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Abstract

The multivariate linear model, in which the matrix of the first or-
der parameters is divided into two matrices: to the matrix of the useful
parameters and to the matrix of the nuisance parameters, is considered.
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1 Introduction

There are two approaches in the problem of nuisance parameters in the linear
models of various structures.

The first one respects the structure of the model and seeks to find classes
of linear functionals of useful (main) parameters such that their estimators al-
low the nuisance parameters to be neglected; the estimators computed under
disregarding nuisance parameters remain to be unbiased and efficient. The
variance of the estimator belonging to the abovementioned class could behave
analogously. The determination of the class having such attributes is of a great
importance in practice because the number of nuisance parameters in real situ-
ations can be greater than the number of useful parameters.
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58 Pavla KUNDEROVA

The second approach solves the problem of nuisance parameters by their
elimination by a transformation of the observation vector provided this trans-
formation is not allowed to cause a loss of information on the useful parameters
(see [7]).

The aim of this paper is to apply the first approach to one of the multivariate
models.

2 Notations and auxiliary statements

Let R™ denote the space of all n-dimensional real vectors, let u, and A, ,, denote
a real column p-dimensional vector and a real m x n matrix, respectively. The
symbols A’, AU _#(A), #(A),r(A), Tr(A) will denote transpose, j-th column,
range, null space, rank and trace of the matrix A, respectively. Further vec(A)
will denote the column vector ((A™M) ... (A created by the columns of
the matrix A. The symbol A ® B will denote the Kronecker (tensor) product
of the matrices A,B; A~ will denote an arbitrary generalized inverse of A
(satisfying AA~A = A), A" will denote a Moore-Penrose generalized inverse
of the matrix A (satisfying AATA = A, ATAAT = AT, (AA1) = AAT,
(ATA) = ATA). Moreover P4 and M4 = I — P, will stand for the ortogonal
projector onto .Z(A) and .#"*(A) = N(A’), respectively. The symbol I denotes
the identity matrix, Oy, , the m x n null matrix, o the null element. We write

AiB — B — Aisp.s.d.

If #(A) C.#(V),V p.s.d., then the symbol P, denotes the projector on
the subspace .Z(A) in the V-seminorm given by the matrix V,

x|y =Vx'Vx; My =I-Pj=I-A(A'VA)"A'V.

Let N,, ,, is p.d. (p.s.d.) matrix and A,, ,, an arbitrary matrix, then the symbol
A;n( N) denotes the matrix satisfying

AA, A=A and NA, A=[NA_ Al

(A;l( Y is a solution of the consistent system Ax = y whose N-seminorm is
minimal, see [4], p.151). A:n( ~) is called a minimum N-seminorm g-inverse of

the matrix A. Let sz;l(N) be a class of all matrices AT_n(N).
Assertion 1 (see [1], Lemma 10.1.18)
MA) C MN) = N A(AN"A)" e\,

otherwise
(N+A'A)"AAN+AA) A" e .
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Assertion 2 (see [1], Lemma 10.1.35) Let S be any n x k matrix and N an
n X n p.s.d. matrix.

1. If N is p.d., then (MgNMg)t = N"' - N7!S(S'N~!S)-S'N~'.
2. If N is not p.d., however .#(S) C .#(N), then

(MgNM;g)* = N* - N*S(S'N~S)"S'N*.
3. In general case
(MsNMg)t = (N+SS)T —(N+SS")"S[S'(N+SS’)~S]"S'(N+SS')*.
4. (MgNMg)* = (MsNMg)"Mg = Mg(MsNMg)*
— Mg(MgNMg)+Ms.
Assertion 3 (see [2], Lemma 7, p. 65)
M (B)C #(A) < AA B =B,
MB')C #MA') < BA A=B.
Assertion 4 (see [2], Lemma 8, p. 65)
AB™ C is invariant to the choice of the g-inverse B~
< M (A") C .#(B') and .#(C) C .#(B).
Assertion 5 If N is p.s.d. and A such matrices that .#(A) C .#(IN), then
MA) = MA'N"A).
Proof A'NTA is invariant to the choice of g-inverse. As .Z(A'N”A) C
M(A"), it is sufficient to prove, that r(A’'NTA) = 7(A’). Let NT = JJ', then
r(A’'NTA) = 7(A’J). There exists a matrix F such that A = NF. Thus
r(A") = r(F'N) = r(FFNNTN) = 7(A'NTN) < »(A'NT) < r(A'J) < r(A").
O

3 Singular multivariate linear regression model

Let
Y =X1B1Z;, + X2By2Z;5 + ¢, (1)

be a multivariate linear model under consideration.
Here Y is an n X m observation matrix, X; of the type n x k, Z; of the type
r x m, Xo of the type n x I, Zy of the type s X m are known nonzero matrices.
B; of the type k x r and By of the type | x s are matrices of unknown
nonrandom parameters and € of the type n x m is a random matrix.
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Let us consider the situation, where B, is a matrix of useful parameters
which (or their functions) have to be estimated from the observation matrix
and Bs is a matrix of nuisance parameters.

