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Abstract. In this paper we give a representation theorem for the orthogonally additive
functionals on the space BV in terms of a non-linear integral of the Henstock-Kurzweil-
Stieltjes type.
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1. INTRODUCTION

Orthogonally additive functionals on function spaces have been studied by Orlicz
and other authors; see references in [4]. In particular, Chew [4] proved a repre-
sentation theorem for orthogonally additive functionals on the Denjoy space, the
space of all Henstock-Kurzweil integrable functions on an interval [a, b], in terms of a
nonlinear Henstock-Kurzweil integral. Also, a representation theorem for boundedly
continuous linear functionals defined on BV, the space of all functions of bounded
variation, has been proved by Hildebrandt [3] using the left Cauchy integral. In
this paper we prove a representation theorem for orthogonally additive functionals
defined on BV, making use of the nonlinear integral and hence extending the result
of Hildebrandt.

Let BV denote the space of functions of bounded variation on [a,b], that is,
f € BV if the total variation V(f) of f on [a,b] is finite. A functional F' defined
on BV is orthogonally additive if F(f + g) = F(f) + F(g) for all f, g € BV such
that f(z)g(z) = 0 except for finitely many = in [a,b]. A functional F' is said to be
boundedly continuous on BV if F(f,) — F(f) as n — oo whenever for every = €
[a,b], fn(x) — f(x) as n — oo and there exists M > 0 such that V(f,,) < M for every
n. In this paper we shall prove that if F' is an orthogonally additive and boundedly
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continuous functional on BV, then F' can be represented by a non-linear integral of
the Henstock-Kurzweil-Stieltjes type. The full detail is given in Theorem 3.

2. A NON-LINEAR INTEGRAL

We introduce a non-linear integral of the Henstock-Kurzweil-Stieltjes type [4,
p.81]. Let h = h(s,I) be a point-interval function defined for s being a real number
and I = [u,v] C [a,b]. A real-valued function f is said to be h-integrable to A on
a compact interval [a, b] if for every € > 0 there is a function 6(£) > 0 for £ € [a, D]
such that for any division D of [a,b] given by a = 29 < 21 < ... < &, = b, with
&1,82,. .., &, satistying & € [z;—1,2;) C (& —0(&), & +0(&)) for i =1,2,...,n, we
have

Z h(f(fz), [xi_l,xi]) — Al <e.

For brevity, we write D = {(&,[u,v])} where (&, [u,v]) denotes a typical point-
interval pair (&, [z;—1,%;]) in D, and also we write the Riemann sum in the form
(D)>_h(f(&),[u,v]). Here D is said to be d0-fine if the above condition holds. In
short, f is h-integrable on [a, b] if for every € > 0, there is a positive function ¢ such
that for any d-fine division D = {(&, [u,v])} of [a, b] we have

(D) Y h(F () fu o)) - 4] < &

For simplicity, we write the h-integral f: h(f(x),dz) = A. For example, when ¢ is
a constant function and h(f(x), [u,v]) = f(z)[g(v) — g(u)], the h-integral reduces to
the well-known Riemann-Stieltjes integral.

We give a list of conditions on h(s, I) which guarantee that the h-integral becomes
meaningful.

(N1) h(0,I) =0 for all intervals I C [a, b].

(N2) h(s,I), as a function of s, is continuous on the real line for all intervals
I C la,b].

(N3) h(s,I), as a function of I, is additive, i.e., h(s,I; U I3) = h(s, I1) + h(s, I2)
whenever I, I are nonoverlapping and adjacent, for all Iy, Iy C [a,b]. That is,
I; U I, is again an interval.

(N4) For every M > 0 and for every £ > 0 there exists > 0 such that

p p

Z h(Si, Il) — Z h(tl, Il)

i=1 i=1

<e
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whenever |s; — ¢;| <, |s;| < M, |t;| < M for every i and I3, I, ..., I, are pairwise
nonoverlapping.

Here we note that N2 follows from N4. For easy reference, we keep to the same
labelling of conditions as in P.Y.Lee [4, p.82] for N1 to N4. In our case, N5 in
P.Y.Lee [4, p.82] is not used. For reference, we state N5 here.

(N5) For every M > 0 and for every ¢ > 0 there exists 7 > 0 such that

P P
| > h(s;, ;)] < € whenever > |I;| <, |s;] < M, for every i and I, ls,...,I,

i=1 i=1
are nonoverlapping.

