Mathematica Bohemica

Miroslav Fiedler
Remarks on Monge matrices

Mathematica Bohemica, Vol. 127 (2002), No. 1, 27-32

Persistent URL: http://dml.cz/dmlcz/133983

Terms of use:

© Institute of Mathematics AS CR, 2002

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/133983
http://dml.cz

127 (2002) MATHEMATICA BOHEMICA No. 1, 27-32

REMARKS ON MONGE MATRICES

MIrosLAV FIEDLER, Praha

(Received January 4, 2000)

Abstract. We present some new results on Monge matrices and their relationship with
ultrametric matrices.
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1. INTRODUCTION

All vectors and matrices in this paper are real. An m x n matrix C = (¢) is
called (cf. [1], [3]) a Monge matriz if it satisfies

(1) Cij+em <catoey; forallid, gkl i<k, j<l.

Monge matrices play an important réle in assignment and transportation problems
since the corresponding problems can be solved very efficiently.

In the final part, we shall deal with matrices we will call matrices with the weak
Monge property. These are square matrices C' = (c;;) satisfying

(2) Cij +ere S e Ty foralli gk, i <k, j<k,

or matrices obtained from them by a simultaneous permutation of rows and columns.
Such matrices were, in a more general setting, introduced in [1].

Another class of matrices we will investigate are ultrametric matrices.

Strictly ultrametric matrices were defined (cf. [5], [6]) as square nonnegative sym-
metric matrices A = (a,;) satisfying

(3) a;; > min(ak, arj) for all 4, j, k,
(4) ai; > maxag; for all 4.
J#i
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The author defined (cf. [2]) special ultrametric matrices as matrices satisfying (3)
and

(5) a; = maxa;; for all 4.
J#i
The following was shown ([2], Theorem 2.1):

Theorem 1.1. Let ai2,a23,...,0n—1,n, 7 = 2, be nonnegative numbers. Con-
struct a symmetric n x n matrix A = (a;;) by setting

(6) a1 = a1, Qi = max(ai_l,i, ai7i+1) for i = 2, e, — 1, Gnn = An—1,n,
(7) air, = min(a; g—1,ai+1,%) for alli, k, 1<i<k—-1<n-—1,
(8) agi = a; for all 1,k,1 > k.

Then A is special ultrametric and every special ultrametric matrix is permutation
similar to a matrix obtained in this way.

Remark 1.2. In the sequel, we will call the matrix constructed from the entries
a12; - . .,an—1,n by (6), (7) and (8) an ordered special ultrametric matric.

2. RESULTS

Before investigating Monge matrices, we introduce some notation.
For k > 2, we denote by Zj the (kK — 1) X k matrix

1 -1 0 ... 0 O

1 -1 ...
7 = 0 0 0
0 0 0o ... 1 -1

Now we can state a lemma the proof of which is straightforward.

Lemma 2.1. Let 2 = (v1,...,2,)7, u = (u1,...,un_1)7 be column vectors.
Then
ZTu =2
if and only if
T1 = Ui,

1+ ...+ Tp-1 = Un—-1,

1+ ...+x, =0.
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We will also say that a vector x = (21,...,2,)7 is weakly monotone if
1 2 Oa
1 +x2 20,

This will be denoted by x >, 0.
‘We have now:

Theorem 2.2. Let C = (¢;;) be an m X n matrix, m > 2,n > 2. Then the
following are equivalent:
(i) C is a Monge matrix.
(ii) Z,CzT <0.
(iii) Whenever z, y, respectively, are column vectors with m and n coordinates
satisfying x >, 0, y 2, 0, then

a:TC'y <0.

Proof.  The equivalence of (i) and (ii) is immediate since the entries by,
k=1,...,m,l=1,...,n of the matrix B = Z,,CZ7 satisfy

bri = Cri + Cr41,141 — Ck,l+1 — Ch+1,0

and the system of inequalities in B < 0 is equivalent to the system in (1) as is easily
shown by induction with respect to k+1—14 — j.

Now suppose (ii). Let « >, 0, y >, 0 be column vectors with respectively m and
n coordinates. By Lemma 2.1, there exist nonnegative vectors v and v for which

Zru=ua, Z v =y.
We have then
'Oy =u"Z,0Z% v

so that (iii) is fulfilled.

If (iii) holds, we choose vectors u, v as vectors with one coordinate 1 and all
the others zero. The corresponding vectors z, y are weakly monotone. By (iii),
2T Cy < 0, which implies that Z,,CZL is nonpositive. O

29



n
Lemma 2.3. If z = (21,...,2,)7 is a column vector satisfying > x; = 0, then
i=1
there exists a permutation matrix P such that Px >,, 0.

Proof. There exists a permutation matrix P such that Pz = (2, Z,, ...,

2 )T, @y > @i, > ... > 2, It is easily checked that then Pz >, 0. g

Corollary 2.4. Let C' be an m x n Monge matrix. Whenever column vectors z,
y with m, n coordinates, respectively, have sum of their coordinates equal to zero,
then there exist permutation matrices P, and P, such that 7 P,C Py < 0.

