Mathematica Bohemica

Varaporn Saenpholphat; Futaba Okamoto; Ping Zhang
Measures of traceability in graphs
Mathematica Bohemica, Vol. 131 (2006), No. 1, 63-84

Persistent URL: http://dml.cz/dmlcz/134076

Terms of use:

© Institute of Mathematics AS CR, 2006

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/134076
http://dml.cz

131 (2006) MATHEMATICA BOHEMICA No. 1, 63-84

MEASURES OF TRACEABILITY IN GRAPHS
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Abstract. For a connected graph G of order n > 3 and an ordering s: vy, va,...,vn of
n—1
the vertices of G, d(s) = > d(v;,vi+1), where d(v;,v;41) is the distance between v; and

i=1

v;+1. The traceable number ¢(G) of G is defined by ¢(G) = min {d(s)}, where the minimum
is taken over all sequences s of the elements of V(G). It is shown that if G is a nontrivial
connected graph of order n such that [ is the length of a longest path in G and p is the
maximum size of a spanning linear forest in G, then 2n—2—p < ¢(G) < 2n—2—1 and both
these bounds are sharp. We establish a formula for the traceable number of every tree in
terms of its order and diameter. It is shown that if G is a connected graph of order n > 3,
then ¢(G) < 2n — 4. We present characterizations of connected graphs of order n having
traceable number 2n — 4 or 2n — 5. The relationship between the traceable number and the
Hamiltonian number (the minimum length of a closed spanning walk) of a connected graph
is studied. The traceable number ¢(v) of a vertex v in a connected graph G is defined by
t(v) = min{d(s)}, where the minimum is taken over all linear orderings s of the vertices of
G whose first term is v. We establish a formula for the traceable number ¢(v) of a vertex v
in a tree. The Hamiltonian-connected number hcon(G) of a connected graph G is defined
by heon(G) = > t(v). We establish sharp bounds for hcon(G) of a connected graph G

veV(G)
in terms of its order.

Keywords: traceable graph, Hamiltonian graph, Hamiltonian-connected graph
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1. INTRODUCTION

We refer to the book [6] for graph-theoretical notation and terminology not de-
scribed in this paper. Hamiltonian graphs can be defined as those graphs of or-
der n > 3 for which there is a cyclic ordering vi,va,...,0,, Upy1 = v1 of the

n
vertices of G such that > d(v;,viy1) = n, where d(v;,v;41) is the distance be-
i=1
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tween v; and v;41. For a connected graph G of order n > 3 and a cyclic ordering
§: V1,V2,...,Vp,Unt1 = U1 of the vertices of G, the number d(s) is defined in [5] as

n

d(s) = > d(vi,vit1).
i=1
Therefore, d(s) > n for each cyclic ordering s of V(G). The Hamiltonian number
h(G) of G is defined in [5] by

hG) = min {d(s)} ,

where the minimum is taken over all cyclic orderings s of the vertices of G. Therefore,
h(G) = n if and only if G is Hamiltonian. To illustrate these concepts, consider the
graph G of Figure 1. For the cyclic orderings s1: vy, va, vs3, ¥4, U5, v1 and Sa: v1,
v3, U2, U4, Us, U1 Of V(G), we see that d(s1) = 8 and d(sz) = 6. Since G is a
non-Hamiltonian graph of order 5 and d(s2) = 6, it follows that h(G) = 6.

Figure 1. A graph G with h(G) =6

In [8] Goodman and Hedetniemi introduced the concept of a Hamiltonian walk
in a connected graph G, defined as a closed spanning walk of minimum length in
G. They denoted the length of a Hamiltonian walk in G by h(G). It was shown in
[5] that the Hamiltonian number of a connected graph G is, in fact, the length of a
Hamiltonian walk in G. Consequently, this result justifies using the notation h(G)
for both the Hamiltonian number of a graph G and the length of a Hamiltonian walk
in G. This concept was studied further in [4]. Hamiltonian walks were also studied
by Asano, Nishizeki, and Watanabe [1], [2], [7], Bermond [3], Nebesky [9], and Vacek
[11]. The following result appears in the papers [4], [5], [7], [8], [9]-

Theorem A. For every connected graph G of order n > 2,
n < h(G) < 2n — 2.

Moreover, h(G) = 2n — 2 if and only if G is a tree.

In this paper, we study a natural related concept. A graph has been called traceable
if it contains a Hamiltonian path. Therefore, every Hamiltonian graph is traceable.
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The converse is not true of course. For a connected graph G of order n > 3 and
an ordering (also called a linear ordering) s: v1,va,...,v, of the vertices of G, the
number d(s) is defined as

n—1
d(s) = d(vi, vig1).
i=1
The traceable number t(G) of G is defined by
t(G) = min{d(s)},

where the minimum is taken over all sequences s of the elements of V(G). Thus if G
is a connected graph of order n > 2, then ¢(G) > n — 1. Furthermore, t(G) =n —1
if and only if G is traceable. For example, since the graph G of Figure 1 is traceable
and has order 5, it follows that t(G) = 4.

As with Hamiltonian numbers of graphs, we now see that there is an alternative
way to define the traceable number of a connected graph. Denote the length of a
walk W in a graph by L(W).

