Commentationes Mathematicae Universitatis Carolinae

Benharrat Belaidi
The fixed points and iterated order of some differential polynomials

Commentationes Mathematicae Universitatis Carolinae, Vol. 50 (2009), No. 2, 209--219

Persistent URL: http://dml.cz/dmlcz/133429

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 2009

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/133429
http://project.dml.cz

Comment.Math.Univ.Carolin. 50,2 (2009)209-219

The fixed points and iterated order
of some differential polynomials

BENHARRAT BELAIDI

Abstract. This paper is devoted to considering the iterated order and the fixed points
of some differential polynomials generated by solutions of the differential equation

F A f +Ao(2)f = F,

where A1(z), Ao(z) (£ 0), F are meromorphic functions of finite iterated p-order.

Keywords: linear differential equations, differential polynomials, meromorphic solutions,
iterated order, iterated exponent of convergence of the sequence of distinct zeros

Classification: 34M10, 30D35

1. Introduction and statement of results

In this paper, it is assumed that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna value distribution theory of
meromorphic functions (see [5], [10]). For the definition of the iterated order of a
meromorphic function, we use the same definition as in [6], [2, p. 317], [7, p. 129].
For all r € R, we define expyr := ¢" and exp, ;7 := exp(expp r), p € N. We
also define for all r sufficiently large log; r := logr and log,r := log(log, ),
p € N. Moreover, we denote by expyr := r, loggr := r, log_1 7 := exp; r and
exp_qr :=logyr.

Definition 1.1 (see [6], [7]). Let f be a meromorphic function. Then the iterated
p-order pp(f) of f is defined by

—  log, T(r, f)

(L1) pp(f) = Tm

i Tog " (p>1 is an integer),

where T'(r, f) is the Nevanlinna characteristic function of f (see [5], [10]). For
p = 1, this notation is called order and for p = 2 hyper order.
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210 B. Belaidi

Remark 1.1. If f is an entire function, then the iterated p-order pp(f) of f is
defined by

g, T(r, f)
ol = Bm =

- 1ng-i-l M(Ta f)
= lim —W———=
r—+00 logr

(1.2)
(p>1 is an integer),

where M (r, f) = max;—, [f(z)].

Definition 1.2 (see [6], [7]). The finiteness degree of the order of a meromorphic
function f is defined by

0, for f rational,

min {j € N: p;(f) < +oo}, for f transcendental for which
some j € N with p;(f) < +4oo exists,

+o0, for f with p;(f) = +oc for all j e N.

Definition 1.3 (see [6]). Let f be a meromorphic function. Then the iterated
exponent of convergence of the sequence of distinct zeros of f(z) is defined by

o5, N (r. }
(1.4) %)= T D)

r—-+oo logr (p >1 isan integer)7

where N (7, %) is the counting function of distinct zeros of f(z) in {|z| < r}. For
p = 1, this notation is called exponent of convergence of the sequence of distinct
zeros and for p = 2 hyper exponent of convergence of the sequence of distinct
ZETOoS.

Definition 1.4 (see [8]). Let f be a meromorphic function. Then the iterated
exponent of convergence of the sequence of distinct fixed points of f(z) is defined
by

_ __ log, N(r, iz
15 ) =Tyl —2) = T N 7)

oo log 7 (p>1 is an integer).

For p = 1, this notation is called exponent of convergence of the sequence of
distinct fixed points and for p = 2 hyper exponent of convergence of the sequence
of distinct fixed points (see [9]). Thus 7p(f) = Ap(f — 2) is an indication of
oscillation of distinct fixed points of f(z).

Consider the linear differential equation

(1.6) AL + Ao(2)f = F,
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where A1(z), Ag(z) # 0, F are meromorphic of finite iterated p-order. Many im-
portant results have been obtained on the fixed points of general transcendental
meromorphic functions for almost four decades (see [12]). However, there are a
few studies on the fixed points of solutions of differential equations. It was in
year 2000 that Z.X. Chen first pointed out the relation between the exponent of
convergence of distinct fixed points and the rate of growth of solutions of second
order linear differential equations with entire coefficients (see [4]). In [11], Wang
and Yi investigated fixed points and hyper order of differential polynomials gen-
erated by solutions of second order linear differential equations with meromorphic
coefficients. In [8], Laine and Rieppo gave improvement of the results of [11] by
considering fixed points and iterated order.