As it was already said the purpose of this paper is to characterize the class
of all linear functions of the useful parameters vec(B) which are unbiasedly
estimable under the model with nuisance parameters and under the model,
where the nuisance parameters are neglected and estimators of which have the
same variance in both models mentioned.

A parametric function p’vec(B;) is said to be unbiasedly estimable un-
der the model (1) if there exists an estimator f'vec(Y),f € R™", such that
E[f'vec(Y)] = p'vec(B1), Yvec(B1), Yvec(Ba).

Lemma 1 The model (1) can be equivalently written in the form

veel¥) = 24 9 X423 0 Xl (1B ) +vecte).

Proof The assertion is a consequence of
vec(ABC) = (C' @ A)vec(B),
valid for all matrices of corresponding types. O

Suppose that the observation vector vec(Y) has the mean value

E(vee(Y)) = [Z; © X1, 2} © X (ZZ§§§;§ ) ,

and that the columns of the observation matrix Y satisfy
cov(Y(i),Y(j)) =0, Vi #j, var[Y(j)] =3 Vj=1,...,m,
where X is at least positive semidefinite known matrix. Thus
varfvec(Y)] = Lym @ Xy -

We consider the linear model

vee(Y), (2! @ X1, Zh © Xo) (222%;) 10 2], 2)

with nuisance parameters (great model) and the linear model
[vec(Y), (Z} @ X;)vec(B1),I® X, (3)

where nuisance parameters are neglected (small model).
The paper [5] deals with following assumption

MLy 0X1,Z5 2 Xo) C MIR ). (4)

Here the general situation will be considered.
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Notation 2 Let &, and & denote the sets of all linear functions of vec(By)
which are unbiasedly estimable under the model (2) and (3), respectively (see
[8]). The index a will indicate, that the estimator is considered in the complete
model, i.e. in the model with nuisance parameters.

Lemma 2
&= {pvec(B) :p € M (Z; X))} (5)
&y = {p'vec(B) : p € M|(Z1 @ X])Mzex,]
= M2, ® X)) — (Z:P7; @ X\ Py, )]} (6)

Proof see [5], Lemma 2.

Comparing (5) and (6) it is obvious that
&a C 6.
Moreover,
Lemma 3 Under the condition &, C &
Ey=8 = MZyoX)NAM(Zy®Xy) ={o} (7)

Proof see [5], Lemma 3.

We assume throughout that .#(Z} @ X1) ¢ 4 (25 2Xs). If # (2} ®X4) C
M(Zy @ X3), then A [(Zy @ X)) — (Z,Pz @ X|Py,)] = {o}.

Notation 3 Let us denote
T=I1I0%)+(219X1)(Z1 X)) =10 X%)+ (212, @ X;X)).

Theorem 1 The BLUE of the vector function (Z} ® Xi)vec(B1) under the
model (3) is given by

(Z} @ X1)vee(By) = PL. o vee(Y), (8)

var[(Z] ® Xi)vec(B1)] =
=@l ex){[@ e X)T (Z e X)) -1} @i eX). ()

Proof According to Theorem 3.1.3 in [1]

(2, © X1 )oee(By) = (2, © X1) {[(Z) © K1) ras] ™} vee(¥)
= (Z) @ X))[(Z1 @ X))TT(Z) @ X1)]7(Z1 @ X)) T vee(Y) = PEZ@)XUSC(Y),

where Assertion 1, the inclusion .#(Z] ® X;) C .4 (T) and the fact that under
the model (3)
Plvec(Y) € (2} @ X1, 10 X)] =1
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have been utilized. Further

var[(Z} ® Xq)vee(By)] = (2] ® Xy) [(Z, ® X)) TH(Z) ® X4)] (Z1 @ X))TF
x[T — (Z}Zy @ X, X)) THZ) @ X1)[(Z, @ X))TH(Z) @ X1)]7(Z, @ X))
=(Z) ®X1) [(Z, @ X))TT(Z] ® X4)] (2, @ X))TTTTH(Z) ® X;)
x [(Z, @ X))THZ) @ Xy)] (Z1 ® X))
~(Z) ©X)) [(Z1 o X)TH(Z) 0 Xy)] (Z1©X)T(Z) © X))
x(Z1 © X))THZ) @ X1) [(Z: @ X))TT(Z] ® X4)] (21 ® X))
= (2, ® Xy) { () © X)) TH(Z) @ X,)] - 1} (Z, ® X}).