Proposition 1.1. Let G be a nontrivial connected graph. Then t(G) is the

minimum length of a spanning walk in G.

Proof. Suppose that the minimum length of a spanning walk in a graph G
is [. Furthermore, let s: v1,vs,...,v, be a sequence of the vertices of G such that
d(s) = t(G). For each integer i with 1 < i < n — 1, let P; be a v; — v;41 path
of length d(v;,v;+1) in G. Let W’ be the vy — v,, spanning walk of G obtained by
proceeding along the paths Py, P, ..., P,_1 in the given order. Thus the length of
W'is L(W') =d(s) = t(G). Since | < L(W"), it follows that | < ¢(G).

Next, let W be a spanning walk of minimum length in G. Thus the length of
W is l. Suppose that W: z1, xo,...,2;41, where then [ + 1 > n. Define u; = a3
and up = x3. For 3 < ¢ < n, define u; to be x;;, where j; is the smallest positive
integer such that x;, ¢ {ui,us,...,u;—1}. Then s: uq,ug,...,uy is an ordering of
the vertices of G. For each integer ¢ with 1 < i < n — 1, let W; be the u; — u;41
subwalk of W determined by the terms u; and u;41 in s. Thus d(u;, wit1) < L(W;).
Since

HE) <d(s) = Y dlw,uin) < 3 L) = LOW) =1

it follows that t(G) < I, giving the desired result. O
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2. BOUNDS FOR THE TRACEABLE NUMBER OF A GRAPH

In Theorem A it is stated that for every connected graph G of order n > 2, the
Hamiltonian number h(G) < 2n — 2. As expected, there is a smaller upper bound
for the traceable number of G.

Theorem 2.1. If G is a nontrivial connected graph of order n the length of whose
longest path is [, then
tG)<2n—-2-1.

Proof. To show that ¢(G) < 2n — 2 — [, we proceed by induction on n. Since
it is straightforward to see that ¢(G) = 2n — 2 — [ for every connected graph G of
order n with 2 < n < 4, the inequality holds for every connected graph of order n
with 2 < n < 4. Assume, for every connected graph H of order n — 1 > 4 the length
of whose longest path is I’, that d(H) < 2n — 4 —I’. Let G be a connected graph of
order n, the length of whose longest path is [. We show that ¢(G) <2n—-2—-1. If G
contains a Hamiltonian path, then  =n —1 and ¢(G) =n—1; 50 t(G) =2n -2 — 1.
Hence we may assume that G does not contain a Hamiltonian path. Let P be a path
of length [ < n — 1 in G. Among the vertices of G not on P, let w be a vertex of G
such that the length of a path from w to a vertex on P is maximum. Thus G — w
has order n — 1, is connected, and the length of a longest path in G — w is [. By the
induction hypothesis, t(G —w) < 2n —4 —[. Let s: v1,v9,...,0,—1 be a sequence
of the vertices of G — w for which d(s) = ¢(G — w). Suppose that w is adjacent to v;
(I1<i<n—-1).Ifi=n-—1,thenlet s': v1,v9,...,0,-1,w. Thus

tHG) <d(s') =d(s) + d(vp—1,w) = d(s) + 1
=t(G-—w)+1<2n—-4-)+1<2n—-2-1.

If 1 <¢ < n— 2, then insert w immediately after v; in s, producing the sequence

s*: V1,02, ...,V W, Vit1,y--.,Un—1-
Thus
d(s*) =d(s) — d(vi, vit1) + d(vi, w) + d(w, vig1)
< d(s) — d(vi, viy1) + d(vi, w) + d(w,v;) + d(vi, vig1)
=t(G-—w)+2<(2n—-4-0)+2=2n—-2—1.
Since t(G) < d(s*), it follows that ¢(G) < 2n —2 — 1. O
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A graph is a linear forest if each of its components is a path. The following result
gives a lower bound for the traceable number of a connected graph in terms of its

order and the maximum size of a spanning linear forest.

Proposition 2.2. If G is a nontrivial connected graph of order n such that the

maximum size of a spanning linear forest in G is p, then

t(G) =2n—2—p.

Proof. Lets: vi,vs,...,v, be an arbitrary sequence of the vertices of G. Since
the maximum size of a spanning linear forest in G is p, at most p of the n—1 numbers
d(vi,vi41) (1 <4< n—1)arel and the remaining n — 1 — p numbers are at least 2.
Thus

dis)zp-14(n—1—-p)-2=p+2n—2—-2p=2n—2—p.
Therefore, t(G) > 2n — 2 — p. O

The following corollary is an immediate consequence of Theorem 2.1 and Propo-
sition 2.2.

Corollary 2.3. Let G be a nontrivial connected graph of order n such that [
is the length of a longest path in G and p is the maximum size of a spanning linear
forest in G. Then

m—2—-p<t(G)<2n—-2—-1.

The graph G of Figure 2 has order n = 11. The length of a longest path in
G is | = 6 and the maximum size of a spanning linear forest in G is p = 8. By
Corollary 2.3, 12 < ¢(G) < 14. Actually, ¢(G) = 13 and s: vy, v,...,v11 is a linear
ordering of the vertices of G such that d(s) = 13.