Recently, the author has studied the relation between solutions and their
derivatives of the differential equation

(1.7) 8+ A(z)f =0,

where k > 2, A(z) is a transcendental meromorphic function of finite iterated
order pp(A) = p > 0 and have obtained the following result.

Theorem A ([1]). Let k > 2 and A(z) be a transcendental meromorphic function

of finite iterated order pp(A) = p > 0 such that 6(c0, A) = lim,_ . 7;((:’:2)) =

& > 0. Suppose, moreover, that either

(i) all poles of f are of uniformly bounded multiplicity or that

(i1) (o0, f) > 0.
If ©(2) # 0 is a meromorphic function with finite iterated p-order py(¢) < +o0,
then every meromorphic solution f(z) # 0 of (1.7) satisfies

18)  M(f—9)=(f —9) = =0(f® — ) = pp(f) = +00,
(1.9) Mps1(f = @) = X1 (f = @) = = Xpsr1 (fE) — 0) = ppia () = p.

We know that a differential equation bear a relation to all derivatives of its
solutions. Hence, linear differential polynomials generated by its solutions must
have special nature because of the control of differential equations.

The first main purpose of this paper is to study the growth and the oscillation
of some differential polynomials generated by solutions of second order linear
differential equation (1.6). We obtain some estimates of their iterated order and
fixed points.

Before we state our results, we denote by

(1.10) ag = do — d1Ag, a1 =d; +do — di A1,
(1.11) h =diag — dpaq
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and

di(¢ —b —d1F) — ay(p —b)

(1.12) b= - :

where A1(2), Ag(z) #0, F, dj (=0,1), b and ¢ are meromorphic functions with
finite iterated p-order.

Theorem 1.1. Let Aj(z), Ag(z) £ 0, F be meromorphic functions of finite it-
erated p-order. Let do(z), d1(z), b(z) be meromorphic functions such that at
least one of dy(z), d1(z) does not vanish identically with py(d;) < oo (j = 0,1),
pp(b) < oo and that h # 0. Let ¢(z) be a meromorphic function with finite
iterated p-order such that 1 (z) is not a solution of (1.6). If f is an infinite it-
erated p-order meromorphic solution of (1.6) with ppy1(f) = p < +oc, then the

differential polynomial g; = dy f s dof + b satisfies

(1.13) Ao(gr — @) = pplyg) = pp(f) = o0,

(1.14) Mpr1(gf =) = ppr1(9f) = ppr1(f) = p-

Theorem 1.2. Let A1(z), Ao(z) (#0), F' be meromorphic functions of finite it-
erated p-order such that all meromorphic solutions of equation (1.6) are of infinite
iterated p-order. Let dy(z), di(z), b(z) be meromorphic functions such that at
least one of dy(z), d1(z) does not vanish identically with py(d;) < oo (j = 0,1),
pp(b) < oo and that h # 0. Let ¢ be a finite iterated p-order meromorphic func-
tion. If f is a meromorphic solution of equation (1.6) with p,11(f) = p < +o0,

then the differential polynomial g; = dif +dof + b satisfies (1.13) and (1.14).
Applying Theorem 1.2 for ¢(z) = z, we obtain the following result.

Corollary 1.1. Let A1(z), Ao(z) (£ 0), F be meromorphic functions of finite it-
erated p-order such that all meromorphic solutions of equation (1.6) are of infinite
iterated p-order. Let dy(z), d1(z), b(z) be meromorphic functions such that at
least one of dy(z), d1(z) does not vanish identically with py(d;) < oo (j = 0,1),
pp(b) < oo and that h # 0. If f is a meromorphic solution of equation (1.6) with
pp+1(f) = p < +oo, then the differential polynomial g; = di f, +do f + b satisfies
Tp(9f) = pp(gr) = pp(f) = 00 and Tp11(gf) = pp+1(95) = pp+1(f) = p.

