Commentationes Mathematicae Universitatis Carolinae

Ofelia Teresa Alas; Vladimir Vladimirovich Tkachuk; Richard Gordon Wilson
Addition theorems, D-spaces and dually discrete spaces

Commentationes Mathematicae Universitatis Carolinae, Vol. 50 (2009), No. 1, 113--124

Persistent URL: http://dml.cz/dmlcz/133419

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 2009

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/133419
http://project.dml.cz

Comment.Math.Univ.Carolin. 50,1 (2009)113-124

Addition theorems, D-spaces and dually discrete spaces

OreLIA T. ALAS, VLADIMIR V. TKACHUK, RICHARD G. WILSON

Abstract. A neighbourhood assignment in a space X is a family O = {O; : x € X} of
open subsets of X such that x € Oy for any x € X. A set Y C X is a kernel of O if
OY) =U{Oqs : z € Y} = X. If every neighbourhood assignment in X has a closed and
discrete (respectively, discrete) kernel, then X is said to be a D-space (respectively a
dually discrete space). In this paper we show among other things that every GO-space is
dually discrete, every subparacompact scattered space and every continuous image of a
Lindel6f P-space is a D-space and we prove an addition theorem for metalindel6f spaces
which answers a question of Arhangel’skii and Buzyakova.

Keywords: neighbourhood assignment, D-space, dually discrete space, discrete kernel,
scattered space, paracompactness, GO-space

Classification: Primary 54D20; Secondary 54G99

1. Introduction

A neighbourhood assignment in a space X is a family O = {O, : € X} of
open subsets of X such that x € Oy for any z € X. A set Y C X is a kernel of
OUHOY)=U{Oz:2 €Y} =X.

For any class (or property) P we define a dual class P? which consists of spaces
X such that, for any neighbourhood assignment O in the space X there exists a
subspace Y C X such that O(Y) = X and Y € P; the spaces from P¢ are called
dually P. Thus a space is dually discrete if every neighbourhood assignment in
X has a discrete kernel and is a D-space if it has a closed and discrete kernel. It
is an immediate consequence of the definition, that if X is dually discrete, then
L(X) < s(X) (where L(X) is the Lindelof number of X and s(X) is the spread
of X; definitions can be found in [12]).

The concept of a D-space was introduced in [9] and has attracted a great deal
of attention recently (see for example [4], [5] and [11]). Possibly the first mention
of dually discrete spaces can be found in [16] and their study was continued in
[3] and [7] and most recently [1]. On consulting these papers it is immediately
obvious that the class of dually discrete spaces is “very large” — in some sense
it is difficult to construct spaces which are not dually discrete. However, in [7],
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examples of (Hausdorff, some even Tychonofl) spaces which are not dually discrete
were constructed in ZFC but all the known examples depend on the existence of
spaces X in which hd(X) < hL(X) (where hd(X) denotes the hereditary density
of X and hL(X) the hereditary Lindelof number of X).

All spaces are assumed to be 77 and all undefined notation and terminology is
taken from [12].

2. Addition theorems

In this section we consider the conditions under which the properties of being
a D-space, being dually discrete and being metalindel6f are preserved under finite
unions. The main result of this section (Theorem 2.11) answers a question posed
in [5].

Theorem 2.1. If (X, 7) is a Ty-space and F' C X is the union of a o-locally finite
family of closed (in X') D-subspaces (respectively, dually discrete subspaces), then
(F,7|F) is a D-space (respectively, a dually discrete space).

PROOF: We prove the theorem for D-subspaces, the proof for dually discrete
subspaces is virtually identical. So, assume that F' = |J{UF» : n € w}, where
each Fy, is a locally finite family of closed (in X), D-subspaces (in the relative
topology) and O = {O : « € F'} is a neighbourhood assignment in F. Note first
that for each n € w, Cy, = |J Fr, is a D-space since for each C' € F,, we can choose
a closed and discrete set Do C C such that O(D¢g) 2 C. It is immediate that
\U{D¢ : C € Fpn} is a closed discrete kernel of O.