Vs vvﬁ
G: o

0
U1 V2 U3 Vg V9 V10 V11

Crg

U8

Figure 2. A graph G with 2n —2 —p < t(G) < 2n—2 —1
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Proposition 2.4. If G is a nontrivial connected graph of order n and diameter 2
such that the maximum size of a spanning linear forest in G is p, then

t(G) =2n—2—np.

Proof. Since the maximum size of a spanning linear forest in G is p, there exists
a sequence §: vy, Vs, ...,U, of the vertices of G such that p of the n — 1 distances
d(vi,vi41) (1 <3< n—1)are 1 and the remaining n — 1 — p numbers are 2. Thus
dis)=p-1+(n—1-p)-2=p+2n—2—2p=2n—2—p. Hence t(G) < 2n—2 —p.
Since t(G) > 2n — 2 — p by Proposition 2.2, it follows that ¢(G) = 2n — 2 — p. O

Each of the graphs G; and G> of Figure 3 has order n = 10 and the maximum
size of a spanning linear forest of each graph is p = 7. Such a spanning linear forest

V4
F1 .
Us

F; of G; (i =1,2) is also shown in Figure 3.

U1
V2
Vg
V3 I
V,
v

Gli
U7
(% 9
10
U1 us Ui us
U9 \4
Us ug_— U7 Us ug Uz
Gy Fy:
Ugq us Uy us
oO—0
Ug U10 Ug U10

Figure 3. The graphs G; and G2 and a spanning linear forest in each

By Proposition 2.2, t(G;) > 2n—2—p =11 for i = 1,2. While ¢(G1) = 11, it turns
out that t(G2) = 12. In the sequence s1: vy, va,...,v10 of the vertices of G1, exactly
p = 7 of the 9 distances d(v;,v;11) (1 <4 < 9) are 1 and the other distances are 2.
On the other hand, there is no sequence of the vertices of G; with this property and

so t(G2) > 12. Because d(s2) = 12 for the sequence so: ug,us,...,u10, it follows
that t(Ga) = 12.
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The following lemma establishes expected upper and lower bounds for A(G) —t(G)
for a nontrivial connected graph G. The diameter diam(G) of a connected graph G
is the largest distance between two vertices in G.

Lemma 2.5. For every nontrivial connected graph G,

1 < h(G) — t(G) < diam(G).

Proof. The lower bound is immediate. To verify the upper bound, let s:
U1,V2,...,U, be an ordering of the vertices of G such that d(s) = ¢(G) and let
S¢: V1,V2,...,Un,v1 be the cyclic ordering of the vertices of G obtained from s.
Then

hG) < d(sc) = d(s) + d(vn,v1) < t(G) + diam(G).
Therefore, h(G) — t(G) < diam(G). O

We now determine all connected graphs G for which h(G) — ¢(G) = 1.

Proposition 2.6. For a nontrivial connected graph G,

hG) —t(G) =1 if and only if G is Hamiltonian.

Proof. Observe first that if G is a Hamiltonian graph of order n, then h(G) = n
and t(G) = n—1; s0 h(G)—t(G) = 1. For the converse, assume that G is a connected
graph such that h(G)—t(G) = 1. Let sc: v1,v2,...,Un, Unt1 = v1 be a cyclic ordering
of the vertices of G with d(s.) = h(G). We show that dg(v;,vi41) =1 for 1 <i < n,
which implies that vy, vs, ..., v,,v1 is a Hamiltonian cycle of G. Consider the linear
ordering s;: vy, vs,...,v, of the vertices of G obtained from s.. Since

d(s;) = d(sc) — d(v1,v,) = h(G) — d(v1,vy),
it follows that ¢(G) < d(s;) = h(G)—d(v1,v,) and so 1 < d(v1,v,) < h(G)—t(G) = 1.

Thus d(v1,v,) = 1. Consequently, d(v;—1,v;) = 1 for 2 < i < n as well. Therefore,
v1,V2,...,U,,v1 is @ Hamiltonian cycle of G and so G is Hamiltonian. O
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3. TRACEABLE NUMBERS OF TREES

If G is a connected graph and H is a connected spanning subgraph of G, then
da(u,v) < dg(u,v) for all u,v € V(G) = V(H). Thus for every linear ordering
$: v1,V3,...,0, of the vertices of G (or H),

n—1

n—1
d(s) = da(vi,vig1) <O du(vi,vip1) = du(s)
i=1

i=1

and so t(G) < t(H). We state this useful observation below.

Observation 3.1. If G is a connected graph and H is a connected spanning
subgraph of G, then t(G) < t(H). In particular, if G is a connected graph and T is
a spanning tree of G, then t(G) < ¢(T)

Observation 3.1 suggests the usefulness of knowing the traceable numbers of trees.
Since a tree T is traceable if and only if T is a path, it follows for a tree T' of order
n that t(T) =n—1if and only if T'= P, and so ¢(T) > n if T # P,.

Since the length of a longest path in 7" is the diameter of T', we have the following
consequence of Corollary 2.3.

Corollary 3.2. If T is a nontrivial tree of order n such that the maximum size
of a spanning linear forest in T is p, then

2n—2—p <HT) < 2n— 2 — diam(T).