Furthermore, we state one more condition, namely N6, as required for our case.

(N6) For every M > 0 and |s| < M, the limit liITn h(s, [u,c]) exists for ¢ € (a,b]

ulc
and so does liFl h(s,[c,v]) for ¢ € [a,b).
vic

We remark that N5 is an essential condition in [4]. Here it is N6 that we need.
Note that N5 implies N6 but not conversely. In what follows and throughout the
paper, we assume that h(s, I) is fixed and satisfies N1-N4 and N6. For other papers
on the nonlinear integral, see references in [4], [5].

A function ¢g* defined on [a, b] is said to be a normalized function of g if g*(z) =
sl9(z+) + g(a—)] for every z € (a,b) and g*(a) = g(a+), g*(b) = g(b-).

Lemma 1. If h(s,I) satisfies N1-N4 and N6, then fab h(p(z),dx) exists for any
step function .

Proof. It is sufficient to prove the lemma for ¢ = X[ q}, for some [c, d] C [a, b].
In view of N6, we can prove that

b
/ h(o(x),dx) = lm h(s,[u,c]) + h(s,[c,d]) + vli% h(s,[d,v]).

U—Cc—

O

Theorem 1. Let {f,} be a sequence of h-integrable functions uniformly bounded
on [a,b]. If { f,} is uniformly convergent to f on [a,b], then f is h-integrable on [a, ]
and lim f; h(fn(z),dz) = f; h(f(z),dx).

The proof is standard and therefore omitted [5].
A function f defined on [a, b] is said to be a regulated function [1] if f is the limit
of a uniformly convergent sequence of step functions on [a, b].

Corollary 1. If f is a regulated function, then it is h-integrable on [a, b].
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3. CONTINUOUS FUNCTIONALS

We introduce two more continuity concepts of functionals on BV. A sequence { f, }
is bounded in BV if there is M > 0 such that V(f,) < M for all n. Also we write
I £l = sup{|f(x)|: a <z < b}. A functional F is said to be uniformly continuous on
BV if F(f,) — F(gn) — 0 as n — oo whenever || f, — gn|| — 0 as n — oo with {f,}
and {g,,} bounded in BV. Further, a functional F is said to be two-norm continuous
on BV if it is uniformly continuous with g,, replaced by f. It is obvious that if F' is
uniformly continuous on BV, then F' is two-norm continuous on BV. It is well-known
that functions of bounded variation satisfy Helly’s choice property [2], [8]. It states
that if a sequence {g,} is bounded in BV, then there is a subsequence {fi} of {gn}
and a function f € BV such that for every z € [a,b], fx(z) — f(z) as n — oc.

Lemma 2. If F is boundedly continuous on BV, then F' is uniformly continuous
on BV.

Proof. Suppose F is boundedly continuous on BV. Take two sequences {f,}
and {g,} in BV such that ||f, — gn|| — 0 as n — oo and {f,}, {gn} are bounded
in BV. Since BV satisfies Helly’s choice property, we obtain a subsequence of {f,},
denoted by { fn,}, such that f,, is boundedly convergent to f on [a, b]. Further, take a
subsequence of {g, }, denoted by {gn, }, such that for every x € [a, b], gn,(x) — g(x).
In view of || fn, — gnll — 0, we have for every x € [a,b], gn, () — f(x) as n; — oo.

Since F' is boundedly continuous, F(f,,) — F(f) — 0 and F(gn,) — F(f) — 0 as
n; — oo. Therefore, F(f,,) — F(gn;) — 0 as n; — oco. Consequently, F' is uniformly
continuous on BV. g

Theorem 2. Suppose h(s I) satisﬁes N1-N4 and N6. If a functional F' defined
on BV is given by F(f f h(f(z),dz) for every f € BV, then F is orthogonally

additive and uniformly contmuous on BV. Furthermore, F' is two-norm continuous
on BV.

Proof. The orthogonal additivity follows from N1. Next, take f,,g, € BV
such that ||f, — gnl| — 0 as n — oo and {f,}, {gn} are bounded in BV. Since f,
and g, are h-integrable on [a, b], for every £ > 0 and every n there exists a function
0n(§) > 0 such that for every d,-fine division D = {(&, [u,v])} of [a, b] we have

thn )‘<§and’ Zhgn

Since || fn — gn|| — 0 as n — oo and N4 holds with s; = f,(&) and t; = g,(&),
we can show that |(D) > h(fn(€), [u,v]) — (D) h(gn(§),[u,v])] < § for large n.
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Consequently, F(f,) — F(gn) — 0 as n — co. Therefore F' is a uniformly continuous
functional on BV.
Finally, the two-norm continuity follows from the definition. O

We remark that, as shown in [4], if h(s, I) satisfies N1-N5, then the functional
F defined by the h-integral is boundedly continuous. Since we have not had N5 in
Theorem 2, bounded continuity does not follow.