To complete the proof it is clearly sufficient to prove that a countable union
of closed D-subspaces is a D-space. To this end, suppose that F' = (J{C), :
n € w}, where each set Cy, is a closed D-subspace of X and {Oz : € F} is a
neighbourhood assignment in F'; then since Cy is a D-space, it follows that there
is some closed and discrete set Dy C Cy such that |J{Oz : € Do} 2 Cp.

Having chosen closed discrete sets {Dg, D1,..., Dnp—1} so that

Dkng\U{Oz:IEU{Dj:0§j<k}}§U{O;p:x€Dk}

for each k < n — 1, it follows that C, \ J{Oz :x € U{D; : 0<j<n—1}}isa
closed subset of Cy, and hence is a D-space. Thus we can choose a closed discrete
subset D,, C X such that

DngCn\U{Ox::CEU{Dj:0§j<n}}§U{0x:x€Dn}.

Let D = |J{Dy : k € w}; it is clear that | J{Oz : * € D} D F and we claim that
D is closed and discrete in F'. To see this, suppose that z € F and let m € w be the
minimal integer such that z € O(Dy,). Clearly z ¢ cl(U{Dr : 1 < k <m —1}),
and since z € O(Dyy,) and O(Dy,) N Dy, = B for each k > m, it follows from the
fact that Dy, is closed and discrete that z is not an accumulation point of D. [
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Corollary 2.2. If F is an Fy-set in a D-space (respectively, a dually discrete
space) (X, 7), then (F,7|F) is a D-space (respectively, a dually discrete space).

Corollary 2.3. The product of a o-compact space and a dually discrete space is
dually discrete.

PROOF: It is an immediate consequence of Theorem 2.7 of [7] that the product of
a compact T1-space and a dually discrete T7-space is dually discrete. The result
now follows from Theorem 2.1. O

Theorem 2.4. If a space X is the union of two dually discrete subspaces Y and
Z where Z is closed in X, then X is dually discrete.

PrROOF: Let O = {Oz : ¢ € X} be a neighbourhood assignment in X. Then
Oy ={0,NZ :x € Z} is a neighbourhood assignment in Z and hence has a
discrete kernel, Dy. Now W =Y \ | J{Oz : x € Dz} is a closed subspace of the
dually discrete space Y and hence is dually discrete. Thus the neighbourhood
assignment in W, Oy = {O; NW : 2 € W} has a discrete kernel Dy, say and it
is straightforward to check that Dy U Dy is a discrete kernel of O. O

Corollary 2.5. If a space X is the finite union of dually discrete spaces
{Z1,...,Zn} where, for each 1 < j < n — 1, the subspace Z; is closed, then X is
dually discrete.

We say that a topological space is adequate if every closed subspace with count-
able extent is Lindeldf. It is easy to see that a D-space is adequate.

Theorem 2.6. Let X =Y U Z be a space of countable extent. If Y is adequate
and Z is a D-space, then X is linearly Lindelof.

PROOF: Suppose to the contrary that X is not linearly Lindel6f; then there is some
strictly increasing open cover {U, : a € k} of uncountable regular cardinality
which has no countable subcover. Define f: X — k by f(z) = min{a € x: z €
Uy} and a neighbourhood assignment O by O, = U F(z)

Since Z is a D-space, there is some closed (in Z) discrete set D C Z such that

| J{Oz:2eD} 22

Now F' = clx(D)\D is a (possibly empty) closed subset of X which is contained
in Y. It follows that F' has countable extent and since X is adequate, F' is
Lindel6f. Thus there is a countable set S C X such that F C (J{O, : x € S};
now D\ U{Oz : © € S} is closed and discrete in X, hence is countable, and
so there is a countable set T C X such that clx(D) C |J{O; : t € T}. Let
v=sup{f(t) : t € T} < k and z € Z; then there is d € D such that z € Oy and
t € T such that d € O¢. Hence f(d) < f(t) < v and z € Uy(g).