A caterpillar is a tree T the removal of whose end-vertices is a path. The trees T}
and T of Figure 4 are caterpillars of the same order n = 10. While the maximum
size of a spanning linear forest of 77 is diam(7}), the maximum size of a spanning
linear forest of Ty is diam(7») + 1. In Figure 4, F; is a spanning linear forest of

maximum size in T; for i = 1, 2.

Up U2 U3 Ug U5 Us V1 Vg2 Vs V4 V5 Vg
T1: TQI
U7 ug Ug u10 U7 U8 Vg V10
Up U2 U3 Ug U5 Us V1 Vg2 Vs V4 V5 Vg
o
F1: FQZ
o o o
U7 ug Ug U1o U7 U8 U9 V10

Figure 4. Spanning linear forests of maximum size in caterpillars
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Since the maximum size of a spanning linear forest of T} is diam(7}), it follows by
Corollary 3.2 that ¢(77) = 2n — 2 — diam(77). In fact, s1: uq,us, us, us, uz, uq, ug,
us, Ug, u1g is a linear ordering of the vertices of T3 for which d(s;) = ¢(T1). For the
caterpillar Ty, however, the maximum size p of a spanning linear forest is diam(7%)+1.
Consequently, by Corollary 3.2 either ¢(T3) = 2n — 2 — diam(T%) or t(T2) = 2n—3 —
diam(T5). The linear ordering so: v7,v1,v2, vs, Vg, U3, V4, V10, Us, Vg Of the vertices of
T5 has the property that d(s2) = 2n—2—diam(73). A total of p of the n—1 terms in
the sum d(s2) are 1. All of the remaining terms in d(s2) are 2, except for one which
is 3. If fewer than p terms in the sum d(s’) for a linear ordering s’ of the vertices of
Ty are 1, then d(s’) > 2n — 2 — diam(T%). Hence if there is a linear ordering s of the
vertices of Ty for which d(s) = 2n —3 — diam(7%), then there must be p terms in d(s)
equal to 1. We may assume that both vy, ve, vs (or vs, ve, v1) and vg, v3, v4 (Or vy,
v3, Vg ) are subsequences of s. Assume, without loss of generality, that the vertices vy,
v, Vg occur before vg, vs, v4. Then the first vertex in s that follows the last vertex
of v, vg, vg or the last vertex of vy, va, vs, vy is a vertex whose distance is at least 3
from that vertex. Hence d(s) > 2n — 2 — diam(7») and so ¢(T2) = 2n — 2 — diam(T»).
Proceeding in a similar manner for every caterpillar gives us the following result.

Corollary 3.3. If T is a caterpillar of order n, then

t(T) = 2n — 2 — diam(T).

We now show that the formula presented in Corollary 3.3 for the traceable number
of a caterpillar holds in fact for all trees.

Theorem 3.4. If T is a nontrivial tree of order n, then

t(T) = 2n — 2 — diam(T).

Proof. Since h(T) = 2n—2 for every tree T of order n, it follows by Lemma 2.5
that ¢t(T) > 2(n — 1) — diam(T"). Furthermore, since the length of a longest path in
T is diam(T), it follows by Theorem 2.1 that ¢(T) < 2(n — 1) — diam(7T'), giving the
desired result. O

If T is a tree of order n > 3, then 2 < diam(7") < n—1. Therefore, by Theorem 3.4,
if T is a tree of order n > 3, then

(1) n—1<tT)<2n—4.

We saw that ¢(T) = n — 1 if and only if T = P,,. Furthermore, only stars have
diameter 2. So ¢(T) = 2n — 4 if and only if T = K; ,—1 by Theorem 3.4. More
generality, we have the following the realization result.
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Proposition 3.5. For each pair k,n of integers with 3 < n—1 < k < 2n — 4,
there exists a tree T' of order n with t(T') = k.

Proof. Let P: vy,v9,...,v02,_1_k be a path of length 2n — 2 — k. A tree T'

is constructed by adding k + 1 — n new vertices wi,ws, ..., Wkt+1—yn and joining all
of these vertices to ve. Since diam(T") = 2n — 2 — k, it follows by Theorem 3.4 that
t(ry=2n—-2—2n—2—-k) =k. O

With the aid of Theorem 3.4, it is straightforward to determine those nontrivial
trees T' of order n such that ¢(T) = n.

Proposition 3.6.  Let T be a tree of order n > 4. Then t(T) = n if and only
if T is a caterpillar with maximum degree A(T) = 3 and having exactly one vertex
of degree 3.

Proof. By Theorem 3.4, t(T) = n if and only if 2n — 2 — diam(T") = n and so
diam(7T) = n — 2. Hence T contains a path P: vy, v,...,v,-1 of length n — 2 and
a vertex w not on P that is adjacent to some vertex v; with 2 <i < n — 2. O

By (1) and Observation 3.1, if G is a connected graph of order n > 3, then
(2) n—1<#G) < 2n—4.

We now determine all those connected graphs G of order n such that ¢(G) = 2n — 4
or t(G) =2n — 5.

Proposition 3.7. Let G be a connected graph of order n > 3. Then

t(G)=2n—4 ifand only if G = K3 or G = K; 1.