The Assertion 3, the equality .#[Z) ® X;] = .#[(Z} ® X;)T"(Z; ® X})] and
the fact, that under the model (3) Plvec(Y) € #(Z} ® X;,I1® X)] = 1 have
been taken into account. a

Theorem 2 Let us assume that 4 (Zy © Xo) C M (Mg gx,), then the BLUE
of the parametric function p'vec(B1), p € A [(Z) © X|)My;gx,] in the model
(2) is of the form g'vec(Y) where

_ Mz ox, ’ N
g = MZ§®X2 (I®E)+(21Z1®X1X1> (Zl®X1)
/ MZ{®X1 1 ’ - 1 -

X (Z1@X) My oy, T X) +(Z212: © X4 X)) | (Z3®Xy) p.
Proof Let us denote % the class of all unbiased estimators of the null function
p’vec(By) =0, ie.

U = {gyvec(Y) : E[govec(Y)] = gi[(Z] ® X1)vec(By) + (25 ® Xo)vec(Bs)]
= p'vec(B1) = 0, Yvec(By), Yvec(B2)}
= {u’M(Zi®lez§®X2)vec(Y) ‘u € R“H'SZ} .

According to the basic lemma on the best estimators (see [3], p. 84) the statistic
g'vec(Y) is the BLUE of the function p’vec(B1) iff

cov[u'M(z1 g x,, zy0x,)vec(Y), g vec(Y)] =

- u/M(Z{®X1,Zé®X2)(I ®X)g=0, Yue R
M(Zi®X1,Z;®X2)(I ®X)g = o.
Thus we have to find a vector g such that

M zi0x:,2,0x) I@ Z)g =0 A (Z; @ X )g = p.
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Using the relation (see [6], Lemma 1)

M -M M ZAexs
(Z21©X1,2;0X2) = V210XV zi 90X,

and notation A = Z} ® X;, B = Z, ® X, we get
P.MYP (10 X)g+ MaMY2 (1 2)g=MY?102)g,
it means we must find the vector g such that
(Z; © X1)(A'A)"A'MY? (1o B)g = MY (19 T)g A (2, © X))g = p.
i.e. vector g such that
(Z) ©Xi)v=M)* (I )g A (Z:1 @ X})g = p
We have
MY® (1@ D)g+ (Z) ® X1)(Z1 @ X})g = (Z] ® X1)(v + p),
— g= |[M{P (1@ D)+ (22 9 X, X})| (Z}©X)(v+p).
Thus
p=(Z®X))g
= (Z1 X)) [MY? (1@ %)+ (Z1Zi 9 X, X))| (Z1 2 X))(v+D),

— vip={(@ex) M 10+ @2z e XXD] @oX))

— g= [M%B(I@ )+ (Z)Z, ®X1X’1)]_ (Z) ®Xy)

x {(21 ® X)) [M%B A1)+ (2,2, ® X1X’1)}7 (Z) ® Xl)} p.

Theorem 3 The BLUFE of the vector function
(Z) @ X1)vec(B1) + (Zhy @ Xa)vec(B2)

under the model (2) is given by

[(Z] ® X1)vee(B1) + (Z5 ® Xa)vee(Bs)]a
= |PY" + MY S[S'(MAUM4)*S|"S' (MAUM4)™ | vec(Y),

where U = (I0X)+(Z) 212X, X)) +(Z5Z2XX5), A = 219X, S = Z,oX,.