The set X \ Uy is closed in X, is contained in Y and has countable extent, so
again, since Y is adequate, X \U, is Lindel6f; thus there is a countable @ C X such
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that X \ Uy C U{Oq : ¢ € Q}. Let 6 =sup{f(q): ¢ € Q} and n = max{~,d} + 1.
Since ~ has uncountable cofinality, we have n < k, but X = (J{Us : o < n} C Uy,
a contradiction. 0

Recall that a space X is metalindeldf if every open cover of X has a point-
countable open refinement.

The following lemma and its corollaries, each having easy proofs, are part of
the folklore.

Lemma 2.7. For each open cover U of a topological space X, there is a closed
discrete set D C X such that | J{St(d,U) :d € D} = X.

Corollary 2.8. If X is a metalindelof space then L(X) = e(X).

Corollary 2.9. A metalindeléf space of countable extent is Lindeldf, hence lin-
early Lindeldf.

Recall that a cover V = {V,, : a € I} is a shrinking of a coverd = {Uy : v € I}
if Vo CUq for all « € I (Vg = 0 is not excluded).

In [14], Gruenhage proved that if a space X has countable extent and is a
finite union of D-spaces, then it is linearly Lindelof. Below we prove a analogous
theorem, involving a finite union of metalindel6f subspaces, which allows us to
answer a question of Arhangel’skii and Buzyakova. First we need a simple lemma.

Lemma 2.10. If an open cover of a space X has a point-countable open refine-
ment, then it has a point-countable open shrinking.

PROOF: Let U = {Uy : « € I} be an open cover of X and C a point-countable
open refinement of U. For each C € C, choose a(C) € I so that C' C Uy(c) and
define

Wa =|J{CeC:a(C) =a}.

Clearly Wy, C Uy, for each o € I and | J{Wq : o € I} = X; hence to complete
the proof we must show that W = {W,, : @ € I} is a point-countable family. To
this end, we fix x € X and enumerate the countable set {C' € C : z € C} as
{Cn :n € w}. It is then clear that x € Wy if and only if 8 € {a(Cy) : n € w},
which completes the proof. ([

Theorem 2.11. If a space X of countable extent is the finite union of metalin-
delof spaces, then it is linearly Lindel6f.

PROOF: Suppose that X is a space of countable extent which is a finite union
of metalindel6f subspaces. The proof is by induction on the number n of such
subspaces. It follows from Corollary 2.9 that the theorem is true if n = 1. So
suppose that the theorem is true for any union of n metalindel6f subspaces and
assume that X = [J{X} : 1 < k < n+1} where each subspace X}, is metalindelsf.
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We suppose to the contrary that X is not linearly Lindelof; then there is some
uncountable regular cardinal k and a strictly increasing open cover Y = {Uy, : o <
x} which has no countable subcover. Without loss of generality we may assume
that the open cover V = {UayN X411 : @ € £} of Xp41 has no countable subcover.
Since X, 41 is metalindelof, it follows from Lemma 2.10 that the open cover V
of X,4+1 has a point-countable open (in X,41) shrinking {W, : o < k}. For
each o € k we may then find open sets Y, in X such that Y, N X411 = Wy and
Yo CUq;let Y = J{Ya: @ € k}. Then Y is an open subset of X which contains
Xpy1andso X\ Y = [J{Xp\Y :1 <k <n}is a closed subspace of a space of
countable extent which is the union of at most n metalindel6f subspaces and hence
by the induction hypothesis it is linearly Lindel6f. Now {Uy N (X \Y) : a € K} is
a strictly increasing open cover of X \ Y and since & is regular and uncountable,
for some A <k, Uy D X \Y.