Proof. Let G be aconnected graph of order n > 3 such that ¢(G) = 2n—4. If G
contains a path of length 3 or more, then it follows by Theorem 2.1 that ¢(G) < 2n—5.
Hence the length of a longest path in G is 2. This implies that A(G) = n — 1 and
so G = K3 or G = Ky 1. Furthermore, note that t(K3) = 2n —4 =n — 1 and
H(K1 1) = 2n—4. O

A tree T is a double star if T contains exactly two vertices that are not end-
vertices, necessarily these vertices are adjacent in 7T'. For integers a,b > 2, let S,
denote the double star whose two vertices that are not end-vertices have degrees a
and b.
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Proposition 3.8. Let G be a connected graph of order n > 4. Then t(G) = 2n—>5
ifandonlyif(1)n=4and G # Kyzand (2)n>25and G=K; ,—1+eor G =S,
for some positive integers a and b with a +b = n.

Proof. Let G be a connected graph of order n > 4 such that ¢(G) = 2n — 5.
From Theorem 2.1, it follows that the length of a longest path in G is 3. This implies
that (1) n=4and G# Ki3, 2) n>5, A(G)=n—1,and G = K; ,_1 + ¢, or (3)
n > 5, A(G) <n—2and G is a double star. The converse is straightforward. O

4. TRACEABLE NUMBERS OF VERTICES

Let G be a connected graph of order n. For v € V(G), the traceable number t(v)
of v is defined by

£(v) = min{d(s)},

where the minimum is taken over all linear orderings s of the vertices of G whose
first term is v. Thus t(v) > n — 1 for every vertex v of G. Furthermore, t(v) =n—1
if and only if G contains a Hamiltonian path with initial vertex v. Observe that

t(G@) = min{t(v): v e V(G)}.

Using an argument similar to that used in the proof of Proposition 1.1, we have the
following.

Proposition 4.1. Let G be a nontrivial connected graph and let v € V(G). Then
t(v) is the minimum length of a spanning walk in G whose initial vertex is v.

We present a result concerning the traceable number of adjacent vertices in a
connected graph.

Proposition 4.2. Let G be a connected graph and let uw and v be adjacent vertices
of G. Then
[t(u) —t(v)] < 1.

Proof. Lets: v =w1,vg,...,v, be a linear ordering of the vertices of G such
that d(s) = t(v). Thus u = v; for some integer ¢ with 2 < ¢ < n. We consider two
cases.

Case 1. u=v;, where 2 <i<n—1. Let

/
ST U=ViyVi—1y...,V2,V1 = UV, Vi41,Vi42y...,Un.
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Then
d(s") = d(s) — d(u, vit1) + d(v, vis1)
d(s) —d(u,viy1) + d(v,u) + d(u,vig1) = d(s) + 1 = t(v) + 1.

t(u)

NN

Thus ¢(u) — t(v) < 1.
Case 2. u=wv,. Consider the sequence

s u=vn, U 1,...,02,v1 = 0.
Then t(u) < d(s”) = d(s) = t(v) and so t(u) — t(v) < 0.
In either case, t(u) — t(v) < 1. Applying a similar argument to that given above,
we have t(v) — t(u) < 1 as well and so |t(u) — t(v)] < 1. O

For a connected graph G, let
t(G) = max{t(v): v € V(G)}.

Obviously, t(G) < tT(QG) for every connected graph G. The following is a consequence
of Proposition 4.2.

Corollary 4.3. Let G be a connected graph and let k be an integer such that
t(G) < k < tT(G). Then there exists a vertex w of G such that t(w) = k.

Proof. The statement is obvious if & = ¢(G) or k = ¢t7(G). Hence we may
assume that {(G) < k < t7(G). Let u be a vertex such that ¢(u) = ¢(G) and let v
be a vertex such that t(v) = t*(G). Since G is connected, G contains a u — v path
P: u = uy,ug,...,us = v. By Proposition 4.2, |t(u;) — t(ui+1)] < 1 for all ¢ with
1 <i<s—1. Let j be the largest integer with 1 < j < s such that ¢(u;) < k. Then
t(u;) = k; for otherwise, t(u;) < k—1 and so t(uj+1) < 1+ (k — 1) = k, producing
a contradiction. ]

For a vertex v in a connected graph G, the eccentricity e(v) of v is the largest
distance between v and a vertex of G.

Theorem 4.4. If T is a nontrivial tree of order n and let v be a vertex of T,
then
t(v) =2(n—1) —e(v).

Proof. First, we show that t(v) > 2(n — 1) —e(v). Let s: v =vy1,vg,...,0, be
=t

a linear ordering of the vertices of T such that d(s) = t(v), and let

/
S V=V1,V2,...,Upn,V1
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be the cyclic ordering of the vertices of T obtained by adding v; = v at the end of
s. Then
2(n — 1) = W(T) < d(s) = d(s) + d(vn,v1) < () + e(v)

and so t(v) > 2(n—1) —e(v).