64 Pavla KUNDEROVA

Proof According to the Theorem 3.1.3 in [1] we have in the model (2)
(A,S) (vec(gl) ) =(A,S) <‘/§, ) vec(Y)
vec(B2) /, (&%)

~(A,S) { [(I ® )+ (A,S) (‘g )} (A8) Ké) U_(A,S)] }lvec(Y),

where U= (I® ) + AA’ +SS'.
Using the following Rohde’s formula for generalized inverse of partitioned
p.s.d. matrix (see [2], Lemma 13, p. 68)

A,B\ (A +AB(C- B'A"B)"B'A~, -A"B(C - B'A_B)_
B, C n —(C—B’A_B)_B’A_, (C —B'A_B)_
we get

A'U A, A'U™S\ (A, Ap
S'U A, S'U"S Ao, Ay )7

A, = (AU A +(A'U A)AUS
x [S'UTS — STUTA(A'U A)"A'UTS|"STUTA(A'U A)~
= (AU A) + (AU A)"A'U S[S'(M,UM,4)"S]"S'U AA'U A)",
A = —(A'U A) AU S[S (M,UMA)TS]™ = (A1),
Ag = [S'(MAUM,) TS|

After some calculations we get

vec(B1)\
a5 (LB ) - A
(A'U"A)"A'U~ — (AU A)-A'U S[S(M4UM,)*S]~S' (M, UM+
% ( [S'(MAUM.)*S]~S' (MAUM.)*+ ) vee(Y).

Since .Z(A) C .#(U), .#(S) C .#(U), the expressions A'U”A, A'U” A are
invariant to the choice of g-inverse. Thus using the fact that

P{vec(Y) € .#[(A,S), I )]} =1

we can write

Avec(B1), = [PX+ - PZ*S[S’(MAUMAWS]—s’(MAUMA)ﬂ vee(Y),

Svec(Ba), = S[S'(M4UM4)*S]"S' (MAUM4) T vec(Y),

ie.

(Z) @ X1)vec(B1)a + (Z4 @ Xa)vec(Ba),
= [PY" + MY S[S' (MAUM)S|"S' (MAUM4) ™ | vee(Y). O
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Corollary 1 Let in the Theorem 3 the condition .#(S) C .#(T), where
T=(10%)+AA", A=27Z,®X1, S="17Z,® Xy, is valid. Then

[(Z] ® X1)vee(B1) + (Z4 ® Xa)vee(Bs)]q
= |PL" + ML S[S/(MATM4) TS| S (MATM 4)" | vee(Y).

Proof Under the assumption #(S) C .#(T) one of the matrices

/ >
S m(IQX)

is the matrix
!
AN\ _ A'T A AT S\ [A T
S’ m(T) “\S'T A, TS S’ ’
since

a) this matrix is g-inverse of the matrix (A, S),
b) the matrix

AT A AT S\ /AT
(A.8) ( ST A, ST S > < ST~ ) I®X)

“ws(3)..]

e

is symmetrical. Here the relation [valid under the assumption .Z(S) C .#(T)]

A'T"A, A'T"S\ [(A'TA) ,,
T-(48) ( S'T"A, S'T°S ) ( ST A ) A

/

T AA/,

AT A AT S\ (AT A ATS
(4,8) ( S'T"A, S'T"S ) ( S'T A, S'T"S ) = (A.8),

was utilized. Thus enables us to use the matrix T instead of the matrix U in
the assertion of the Theorem 3. O

Theorem 4 The variance of the BLUE of the function

g'Mziex, (2] ® Xy)vec(By), ge R™,
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in the model (2) is given by

var(gMz; s x,(Z) @ X1)vee(By)], =
— var [g’MZéMz {Pﬁ(i PU SIS (MAUM4)*S]"S' (M AUMA)+} vec(Y)} )
= ¢'Mg [A(A’U—A)—A’ —AA' +A(AUA)"AUS
x {[S'(M4UM,4)*S]” —I} SSU A(A'U A)” A’
+A(A'U"A)"A'US[S (M4 UM,)*S][S'(M4UM.)*S|*
X s’U*A(A’U*A)—A’} Mgsg.

Proof We get the assertion after some calculations using the facts that

[S'(MAUM4)*S][S'(M4UM )" S]|[S' (M, UM,4)tS]H
= [S’(MAUMA)+S]P[S/(MAUMA)+S] = [S'(M4UM,)*S],

UUTA=A, (M,UM,)"A =0,

and that the expressions are invariant to the choice of g-inverses (since it is the
variance of the BLUE). O

Remark 1 For the variances

var[g' Mz o x,(Z) © X1)vee(B1)], ge R™

in the model (2) and in the model (3) holds

var[g’MZé(@X2 (Z) @ X1 )vec(By)] = g Mg[A(A'TTA)" A’ — AA'|Mgsg

< war[g’Mz;ex, (2] @ Xi)vec(By)]q
— g'Mg [A(A’U—A)—A' —AA' + A(AUA)"AUS
x {[S'(M4UM,)*S]” —T} S'U"A(A'U"A)"A' + A(A'U"A)"A'U"S
% [S'(MAUM)*S][S' (MAUM4)"S|*S'U"A(A'U"A)"A'|Msg.