We now consider the open cover F = {Uy}U{Yq : @ € k} of X. Fix 29 € Xp41;
since each point of X, 1 is contained in at most countably many sets Y, V has no
countable subcover and Y,, C U, for each a € &, it follows that St(zo, F) 2 Xn11
and we may find z; € Xy 41 \ St(zo, F). Now suppose for some a < wy < £ and
for each 3 < a we have chosen 25 € X1\ U{St(z,,F) : v < 3}, then since
{F € F: 2y € Fforsome~y < a} is countable, it follows that X, 1\(J{St(z~, F) :
v < a} # 0 and we may choose zo € Xpi41 \ U{St(z,,F) : v < a}. Thus
we construct a closed (in X,y1) discrete subset D = {x4 : @ € w1} of X411
with the property that no countable subcollection of F covers D. Since X has
countable extent, D cannot be closed in X and so the set clx (D) \ D is a closed
non-empty subspace of [J{Xj : 1 < k < n} which by the induction hypothesis
must be linearly Lindel6f. Thus there is a countable subset G C F such that
clx(D)\D C|JG =U. Now D\U is a closed and discrete subset of X and hence
is countable. But then, D C clx (D) is contained in a countable subcollection
of F, which is a contradiction; thus X is linearly Lindelof. O

The next result gives a positive answer to Question 21 of [5].

Corollary 2.12. If X has countable extent and is the union of finitely many
paracompact subspaces, then X is linearly Lindel6f.

PROOF: A paracompact space is metalindelof. O

3. Scattered spaces

Recall that a T1-space is scattered if every non-empty subspace has an isolated
point. Given a scattered T7-space X, for each ordinal number ~y, the ~-th derived
set of X, Xy, is defined recursively as follows: Xo = X, X1 is the derived set
of X, and if v is limit then Xy = ({Xj3 : 8 < v}. The minimal ordinal x such
that X, = 0 is called the Cantor-Bendizson height of X (or more simply in the
sequel, the height of X) and will be denoted by ht(X). The family of subspaces
{Xy :v <ht(X)} is called the Cantor-Bendizson decomposition of X.
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It is known from [9] that every left-separated T}-space is a D-space. Since every
scattered space of finite height is left-separated, the following result is immediate
(and a direct proof is an easy exercise).

Theorem 3.1. Each scattered space of finite height is a D-space.

Corollary 3.2. The product of a dually discrete space and a scattered space of
finite height is dually discrete.

PROOF: Suppose that Y is dually discrete and X is a scattered space of height
m € w. If m =1, then X X Y is the topological union of dually discrete spaces
and hence is dually discrete. The proof proceeds by induction on the height m
of X. If the result is true for each scattered space X of height m — 1, then we
write X = (X \ X1) U X;. The set X \ X7 is discrete and X is a scattered space
of height m — 1. Thus X x Y is the union of two dually discrete subspaces, one
of which, X7, is closed, and the result follows from Theorem 2.4. O

As is well-known, the space w; with its order topology is not a D-space and so
not every scattered T-space is a D-space. Our next result gives a large class of
scattered spaces which are D-spaces.

Recall that a space is subparacompact if every open cover has a closed o-discrete
refinement (we do not assume any separation axiom stronger than 77). It is well
known that every paracompact Hausdorff space is subparacompact.

Theorem 3.3. A subparacompact scattered space is a D-space.

PROOF: Assume that X is a non-empty subparacompact scattered space; if
ht(X) = 1, then X being discrete, is a D-space. Proceeding inductively as-
sume that « is an ordinal and that any subparacompact space Y with ht(Y) < «
is a D-space. Now suppose that a space X has height o and let {Xg : 8 < a}
be the Cantor-Bendixson decomposition of X. Take an arbitrary neighbourhood
assignment O = {O : € X} in the space X.

If o is a successor then a = 8+ 1 and Xj is a closed discrete subspace of X;
let U = O(Xg). The set F' = X \ U is closed in X and it follows from F'N X3 = ()
that ht(F) < « and hence F is a D-space by the induction hypothesis. Choose a
closed discrete set D C F' such that O(D) D F. It is evident that D U Xg is a
closed discrete kernel of O so X is a D-space.