Next, we show that t(v) < 2(n — 1) — e(v) for each vertex v in a nontrivial tree of
order n. We proceed by induction on n. This is certainly true for a tree of order 2.
Assume, for every tree T” of order n — 1, where n — 1 > 2, and every vertex u of 1",
that ¢(u) < 2(n — 2) — e(u). We show that if T is a nontrivial tree of order n and v
is a vertex of T, then

t(v) <2(n—1) —e(v).

This is certainly the case if T" is the path P,, and v is an end-vertex of P,,. Hence we
may assume that this is not the case. Let P be a longest path in T with initial vertex
v, say P is a v — w path. Then d(v,w) = e(v). Hence there exists an end-vertex x
of T such that x does not lies on P. Let y be the vertex of T that is adjacent to x.
Thus T — z is a tree of order n — 1 such that v € V(T — z) and ep_,(v) = ep(v).
By the induction hypothesis,

tr—.(v) <2(n—2) —er_,(v) =2(n—2) — er(v).

Let s1: v = uy,us,...,up—1 be a linear ordering of the vertices of T — x such that
d(s1) = tr—,(v). Then y = u; for some ¢ with 2 < < n — 1. Let z be the vertex of
T — x that immediately follows or immediately precedes y in s1, say z immediately
follows y in s;. Thus z = w;41. Let s be the linear ordering of the vertices of T
obtained by inserting x between y and z. Then

(s1) —d(y,z) +d(y,z) +d(z,2) < d(s1) —d(y,z) + 1 + 1+ d(y, 2)

d
ds1))+2=tr_,(v)+2<2(n—2) —er(v) +2.
Therefore, t7(v) < d(s) < 2(n — 1) — ep(v). Hence t(v) =2(n — 1) — e(v). O

By Theorem 4.4,

t(v) = W(T) — e(v)

for every tree T' and every vertex v of T. Since ¢(T) = min{t(v): v € V(G)}, it
follows that

t(T) = h(T) — max{e(v): ve V(T)} =2n—2 — diam(T),

which provides us with an alternative proof of Theorem 3.4.
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Observe that Theorem 4.4 is not true in general for connected graphs that are not
trees. Consider the graphs G and H in Figure 5. Each vertex of G and H is labeled
with its traceable number. The Hamiltonian number of graph G is h(G) = 7. Since
e(u) = e(y) = 3 and e(v) = e(w) = e(x) = 3, it follows that t(z) = h(G) — e(z)
for every vertex z of G. On the other hand, for the graph H, h(H) = 6. While
t(z) = h(H) — e(z) for z = w and z = x, this is not true otherwise.

Son

<

8
SCon

Figure 5. The graphs G and H

5. GRAPHS WITH PRESCRIBED HAMILTONIAN AND TRACEABLE NUMBERS

We have seen in Lemma 2.5 that for every nontrivial connected graph G,
1 < h(G) — t(G) < diam(G).

Furthermore, by Proposition 2.6, Hamiltonian graphs are the only connected graphs
G for which h(G)—t(G) = 1. By Theorems A and 3.4, if T is a tree then h(T)—t(T) =
diam(T"). However, trees are not the only connected graphs with this property. In
fact, there are other classes of connected graphs with this property. For example, if
G = Ky, ns,...n,, 18 a complete k-partite graph, where k > 2, ny < no < ... < ny,
and n; +n2 + ... + ng_1 < ng, then h(G) — t(G) = 2 = diam(G). Next, we show
that for each pair k, d of integers with 1 < k < d, there exists a connected graph G
with diam(G) = d such that A(G) — t(G) = k. In order to do this, we first state a
useful lemma that appeared in [5].

Lemma B. Let G be a connected graph having blocks B1, Bo, ..., By. Then
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Proposition 5.1. For each pair k,d of integers with 1 < k < d, there exists a
connected graph G with diameter d such that h(G) — t(G) = k.

Proof. Ifk =d,let G beatree with diam(G) = d. It then follows by Theorem A
and Theorem 3.4 that h(G)—t(G) = (2n—2)—(2n—d—2) = d. Thus, we may assume
that £ < d. For k = 1, the cycle Csy of order 2d has the desired property. For k > 2,
let G be the graph obtained from the cycle Cog_py1): w1, uz, ..., Usd—ps1), u1 and
the path Py_1: v1,v2,...,vx—1 by joining ug—_r+1 and vg—1. Then the order of G is
n=2d—k+ 1 and its diameter is diam(G) = d. By Lemma B,

W(G) = h(Cag—irn) + (k — DA(Py) = 2(d — k +1) + 2(k — 1) = 2d.

Since G is traceable, t(G) =n — 1 = 2d — k. Therefore, h(G) — t(G) = k. O

Since h(G) < t(G)+diam(G) for every nontrivial connected graph G and, trivially,
t(G) > diam(G), it follows that t(G) < h(G) < 2¢(G). Thus if G is a connected graph
with ¢(G) = a and h(G) = b, then a < b < 2a. Next, we show that every pair a,b
of positive integers with a < b < 2a is realizable as the traceable number and the
Hamiltonian number of some connected graph, respectively.

Proposition 5.2. For every pair a,b of positive integers with a < b < 2a, there
is a connected graph G with t(G) = a and h(G) = b.