The inequality is a consequence of the fact, that

AA'TTA)"A T AA'U A) A
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and that the other two matrices are p.s.d. The matrix
A(A'U™A) AU S{[S'(MsUM,4)"S]” —TI}SUA(A'U A) A
= P{ S{(S'(MAUM.)*S]” - 1}S'(P] '
=PY S{[S'UTS —SUTAA'UTA)"A'UTS]” —I}S'(P{ ")
= PY S{(S'US)” + (S'U'S)"S'UTA[A'(MsUMg) " A]*
x A'UTS(S'UTS)” —1}s/(PY )
= PY S{(S'UTS)" —11S' (P}
+PY S(S'UTS)"S'UTA[A/(MgUMg)TAJFA'UTS(S'UTS) S (PY Y,

is positive semidefinite because S[(S'UTS)* —1]8’ is p.s.d. It can be proved as
follows (see considerations next the Corollary 1.11.6 in [4]):

U=(I®%)+AA’+S8S' 78S « U (SS)T,

— S'UTS I §/(SS')"S «= (S'UTS)t T [S/(SS)TS]t = S/(SS)*S,
— S(S'UTS)TS' T SS/(SS/)TSS' =SS’ «= S[(S'UTS)T 1S’ 7 O.
The matrix
A(A'UA)" A'U~S[S'(M4UM)*S][S'(MAUM.)*S]*
x STU~A(A'U"A)"A,
is also p.s.d. since [S'(M 4 UM 4)*S][S'(M4UM4)*S]T is a projection matrix.
We need to find a class of such functions of the useful parameters which are

unbiasedly estimable in both models (2), (3) and estimators of which have the
same variance. Thus we consider the functions from the class &, only.

In [5] was proved (see Theorem 1) that under condition (4) the class of
functios mentioned above is

{g/Mzg(zon(Z/l ® X1)vee(By) :
(Z1 ® X} )Mzy0x,8 € A[(Z1 @ X)) (1@ X)(Z) ® X1)M(z,ex))(105)(2;0X2) -

From the Remark it is obvious that in the general case it is impossible to
find conditions uder which

var(g’Mz; o x, (Z] @ Xq)vee(By)] = var(g’Mz; o x, (Z] @ X1)vee(B1)]a-
If we confine us to the situation when the condition
A (S) C #(T), (10)

i.e.
M(Zy 2 X)) C M1 )+ (212, @ X1X)],

is valid, it is possible to prove following statement (see [4], Theorem 1.11.7).
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Theorem 5 Let in model (2) the condition (10) be true. Then

var(g'Mz; e x,(Z) @ Xi)vec(B1)] = var[g/ Mz g x,(Z) @ Xi)vec(By)a,
if and only if
(Z, ® X)) Myex,8 € A [(Z1 @ X)) TT(Z) @ X1)M(z,0x)7+ (240X,)) -

Proof Using notation A = Z} ® X;, S = Z5, ® X5 and condition (10), we have
in the model (2)

var[g’'MgAvec(By),] =
= var[gMg{P% — P% S[S/(MATM4)"S]"S' (MATM4) " tvec(Y)]
= g'Ms{P — P S[S(MATM.)*S|"S'(MATM.4)* }(T — AA)
x (P17 — PL SIS (MATM,) S|~ S (MATM )" }'Msg
= g Ms{P% T — P% S[S'(M,TM,)"S]"S (M TM,)"T — AA'}
< {PT" — P71 SIS (MATM ) S| S (MATM )"} Msg
= g'Ms{A(A'TTA)" A’ — AA’
+AA'TTA) A'THS[S' (MATM4) TS| TS'TTA(A'TTA)" A/} Mgg

= var[g'MgAvec(B,)]
+ g MgA(A'TTA)"A'TTS[S'(M4TM,4)"S|TS'TTA(A'TTA)"A'Mgg.

The second term is zero iff
gMgAA'TTA)"A'TTS =0
It is equivalent to
(A'TTA)"A'Msg € #(Myipig) <= A'Mgg € #[A'TTAM 47+ 5].

In the course of the proof the relations (M, TM4)*A =0, TTTA = A,
(A'TTA)(A'TTA)TA’ = A’ and the fact, that the expressions are invariant
to the choice of the g-inverses have been utilized. O
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