Next assume that a is a limit ordinal and hence (\{X3 : 8 < a} = 0. For
any point x € X there exists < « such that x ¢ Xg; we can find an open
neighbourhood Uy of the point z such that U, N X3 = () and hence the height
of the space U, is strictly less than «. Since X is subparacompact, there exists
a o-discrete closed refinement of the cover {Uy : © € X} which we denote by
K =U{Kp : n € w}, where for each n € w, Ky, is a discrete family of closed sets.
It is clear that for each n € w and each K € ), the height of the subspace K is
strictly less than « so the induction hypothesis implies that K is a D-space. It
remains only to apply Theorem 2.1 to conclude that X is a D-space. O
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Corollary 3.4. Each regular Lindel6f scattered space is a D-space.

Recall that F. Galvin [14] and R. Telgarsky [17] introduced the point-open game
PO in which at the n-th move the first player I picks a point x,, € X while the
second player II replies by choosing an open set U,, C X with z,, € Uy. The game
is finished after w moves and I is deemed to be the winner if | J{Uy, : n € w} = X
otherwise player II wins the game {(xn,Uy) : n € w}. A space X is called I-
favorable (I-favorable) for the point-open game if the first (second) player has a
winning strategy on X.

It is easy to see that any space which fails to be Lindelof, is II-favorable for the
point-open game. Therefore every space which is not II-favorable (in particular
each I-favorable space) is Lindel6f.

The class of (regular) spaces which are I-favorable or II-favorable for the point-
open game has received a lot of attention recently. Telgdrsky proved in [17] that
a regular Lindelof scattered space is I-favorable for the point-open game and it is
easy to see that not every I-favorable space is scattered. Therefore the following
result is stronger than Corollary 3.4.

Theorem 3.5. If a regular space X is not Il-favorable for the point-open game
then X is a D-space. In particular, any I-favorable space is a D-space.

PROOF: Given a neighbourhood assignment O = {O, : © € X} in the space X
define a strategy o of the second player as follows: if g is the first move of I then
let Uy = o(xg) = Ogy. Assume that n € w and moves xg, Uy, ... ,zn, Uy have
been made in the point-open game on X. If I selects zp41 for his move (n + 1)
then let o(zq,... ,Zn,Zn+1) =UgU...UUy if 241 € UgU...UUp; if not, then
let o(zo,...,%n, Tpt1) = Ozpyy -

By our assumption the strategy o is not winning for the second player so there
is a play {x;,U; : i € w} on the space X in which IT applies the strategy o and
loses, that is, J,,c,,Un = X. Let A = {n € w: xp11 € UpU...U Uy} and
enumerate the set w\ A as {n; : i < a} for some ordinal o < w in such a way
that ¢+ < j implies n; < n;. It takes a trivial induction to see that U,, = Owni
and T, ; ¢ Og,, U...U Oy, forany i < a while ¢, Un = Uy, Oz, = X.
It is immediate that D = {zp, : { < a} is a closed discrete kernel of O so X is a
D-space as promised. O

Corollary 3.6. Every continuous image of a regular Lindel6f P-space is a D-
space.

PRrOOF: It is well-known (and easy to prove) that the property of not being II-
favorable for the first player in the point-open game is preserved by continuous
images. Since each Lindel6f P-space is not II-favorable for the point-open game
(see Theorem 6.10 of [18]), Theorem 3.5 applies. O
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Corollary 3.7. Every continuous image of a regular Lindeldf scattered space is
a D-space.

ProoF: If X is a Lindel6f scattered space then let Y be the set X with the
topology generated by all Gg-subsets of X. It is clear that X is a continuous
image of Y and Y is a P-space. By Proposition 1 of [19], the space Y is also
Lindelof!, and so every continuous image of X is a continuous image of a Lindelof
P-space; Corollary 3.6 now completes the proof. O

Question 3.8. Is every metacompact scattered Hausdorff space dually discrete
(or even a D-space)?