In the following theorems, a matrix will be called equilibrated if all its row sums
and all its column sums are equal to zero. The following is easy.

Lemma 2.5. Let C = (c;;) be an m x n Monge matrix. Let e,, and e, mean
the column vectors of all ones of dimensions m and n, respectively. Then there exist
column vectors u of dimension m and v of dimension n such that the matrix

(9) C=C+uel +eno”

is an equilibrated Monge matrix.

Proof. Denote y: = Ce,, z: = CTe,,. The number K = e%C’en fulfils then
yTen =K, zTe, =K.

If we choose

K 1 K 1
T 2mn ™ Y T 2mn " %
we obtain from (9)
N K K K
Ce, :y+_em7y+em|:_7_},
2m 2m  m

which is zero; similarly CTe,, = 0. Since the transformation (9) preserves Monge
matrices, the proof is complete. O

Remark 2.6. One can easily show that the vectors v and v are unique up to the
transformation v — u + ae,,, v — v — ae, for some a.

In the next theorem, we say that a column vector u = (u1,...,ux)? is monotone
if either uy > wu2... > uk, or ug < ug... < ug. (If these inequalities are strict, we
say that u is strictly monotone.)
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Theorem 2.7. Let C' be an n X n equilibrated Monge matrix. Then C has a
nonpositive eigenvalue of maximum modulus, and the corresponding eigenvectors of
both C and CT can be chosen monotone.

Proof. Suppose first that all inequalities (1) for C are strict. Let € be a
positive number, later to be specified, and let J be the matrix of all ones. If

Yo =0, v1,...,7n—1 are all eigenvalues of C, possibly also complex, then the matrix
B = J — eC is easily seen to have eigenvalues n, —ev, ..., —&7y,—1, the first eigen-
value corresponding to the eigenvector (1,...,1)7. Since C is equilibrated, both the

matrices B and C have the same system of eigenvectors.

We shall now use the theory of compound matrices [4]. The second compound
B®) of B whose rows and columns are indexed by pairs (4, 7), i < j, and (k,1), k < I,
has entries

2) _ 1—cci. 1—ecy _
B ey = det (1 Ceop 1—ecy) = otaw e e =) + Qi

for some matrix Q).

Thus B® is a positive matrix for ¢ sufficiently small. In addition, by the
well known spectral properties of compound matrices, the eigenvalues of B are
—NEYL, ..., —NEYp—1 and (";1) eigenvalues of the form 52%-%-, 1<i<j<n—1

By the Perron-Frobenius theorem, one of the numbers —ne~yy, say, —nevyi, is the
Perron eigenvalue of B(?) (provided ¢ satisfies €|y;| < n for all j), and the corre-
sponding eigenvector can be chosen positive. This eigenvector has, independently of
€, the form

(u, e)(2)

which means, u being the eigenvector of B corresponding to —e7;, the second com-
pound matrix of the n x 2 matrix (u,e). Therefore, the coordinates of u are either
decreasing or increasing, thus strictly monotone. Since B and C have the same
system of eigenvectors, u is a monotone eigenvector of C' corresponding to the non-
positive eigenvalue v; which, in addition, has the maximum modulus.

Now let the inequalities (1) be not all strict. Denote by V(¢) the matrix (£717),
i,j = 1,...,n, where £ is a positive number less than one. Let 1 be a small
positive number. Then the matrix C — V(&) — dwe” — dex” + d*ee™), where

= (¢, DY andd = L Z €*, is an equilibrated Monge matrix for which

all inequalities in (1) are already strlct and which converges to C' if n \, 0. By
continuity of the (simple!) Perron eigenvalue and the corresponding eigenvector, it
follows from the previous part that monotonicity again holds, even if it, in the limit,
need not be strict. O
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Now we shall find the relationship between special ultrametric matrices and ma-
trices with the weak Monge property.

Theorem 2.8. The negative of every special ultrametric matrix has the weak
Monge property.

Proof. Let first A be an n x n ordered special ultrametric matrix generated by
its entries @12, ..., Gn_1,,. Let indices 4, j, k satisfy i > j, i > k. By (3),

a;i = min(aji, k).
If a;r > aj;, then
(10) Qi = Gj; + Qi — Qi

since a;; = ai; if aji < ajq, (10) is also true since then aj; > ay; as well as a;; > aj;.
This means that the matrix — A satisfies (2).

Since every ultrametric matrix is permutation similar to an ordered special ultra-
metric matrix by Theorem 1.1, the result follows. O

Corollary 2.9. The negative of every strictly ultrametric matrix has the weak
Monge property.

Proof. Tt follows immediately from the fact [2] that every strictly ultrametric
matrix can be obtained from a special ultrametric matrix by increasing some diagonal
entries. 0
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