4. REPRESENTATION THEOREM ON BV

In this section we give a series of lemmas leading to the main theorem which is the

representation theorem for boundedly continuous orthogonally additive functionals
on BV.

Lemma 3. If f € BV, then there exists a sequence of step functions f, such that
| fn— fll = 0 asn — oo and {f,} is bounded in BV.

The proof is standard and therefore omitted.

Lemma 4. If I is an orthogonally additive and boundedly continuous functional
on BV, then h(s,I) satisfies N1-N4 and N6, where h(s,I) = F(sx}) and xJ is the
normalized function of the characteristic function x; of I = [u,v].

Proof. The proofs of N1 and N3 follow from the orthogonal additivity and the
proof of N2 from the fact that F' is a boundedly continuous functional on BV.

‘We now prove N4. Suppose it is false. Then we shall deduce that F' is not uniformly
continuous on BV. In view of Lemma 2, this contradicts the fact that F'is boundedly
continuous on BV.

If N4 does not hold, then there exist M > 0 and € > 0 for every n > 0 such that
there exist z;, y; and I;, 1 < i < k, pairwise nonoverlapping, satisfying |z;| < M,

k k
lyil < M, |z; —y;| <n for every i and | 3 h(z;, I;) — 3. h(yi, I;)| > €. Take n = *.
i=1 i=1

n
Then there exist i, Yn,i and I, ;, 1 < < ky, such that |z,; — yni| < + for every
iy [2ni| < M, |yns < M and

kn kn

Z h(xn,iv In,i) - Z h(yn,ia In,z)

=1 i=1

> €.

kn kn
Put fo = 37 nix],, and gn = - YniXj, ,- Then we have [|f,|| < M, [lgn| < M
i=1 ’ i=1 '

for every n and ||f, — gn|| < £ — 0 as n — oo, but |F(f,) — F(gn)| > . That is, F
is not uniformly continuous on BV.
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We now prove N6. Take u,, T c as n — oo. Then sxr

wnc] 18 pointwise convergent to

X[, and strun_c]H < |s] for every n. Put f, = X[y, and f = sx{, - Obviously,
fn is boundedly convergent to f in BV. Since F is a boundedly continuous functional
on BV, we have |F(f,) — F(f)| — 0 as n — oo. That is, lirn h(s, [un, c]) exists and

similarly, we can prove that liin h(s, [c,vy,]) exists. O
vnle

Note that we require x7% in the definition of h(s, I) in order to prove N3. Replacing
X7 by x1 would not be sufficient.

Lemma 5. Suppose F is an orthogonally additive and boundedly continuous
functional on BV and h(s, I) satisfies Nl -N4 and N6 where h(s,I) = F(sx}). Then
the h-integral exists and F(f f h(f(x),dz) for every normalized f € BV.

Proof. In view of Lemma 3, it is sufficient to prove the assertion for every
normalized step function . Let ¢ be the step function which we have defined in

Lemma 1. Then by Lemma 1, f: h(p(z),dz) exists and f h(p(x),dz) = A. Then
there exist 0,(§) > 0 for £ € [a,b] and a d,-fine division D,, = {( , [un,vn])} of [a, b]
such that
‘ Zh s [t vn]) fA'<l.
n

Denote ¢n = (Dn) > @(§)X],,. 1,- We may choose Dy, so that for every x € [a, b],
on(z) — () as n — oco. Then ¢, is boundedly convergent to ¢ in BV. Since F
is a boundedly continuous functional on BV, we have F(p,) — F(y) as n — oc.

Since h(s,I) = F(sx7), we have (Dn) 32 h(¢(£), [Umvni) = F((Dn) 22 0()X[u 0n)
and therefore F(p) = Jim Flpp)=A= f h(p(x),dz). O

We state the main theorem of this paper as follows:

Theorem 3. If F' is an orthogonally additive and boundedly continuous functional
on BV, then there exists h(s,I) satisfying N1-N4 and N6 such that

F(f) = [ bl (@).do)+ 3 P (6) - £ (0160

for every f € BV, where §;(x) =1 when x =t and 0 otherwise, t;, i = 1,2, ..., are
the discontinuity points of f, and f* is the normalized function of f.