Recall that a submazimal space (respectively, nodec space) is a dense-in-itself
space in which every dense set is open (respectively, every nowhere dense set is
closed); again we assume no separation axiom beyond Tj. Clearly a submaxi-
mal space is nodec. From Corollary 3.4 of [2], under V = L, every submaximal
Hausdorff space is strongly o-discrete and hence from Theorem 2.1 every Haus-

dorff submaximal space is dually discrete. In fact an even stronger result is true
in ZFC.

Theorem 3.9. Every nodec space is a D-space.

PROOF: Suppose that X is a nodec space and O = {O, : € X} is a neighbour-
hood assignment in X. It was proved in Proposition 2.1 of [7] that every space
is dually scattered so we can find a scattered kernel F' C X for the assignment
O. However, every scattered subspace of a dense-in-itself space is nowhere dense.
Since X is nodec, F' is a closed and discrete kernel of O. O

The space I of [10] is a locally compact, scattered Hausdorff space of height
w, which is not a D-space and so we are led to ask:

Question 3.10. Is T" dually discrete? More generally, is every scattered Haus-
dorff space (or even T1-space) of countable height, dually discrete?

A related result is the following;:

Theorem 3.11. A countably compact, scattered Ty-space of countable height is
compact.

We omit the simple proof which is by induction on the scattering height.

4. Dual discreteness of generalized ordered spaces

Let (X, 7,<) be a GO-space and C' its Dedekind compactification, that is to
say, the minimal ordered compactification of X. By the term left pseudogap of X,

1The referee has pointed out to us that this result was known to Paul R. Meyer in 1966, but
was apparently never published.
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we mean a pair (A, B) of open subsets of X such that a < b for all a € A and
be B, AUB = X and A has no maximum element. A right pseudogap is defined
analogously. The pair (4, B) is called a gap of X if it is both a right and a left
pseudogap. If (0, X) (respectively, (X,0)) is a gap then it is called the left end
gap (respectively, right end gap) of X.

Recall that a left pseudogap (A, B) of X is a left Q-pseudogap if for some
regular cardinal x there is a strictly increasing transfinite sequence {dy : @ < K}
in A which is closed and discrete as a subspace of X and cofinal in A, that is
to say, supg(A) = supc (D). Right Q-pseudogaps are defined analogously. For
simplicity, we say that a left (respectively, right) pseudogap which is not a left
Q-pseudogap (respectively, not a right Q-pseudogap) is a left (respectively, right)
N-pseudogap.

We define an ordered compactification K of X as follows: For each non-end
gap (A, B) of X, add two points a*,b* such that a < a* < b* <bforalla € A
and b € B and for each left pseudogap (A, B) which is not a gap (respectively,
right pseudogap (C, D) which is not a gap) add a point py (respectively, pp)
such that a < pg < b for all a € A and b € B (such that ¢ < pp < d for
all c € C and d € D). Also add a minimal point m if X has a left end gap
and a maximal point M if X has a right end gap. In the sequel, we identify
the points m, M, a*,b*,pa,pp € K with the left and/or right pseudogaps of X.
In [15], Lutzer showed that a GO-space is paracompact if and only if each of its
pseudogaps is a Q-pseudogap.

We denote the set of left (respectively, right) @-pseudogaps of X (considered
as subsets of K) by Lg (respectively Rg) and the set of left (respectively, right)
N-pseudogaps by Ly (respectively Ry ).

It was shown in [8] that a GO-space is a D-space if and only if it is paracompact
and in [7] that a GO-space of countable extent is dually discrete. It turns out
that the requirement of countable extent can be omitted; the following theorem
answers Problems 4.1 and 4.2 from [7].

Theorem 4.1. Each GO-space is dually discrete.