Proof. If b = 2a, then G = P,;1 has the desired properties. Hence we may
assume that a < b < 2a. Let kK =0 — a. Thus k < a. Let G be the graph obtained
from the path P: wy,us,...,Uq, Ugt+1 Dy joining u,41 and ug. By Lemma B,

hMG) =h(Co—pq2)+ (k=1Dh(P)=(a—k+2)+2(k—1)=0b.

Since G is traceable, t(G) = (a+1) — 1 =a. O

By Theorem A, Lemma 2.5, and (2), if G is a connected graph of order n > 3 with
t(G) = a and h(G) = b, then

(3) 1<n—-1<a<b<2n—-2.
Next we determine all triples (a,b,n) of positive integers satisfying (3) that can be

realized as the traceable number, Hamiltonian number, and order, respectively, of
some connected graph.
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Theorem 5.3. For each triple (a,b,n) of positive integers with 1 <n—1<a <
b < 2n —2 and n > 3, there is a connected graph G of order n such that t(G) = a
and h(G) =bifand only if (1) b=a+1=nor (2) b>a+2.

Proof. Let G be aconnected graph of order n such that t(G) = a and h(G) = b.
If b = a+ 1, then h(G) — t(G) = 1. By Proposition 2.6, G is Hamiltonian. Thus
t(G)=n—1and h(G) =n. Thusb=a+1=mn. fb#a+1, then b > a+2 by
Lemma 2.5.

For the converse, let (a,b,n) be a triple of positive integers with 1 <n—-1<a <
b<2n—2suchthat b=a+4+1=norb>a+2. Ifb=a+1=n, then any
Hamiltonian graph of order n has the desired property. Thus, we may assume that
b>a+2. Observethat b—a—12>1 and 2n — b > 2. We consider two cases.

Case 1. a = n — 1. Let G; be the graph obtained from the path P,_,_1:
Up, U, - . ., Up—q—1 Of order b—a—1 and the complete graph Ko, _p, with V(Ks,—p) =
{v1,v2,...,v2,—p} by joining up_q—1 to v1. Then the order of G; isn = (b —a —
1)+ (2n — b) = n. By Lemma B,

h(G1)=(b—a—1)h(P) + h(Kapn—p) =2(b—a—1)+ (2n —b) = 0.
Since G is traceable, t(G1) =n—1=a.

Case 2. a > n. Let G be the graph obtained from the graph G; in Case 1 by
adding a — n 4+ 1 new vertices w1, wa,...,Wa—n4+1 and joining w; to vy for 1 < i <
a —n+ 1. Then the order of Goisn=(b—a—1)+ (2n—b)+ (a—n+1) =n and
diam(G2) = b — a. By Lemma B,

h(Gg) = (b —a— 1)h(P2) + h(Kzn_b) + (a —n+ 1)h(P2)
=2b—-a—-1)+2n—->b)+2(a—n+1)=0.

It remains to show that ¢(G2) = a. By Lemma 2.5,
t(G2) < h(G2) — diam(G3) =b— (b—a) = a.

Since the maximum size of a spanning linear forest in G2 is p = 2n —a — 2, it follows
by Proposition 2.2 that ¢(G2) > 2n — 2 — p = a. Thus t(G2) = a. O
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6. HAMILTONIAN-CONNECTED NUMBERS OF GRAPHS

For a connected graph G of order n, the Hamiltonian-connected number hcon(G)
of GG is defined by

heon(G) = > t(v).
VeV (G)
Since t(v) = n — 1 for every vertex v of G, it follows that hcon(G) > n(n — 1). Fur-
thermore, hcon(G) = n(n — 1) if and only if G is Hamiltonian-connected. Therefore,
the Hamiltonian-connected number of a connected graph G of order n can be con-
sidered as a measure of how close G is to being Hamiltonian-connected—the closer
hcon(G) is to n(n — 1), the closer G is to being Hamiltonian-connected.

Consider the graphs H; and H, in Figure 6, where H; is obtained from the com-
plete graph K,,_; by adding a pendant edge and Hy = 2K, + (K,,_4 U2K;). For the
graph Hi, every vertex of H; has traceable number n — 1, except for the vertex v
which has traceable number n. Thus hcon(H;) = n(n — 1) + 1. Every vertex of the
graph Hs has traceable number n — 1, except for v; and vy, which have traceable
number n. Thus hcon(Hsz) = n(n — 1) + 2.

U1

A

H12 HQZ < @

V2

Figure 6. The graphs H; and Ho

Next consider the graphs G; and G2 in Figure 7, where (G; is obtained from the
complete graph K,,_o (n > 5) by adding two pendant edges and G5 is obtained from
the cycle C,,—1 (n > 4) by adding a pendant edge. The graph G; of order n in Figure 7
contains exactly two vertices with traceable number n—1, namely ¢(u) = t(v) = n—1.
All other vertices of G have traceable number n. Thus hcon(G1) =n(n—1)4(n—2).
The graph G4 of order n in Figure 7 contains exactly three vertices with traceable
number n — 1, namely t(u) = t(v) = t(w) = n — 1. All other vertices of G2 have
traceable number n. Thus hcon(Gs) = n(n — 1) + (n — 3). Therefore, the graphs H;
and H» in Figure 6 are closer to being Hamiltonian-connected than are the graphs
(1 and G2 of Figure 7.