The second main purpose of this paper is to investigate the relation between
infinite iterated p-order solutions of higher order linear differential equations with
meromorphic coefficients and meromorphic functions of finite iterated p-order.
We will prove the following theorem.
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Theorem 1.3. Let Ag, Ay,...,Ap_1, F be finite iterated p-order meromorphic
functions, and let ¢ be a finite iterated p-order meromorphic function which is
not a solution of the equation

(1.15) FE 4+ A fOD o A+ Aof = F

If f is an infinite iterated p-order meromorphic solution of equation (1.15) with
pp+1(f) = p < +00, then we have \y(f — @) = pp(f) = 00 and A\pp1(f — ¢) =
pp+1(f) = p-

Applying Theorem 1.3 for ¢(z) = z, we obtain the following result.

Corollary 1.2. Let Ag, A1,...,Ar_1, F' be finite iterated p-order meromorphic
functions such that zAqg+ A1 # F. If f is an infinite iterated p-order meromorphic
solution of equation (1.15) with pp41(f) = p < 400, then we have 7)(f) =

pp(f) = oo and Tp11(f) = pp+1(f) = p.
Corollary 1.3. Let Ag(z),...,Ai_1(2) be meromorphic functions such that

(1.16) i(Ag) =p (1 <p < o00), max{pp(A;):j=1,2,....k—1} < pp(Ag) =p
and
1
1.17 maxdA[ = ):j=01,... k-1 Ao).
(117) (E) b<otao)

Let ¢(z) (£ 0) be a meromorphic function with finite iterated p-order. Then every
meromorphic solution f(z) #Z 0 whose poles are of uniformly bounded multiplicity
of the equation

(1.18) PO+ A f D 4 A + Agf =0

satisties \p(f — ¢) = pp(f) = 0o and Apy1(f — ¢) = pp+1(f) = pp(Ao) = p. In
particularly every solution f(z) # 0 of equation (1.18) satisfies Tp(f) = pp(f) = o0

and Tp1(f) = pp+1(f) = pp(4o) = p.
2. Auxiliary lemmas
We need the following lemmas in the proofs of our theorems.

Lemma 2.1 (see Remark 1.3 of [6]). If f is a meromorphic function with i(f) =
p =1, then py(f) = pp(f).-

Lemma 2.2 ([8]). If f is a meromorphic function with 0 < pp(f) < p (p > 1),
then py1(f) = 0.
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Lemma 2.3. Let Ag, A, ..., Ai_1, F (#0) be finite iterated p-order meromor-
phic functions. If f is a meromorphic solution with py(f) = +oc of the equation

(2.1) FE A fOD o A+ Aof = F

then Ap(f) = Ap(f) = pp(f) = +oc.
PROOF: By equation (2.1), we can write

1 1 f(k) f(k—l) f’
2.2 =LA, 4o AT+ Ay .
( ) f jal < f k—1 f 1 f 0
If f has a zero at zg of order (> k) and if Ag, A1,..., Ap_1 are all analytic at zo,

then F' has a zero at zg of order at least o — k. Hence,

1 (1 1) =
(2.3) n<r, ?) < kn(r,?) —|—n<r,f) —I—Zn(T,A]—)
and
1 (1 1) =
(2.4) N(r,?) SkN(r,?>—i—N(T,F)—i—;N(r,Aj).
By (2.2), we have
k () k—1
(2.5) m(r,l> me r,ﬂ +Zm(r,Aj)+m<r,i) +0(1).
i)=& )& F
Applying the lemma of the logarithmic derivative (see [5]), we have
( f(j)> ,
(2.6) m T‘,T =O0(ogT(r,f)+1logr) (j=1,...,k),

holds for all r outside a set E C (0, +00) with a finite linear measure m(E) < +o0.
By (2.4), (2.5) and (2.6), we get

N
—~
3
)
S~—

Il

T(r,=)+0(1)

(2| = r ¢ E).