PROOF: Suppose that X is a GO-space and K is the ordered compactification
of X as defined in the preceding paragraphs. We consider the subspace Y C K
defined by Y = X U Ly U Ry. We first show that every pseudogap of Y is
a @-pseudogap and hence by Theorem E of [15], Y is paracompact. To this
end, suppose that p € K \ Y is a pseudogap of Y and hence is a Q-pseudogap
of X; we assume without loss of generality that p is a left Q-pseudogap of X.
Then for some regular cardinal x, there is a closed (in X) and discrete, strictly
increasing transfinite sequence D = {dy : @ < Kk} C («,p)x N X, such that
p = supg (D). Since D is closed in X, it follows that for each limit ordinal \ < &,
gy =supg{da : @ < A} ¢ X and hence is a pseudogap of X; furthermore, ¢ is a
Q@-pseudogap of X since {d, : @ < A} is a strictly increasing transfinite sequence
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which is closed and discrete in X and hence ¢y = supg{ds : @ < A} € K\Y. Thus
{do : @ < Kk} is also closed and discrete in Y, showing that p is a Q-pseudogap
of Y, completing the proof that Y is paracompact.

Let O = {Og : © € X} be an arbitrary neighbourhood assignment in X where,
without loss of generality, we assume that each set O, is convex. We will extend
the family O to a neighbourhood assignment in Y. To this end, suppose that
y € Y\ X; the point y corresponds to an N-pseudogap of X and again without loss
of generality we assume that y is a left N-pseudogap and hence y ¢ cli ((y, —) k).

We claim that there is a point ay € («,y)x and a discrete cofinal subset
Dy C («,y)x such that (ay,z] C O, for all z € Dy. For if to the contrary, no
such ay and Dy exist then, since each member of O is convex, for any x € («—,y)x
there is a point b € (z,y)x such that (z,z) € O, (that is O, C (z,—)) for each
z € (b7 y)X

Now, since y is a left N-pseudogap of X, x(y, («—,y)x U{y})) > w and hence
no countable set is cofinal in («,y) x; thus for some cardinal x we can construct
recursively a strictly increasing transfinite sequence B = {by : a < K} C («—,¥y)x
such that O, C (ba, —)x for each a < & for any 2z € (bg,y) x. Now since y is a
left N-pseudogap of X, there is no strictly increasing, transfinite sequence which
is closed and discrete subset of («—, y) g N X whose supremum in K is y. Thus the
set B must have a cofinal set of cluster points B? in (—y)gNX. Nowifz € B,
then since B is a strictly increasing sequence, z € cly(—,z)x and hence there
are o < 3 < k such that {ba,bg} € O,. However, by the recursive hypothesis,
Oy C (ba, —)x, which is a contradiction.

Analogously, if the point y is a right N-pseudogap, then we can choose a
discrete subspace E, C (y,—)x and by € (y, —)x such that y is the infimum of
Ey and [z,by) C O for each x € E,,.

The proof now proceeds exactly as in Theorem 2.23 of [7] using the fact that
Y is paracompact and hence is a D-space (see [8]). O

5. Open problems

The problem of whether the union of two D-spaces is a D-space has been posed
previously. Neither is it known whether the union of two dually discrete spaces
is dually discrete. (If one of the subspaces is closed, then a positive answer is
provided by Theorem 2.4.)

Problem 5.1. Suppose that X = XoU X1 and X is dually discrete for i =0, 1.
Must X be dually discrete? What happens if both sets Xg and X are dense
in X7

If X is a Lindelof P-space then any countable subset of X is closed and dis-
crete; this clearly implies that X is a D-space. The following problems involving
continuous images of Lindel6f spaces show how little is known of this topic and
point to possible future lines of research.
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Problem 5.2. Is any continuous image of a Lindeloéf GO-space, dually discrete?
Must it be a D-space?

Problem 5.3. Is any continuous image of a Lindel6f LOTS, dually discrete?
Must it be a D-space?

Problem 5.4. Suppose that X is a Lindeléf space such that every second count-
able continuous image of X is countable. Must X be dually discrete? Must it be
a D-space?

Problem 5.5. Is it true that every Lindel6f space is a continuous image of a
Lindelof GO-space?

Problem 5.6. Is it true that every Lindelof space is a continuous image of a
Lindel6f LOTS?

Problem 5.7. Is it true that every compact space is a continuous image of a
Lindelof GO-space?
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