The minimum eccentricity among the vertices of G is its radius, which is denoted
by rad(G). A vertex v in G is a central vertez if e(v) = rad(G) and the subgraph
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n>=>5

Figure 7. The graphs G; and Ga

induced by the central vertices of G is the center of G. Next, we establish upper and
lower bounds for the Hamiltonian-connected number of a connected graph in terms
of its order, beginning with trees.

Theorem 6.1. For every tree T of order n > 3,

n(n—1)+ Kn; 1>2J < heon(T) < n(n — 1) + (n* —3n + 1).

Proof. For a tree T, it is known (see [10]) that there exists at least one vertex
v with e(v) = rad(T) and there exist at least two vertices v with e(v) = k for every
integer k with rad(T") < k < diam(7'). Furthermore, it is well-known that for every
tree T, either

diam(T") = 2rad(T) or diam(T") =2rad(T) — 1

where the center of T contains exactly one vertex in the first case and exactly two
vertices in the second case. Since diam(7T") < n — 1 for every tree T of order n, the
largest possible radius of a tree T' having odd order is (n — 1)/2, while the largest
possible radius of a tree T having even order is n/2. We consider the cases when n
is odd or n is even separately.

Case 1. nis odd. In this case,

n—1 n+1 n+3
Y elw) < +2[ T —l—...—l—(n—l)}

- 51+(n+1)+(n+3)+...+2(n71)

n—1+n(n—1)+<n—1>27n2—1+(n—1)2
2 2 2 2 2 ’
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It then follows by Theorem 4.4 that

heon(T) = Y tw)= > (2n—-2-e@)=n2n—-2)— >  ev)

veV(T) veV(T) veV(T)

= - [Frt e () =m0+ ()

Case 2. nis even. In this case,

Z e(v)<2[g+n—2’—2+...+(n—1)}

n? n?2-2n

:n+(n+2)+...+2(n71):7+ 1

It then follows by Theorem 4.4 that

heon(T') = Z t(v) = Z (2n—2—e(v)) =n(2n—2) — Z e(v)

veV(T) veV(T) veV(T)
2 2 2 2 2
>n(2n—2)—(%+n n n>:”(”*1)+n 1 =

Therefore, heon(T') = n(n — 1) 4 [(%52)?] for every tree T of order n > 3.

If a tree T of order n > 3 contains a vertex with eccentricity 1, then 7T is a star
and all other vertices have eccentricity 2. If the minimum eccentricity of a vertex
of T is 2, then at most two vertices of 7" have eccentricity 2, with all other vertices
have eccentricity 3 or 4. In any case,

Z ew)=21+(n—-1)-2=2n-1.
veV(T)

Consequently,

heon(T') = Z t(v) = Z (2n—2—e(v)) =n(2n—2) — Z e(v)

VeV (T) veV(T) veV(T)
<n2n—2)—(2n—1)=n(n—1) + (n® — 3n + 1).

Therefore, hcon(T) < n(n — 1) + (n? — 3n + 1) for every tree T of order n > 3. [

Since heon(P,) = n(n—1)+ | (%5%)?] and heon(K1 ,—1) = n(n—1)+(n?—3n+1),
the lower and upper bounds in Theorem 6.1 are both sharp.
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Corollary 6.2. For a nontrivial connected graph G of order n,

n(n —1) < heon(G) < n(n — 1) + (n? — 3n + 1).

Proof. We have already noted that hcon(G) > n(n — 1), so it remains only to
show that hcon(G) < n(n—1)+(n?—3n+1). For every connected spanning subgraph
H of G and every two vertices z and y of G, dg(z,y) < dy(z,y). Therefore, for every
vertex v of G, tg(v) < ty(v). Hence if T is a spanning tree of G, then tg(v) < t7(v)
for every vertex v of G. This implies that among all connected graphs G of order n,
the maximum value of hcon(G) occurs when G is a tree. The result then follows by
Theorem 6.1. (]

We now show that for every integer n > 3 and integer k with 2 < k < n, there
exists a connected graph G of order n containing k vertices v with ¢(v) = n — 1 such
that hcon(G) =n(n — 1) + (n — k).

Proposition 6.3. For every integer n > 3 and integer k with 2 < k < n, there
exists a connected graph of order n containing k vertices with traceable number n—1
and n — k vertices with traceable number n.

Proof. Since every Hamiltonian-connected graph has the desired properties for
k = n, we restrict our attention to those integers k for which 2 < k£ < n — 1. For
3 < n <5, the graphs Gy, ,, of Figure 8 have the desired properties.

G2,32 o——o——o0

VAN
<>
Giaa: 1>o_o $_a

Figure 8. Graphs Gy, ,, where 2 < k <

For n > 6, the graphs Gy, ,, of Figure 9 have the appropriate properties. 0

There is no graph of order n containing exactly one vertex with traceable number
n — 1. We know of no example of a nontrivial connected graph of order n, every
vertex of which has traceable number n, that is, of a non-traceable graph G of order
n for which heon(G) = n?.

82



g <§>

nln

<k<n-3

@ n2n
nln @

Figure 9. Graphs Gy, , where2<<k<n—1andn > 6
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