’,E_Q{E_?,)
)TL-‘rl

=0 (-1 4+ zor_17_27_3

)
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we have

n+1
Tanta = o (—1 + xox_12_22_3)" .

Thus, we have proved (2.1), (2.2), (2.3) and (2.4). O

Theorem 2. Eq.(1.1) has three equilibrium points which are 0, v/2 and — /2.
Proof. For the equilibrium points of Eq. (1.1) we write
T =z/(—1+ ZTTT).
Then we have
° -2z =0.

Thus, the equilibrium points of Eq. (1.1) are 0, V2 and —v/2. O

Corollary 1. Let {x,} be a solution of Eq.(1.1). Assume that x_3,x_2,2_1,
2o >0 and x_sx_ox_129 > 1. Then all solutions of Eq. (1.1) are positive.

Proof. Thisis clear from Egs. (2.1), (2.2), (2.3) and (2.4). O

Corollary 2. Let {x,} be a solution of Eq.(1.1). Assume that x_3,z_2,2_1,
20 < 0 and x_sx_ox_129 > 1. Then all solutions of Eq.(1.1) are negative.

Proof. Thisis clear from Eqgs. (2.1), (2.2), (2.3) and (2.4). O

Corollary 3. Let {x,} be a solution of Eq.(1.1). Assume that x_3,x_2,2_1,
zg >0 and r_3x_sx_q1x9 > 2. Then

lim x4p4+1 =0, lim 24,49 =00, lim x4,413 =0 and lim x4,44 = 00.
n—oo n— o0 n— o0 n— o0

Proof. Letz_s,z_2,2_1,20 >0 and x_3x_sx_1309 > 2.
Then z_3z_sx_129 — 1 > 1 and Eq. (2.1), (2.2), (2.3) and (2.4) imply

T_3

lim x4p41 = lim =0
n—o0 n—oo (—1 4 xox_lx_gx_g)"“ ’
lim Ton+2 = lim x_Q(—l + 5801'_158_2$_3)n+1 = 00,
n—oo n—oo

r—q
lim z4p43 = lim =0
n— o0 nt n— o0 (—1 + 58058_11'_2$_3)"+1 ’
lim x4p44 = lim 580(—1 + $01'_1£E_2$_3)n+1 = 0.
n—oo n—oo
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Corollary 4. Let {x,} be a solution of Eq.(1.1). Assume that x_3,x_2,2_1,
ro <0 and x_sx_sx_1x9 > 2. Then

lim x4p41 =0, lim 24,49 = —00, lim z4,43 =0 and lim x4,44 = —00.
n—oo n—oo n—oo n—oo

The proof is similar to that of Corollary 3. Thus it is omitted.
Now, we give the following result about the product of solutions of Eq. (1.1).

S
Corollary 5. [] Zant1%Tan+2%an+3Tanta = (Tox_17_27_3)°T! where s € 7.

n=0
Proof. From Egs.(2.1), (2.2), (2.3) and (2.4) we obtain
T_3
Tan+1Tan+2Tdn+3Tdn+4 = 2 (=1 + zor_12_ox_3)" !
(—1 + l’ox_lx_gx_g)
T_
X ! T T o (—1 + $0$_1$_2$_3)n+1 = XL _1T—_2L_3
(—1 + $0$_1$_2$_3)
and the above equality yields
S

H Tan+1T4n+2L4n+3Tdn+4 = ($0$—1$—2$—3)S+1~
n=0

Thus, the proof is complete. O
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