The fixed points and iterated order of some differential polynomials 215
. . !/ !
Since pp(f) = 400, there exists {r,} (r,, — +00) such that

(2.8) lim log, T(rn. /) T(rn. f)

7 = +00.
77, —00 logry,

Denoting the linear measure of E, m(FE) = v < +0o, there exists a point ry, €
[r, 7 +~—+1] — E. From

log, T(rn, ) _ 108, T(rm, /) log, T(r /)

2.9 7 - 7 7N
(2.9) log ry, T log(r, +v+1) logr, +log(l+ (y+1)/r),)
it follows that

(2.10) i 8 T ) T(rn, /)

= +00.
Tn——+00 logrn,

Set 0 = max{pp(A;) (j =0,...,k—1),pp(F)}. Then for a given arbitrary large
f>o,

(2.11) T (rn, f) 2 expp_1 {Tﬁ}

holds for sufficiently large r,,. On the other hand, for any given € with 0 < 2e <
B — o, we have

T (Tn, Aj) < exp,_q {T%"'e} (Gj=0,....k=1),

2.12
212) T (rn, F) < expp_q {T%"‘E}

for sufficiently large r,. Hence, we have

T(rn, F) T(rn,4;) }
max , =0,....k—1
b%ﬁ)ﬂmﬁ(] )
(2.13) ote
- L{ﬁ} L0, 1 — o0,
eXpp—l {rn}
Therefore,
T (ras F) € ——T(rn, ), T (rms A3) < ——T(rm, f)
(2.14) T k+3 e V= k43 ’

holds for sufficiently large r;,. From

(2.15) O(logrp +10g T(rn, f)) = o(T(rn, f)),
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we obtain that

(2.16) O(logry, +1log T (rp, f)) < %_F?)T(rn,f)

also holds for sufficiently large r,. Thus, by (2.7), (2.14), (2.16), we have

— 1
(2.17) T(rn, f) <k(k+3) N <Tn, ?) .
It yields Ap(f) = Ap(f) = pp(f) = +o0. O
Lemma 2.4 ([1]). Let Ag, A1,...,Ar_1, F # 0 be finite iterated p-order mero-
morphic functions. If f is a meromorphic solution with pp(f) = oo and

pp+1(f) = p < 400 of equation (2.1), then A\p(f) = pp(f) = +00 and Apy1(f) =
pp+1(f) = p.

Lemma 2.5. Suppose that A1(z), Ao(z) (# 0), F' are meromorphic functions
of finite iterated p-order. Let do(z), d1(z), b(z) be meromorphic functions such
that at least one of dy(z), di(z) does not vanish identically with py(d;) < oo
(4 = 0,1), pp(b) < oo and that h # 0, where h is defined in (1.11). If f is an
infinite iterated p-order meromorphic solution of (1.6) with pp+1(f) = p < 400,
then the differential polynomial

(2.18) gp =dif +dof +b
satisfies
(2.19) pp(gr) = pp(f) =00, ppy1(gr) = pp+1(f) = p.

PROOF: Suppose that f is a meromorphic solution of equation (1.6) with p,(f) =
+o00 and pp11(f) = p < +00. First we suppose that di # 0. Differentiating both

sides of equation (2.18) and replacing f* with f* = F — A1 f — Agf, we obtain
(2.20) gp—b —diF = (dy +do — dy A1) f + (dy — d1Ao) .

Then by (1.10), (2.18) and (2.20), we have

(2.21) dif +dof = g5 —b,
(2.22) Ozlfl +apf = g;c —y - diF.
Set

(2.23) h=diag —doay = dl(d6 —d1Ap) — do(dll +do — d1Ay).
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By h # 0 and (2.21)—(2.23), we obtain

di(gy —b —diF) — a1(gs —b)

(2.24) f= - .

If pp(gr) < oo, then by (2.24) and Lemma 2.1, we get pp(f) < oo and this is a
contradiction. Hence pp(gy) = oc.

Finally, if d; = 0, dg # 0, then we have g = dof + b and by pp(dp) < oo,
pp(b) < oo, we get pp(gy) = oo.