Proof. Let f* be the normalized function off Then F(f)y=F(f*)+F(f-f").
It follows from Lemma 5 that F(f f h(f dz) and it remains to prove

F(f=f") = ; F([f(t) - f*(ti)]%)-
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Let t;, ¢ = 1,2, ..., be the discontinuity points of f. Then we have (f — f*)(z) =
STIf(t:) = £5(t:)]0, (). Since > [f(t:) — f*(t:)]0r; () converges for every x, we have
j i=1

=1

S IF(t) — F* ()]0, (@) — 0 as n — oc. Also, { 32 [f(t:) — f*(£)]0.,} is bounded

=n i=n

in BV. By Lemma 2 and Helly’s choice property, F' is two- norm continuous on BV

and therefore lim PO [f() — F(8)]0,) = 0. That is, o F([f(t) — £*(t)]00)

=n =n

= ZF([f(ti) = [ (t:)]0w,).-

The fact that h(s, I) satisfies N1-N4 and N6 follows from Lemma 4. O

converges and

When F is boundedly continuous and linear in Theorem 3, we have h(s, I) = sg1(I)
where g1(I) = F(sxr). Here F(sx}) = sF(x1). In view of N6 and the fact that f
is a regulated function if and only if it has one-sided limits, we obtain that g; is
a regulated function. Further, write go(t) = F(d;) for ¢ € [a,b]. We can prove by
contradiction to the bounded continuity of F' that gs is bounded on [a, b]. Hence we
obtain a corollary of Theorem 3 as follows:

Corollary 2. If F' is a linear and boundedly continuous functional on BV, then
there exist a regulated function g, and a bounded function g, such that

/f dglJFZ ti)]g2(ts)

for every f € BV, where t;, i = 1,2,..., are the discontinuity points of f and f* is
the normalized function of f.

This is equivalent to a result by Hildebrandt [3]. In his version, he expressed it in
terms of the left or right Cauchy integral.

5. THE SPACE OF REGULATED FUNCTIONS

A corresponding result of Theorem 3 holds true for the space RF' of all regulated
functions. We shall sketch a proof in this section. We shall define the boundedness
of a sequence in RF' and the bounded continuity of a functional on RF.

It is known [2, p.48] that f € RF if and only if for every ¢ > 0 the bounded
e-variation V.(f) of f on [a,b] is finite, where

Ve(f) =inf{V(g): g € BV and |f(x) — g(x)| < ¢ for every = € [a,b]},

417



where ¢ is given and fixed. A sequence {f,} is said to be bounded in RF if for every
€ > 0 there exists M. > 0 such that ||f,| < M. and V.(f,) < M. for all n. Then a
functional F on RF is said to be boundedly continuous if F(f,) — F(f) asn — o
whenever for every z € [a,b], fn(z) — f(x) as n — oo and {f,} is bounded in RF.
Furthermore, Helly’s choice theorem for RF was proved by Dana Frankova in [2,
Theorem 3.8, p.51].

Theorem 4. Suppose {g,} is bounded in RF. Then there is a subsequence {f}
of {gn} and a function f € RF such that for every x € [a,b], fr(x) — f(x) as

n — Q.

Then following the same argument as above, we obtain results analogous to The-
orem 3 and Corollary 2 with BV replaced by RF.

Theorem 5. If F' is an orthogonally additive and boundedly continuous functional
on RF, then there exists h(s,I) satisfying N1-N4 and N6 such that

b oo
F(P) = [ h(f(@ds) + Y F(IE) - £ (0)61)

for every f € RF, where 0;(x) = 1 when x =t and 0 otherwise, t;, i = 1,2, ..., are
the discontinuity points of f, and f* is the normalized function of f.

Corollary 3. If F' is a linear and boundedly continuous functional on RF, then
there exist a function g1 € BV and a function g» such that the infinite series below

converges and
b [eS)
F(P) = [ £ dgr+ Y110 - £ (t)loa(t)
@ i=1

for every f € RF, where t;, i = 1,2, ..., are the discontinuity points of f, and f* is
the normalized function of f.

A special case of Corollary 3 has been proved by Tvrdy [7], where every function
in RF is assumed to be normalized.
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