Now, we prove that p,11(9f) = ppt1(f) = p. By (2.18), Lemma 2.1 and
Lemma 2.2, we get ppi1(9f) < pp+1(f) and by (2.24) we have ppi1(f) <
pp+1(gf)- This yield ppi1(gr) = pp+1(f) = p- O
Remark 2.1. In Lemma 2.5, if we do not have the condition h # 0, then the
differential polynomial can be of finite iterated p-order. For example, if dE) —
d1Ag = 0 and d/1 +dg — d1A1 =0, then h =0 and g} - - di1F = 0. It follows

that pp(gy) = pplgy) < +00.

Lemma 2.6 ([3]). Let Ag(2),...,Ax_1(2) be meromorphic functions such that
(2.25) i(Ag) =p (1 <p<oo),max{pp(4;):j=12,...,k—1} < pp(Ag) =p

and

(2.26) max{/\ (Ai) :ij,l,...,k—1}<p(A0).

J

Then every meromorphic solution f(z) # 0 whose poles are of uniformly bounded
multiplicity of equation (1.18) satisfies i(f) = p+ 1 and pp+1(f) = pp(Ao) = p-

3. Proof of Theorem 1.1

Suppose that f is a meromorphic solution of equation (1.6) with pp(f) = oo
and pp11(f) = p < +o0. Set w(z) = dif +dof +b— . Since pp(p) < oo, then
by Lemma 2.5 we have py(w) = pp(gy) = pp(F) = o and pp41(w) — ppr1(95) =
pp+1(f) = p. In order to prove A\p(gy — @) = oo and A\pt1(gf — ¢) = p, we need
to prove only \p(w) = co and Ap11(w) = p. By gy = w + ¢, we get from (2.24)
Feo dlw,

— 1w
——

where a1, h, 1 are defined in (1.10)—(1.12). Substituting (3.1) into equation (1.6),
we obtain

(3.1)

d]_ " 1" !
—w + Pow + Q1w + Qow
32) ; ¢ Prw + ¢

=F — (¥ +A1(2)¢ + Ao(2)) = 4,
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where ¢; (j = 0,1,2) are meromorphic functions with p,(¢;) < co (j = 0,1,2).
Since ¥(z) is not a solution of (1.6), it follows that A # 0. Then by Lemma 2.3
and Lemma 2.4, we obtain Ap(w) = pp(w) = 00, Apt1(w) = ppr1(w) = p, ie.,
Mp(g5 = #) = pplgy) = pp(f) = oo and Ap11(g5 — ) = ppt1(95) = pp+1(f) = p-

4. Proof of Theorem 1.2

By the hypotheses of Theorem 1.2 all meromorphic solutions of equation (1.6)
are of infinite iterated p-order. From (1.12), we see that ¢ (z) is a meromor-
phic function of finite iterated p-order, hence (z) is not a solution of (1.6). By
Theorem 1.1, we obtain Theorem 1.2.

5. Proof of Theorem 1.3

Suppose that f is a meromorphic solution of equation (1.15) with p,(f) = oo
and ppr1(f) = p < 4+o00. Set w = f — ¢. Then by py(p) < oo, we have

pp(w) = pp(f = @) = pp(f) = 00 and ppi1(w) = pp41(f — @) = pp1(f) = p.
Substituting f = w + ¢ into equation (1.15), we obtain

(4.1) w® 4 A w4 A + Agw
=F — (g™ + 410D 4 Ay + Agp) = W

Since ¢ is not a solution of equation (1.15), we have W # 0. By Lemma 2.3
and Lemma 2.4, we get A\p(w) = pp(w) = oo and A\pt1(w) = ppy1(w) = p, ie.,
Ap(f =) = pp(f) = 00 and Ap11(f — ) = pp1(f) = p-

6. Proof of Corollary 1.3

Suppose that f(z) # 0 is a meromorphic solution whose poles are of uniformly
bounded multiplicity of equation (1.18). Then by Lemma 2.6, we have p,(f) = oo
and pp+1(f) = pp(Ao) = p. By using Theorem 1.3, we obtain Corollary 1.3.
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