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Abstract

In this work infinitesimal bending of a subspace of a generalized Rie-
mannian space (with non-symmetric basic tensor) are studied. Based on
non-symmetry of the connection, it is possible to define four kinds of co-
variant derivative of a tensor. We have obtained derivation formulas of the
infinitesimal bending field and integrability conditions of these formulas
(equations).
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0 Introduction

0.1. A generalized Riemannian space GRy is a differentiable manifold, endowed
with non-symmetric basic tensor G;;(z?,...,2"V) [2], whose symmetric part is
G;j, and antisymmetric part Gj;.

- \%

By equations
t=zt(ut, .. uM) = 2% (u®), rank(BY) =M, (B! =0z'/ou®), (0.1)
in local coordinates is defined a subspace GR); C GRy, with metric tensor

9ap = BéBéGijv (0.2)
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116 S. M. Mincié, L. S. Velimirovié¢

which is generally also non-symmetric. Remark that in the present work Latin
indices 7, j, k, . . . take values 1, ..., N, while Greek indices «, 3,7, . . . take values
1,...,M, (M < N) and refer to the subspace.

For the lowering and raising of indices in GRy one uses the tensor Gjj
respectively G2, where (G) = (G;;)~*.

Christoffel symbols at GRy are

1 . .
Uik = 5(Gjir — Gjri + Girj), Ui = GELy i, (0.3a,b)

2
where, by the comma a partial derivative is denoted.

The scalar product and the orthogonality one expresses in usual way in the
GRy by Gij, and in the GRys by gag.

On subspaces of generalized Riemannian spaces there exist many works, eg.
[7]-[16], [19]-[23]. The present work is continuation and widening of our work
[21].

0.2. If in the points of GRys a vector field z*(u®) is defined, the equations
=2 (u®) + ez (u®), (0.4)

where ¢ is an infinitesimal, define an infinitesimal deformation of the subspace
GRys. Obtained subspace will be denoted GRy;. The vector field z¢(u®) is
an infinitesimal deformation field. In this study of infinitesimal deformations,
according to (0.4), magnitudes of a degree higher than the first with respect to
€ are omitted.

Among numerous, we refer on papers on infinitesimal deformations of spaces
and subspaces, and related topics [4]-[9], [17], [18], [21]-[23].

0.3. A particular case of infinitesimal deformations is infinitesimal bending
(see e.g. [7], [8], [9], [21]). By virtue of (0.4), for g,z one obtains [21]:

JoB = Yap + E(BéBéGijyka + B;Z?ﬁGlj + Z?aBéG”) (0.5)

and, by definition, the subspace GRy; C GRy is infinitesimal bending of the
subspace GRyy C GRy iff (the equation (1.5) in [21]):

Gijwz"Bl, B} + Gij(Bl2%5 + 2/, BS) = 0, (0.6)

1 Derivational formulas of the bending field

1.0. Let be GR); C GRy, where GR)y is defined by virtue of (0.1). Consider at
points of GRys N—M mutually orthogonal unit vectors N, (A = M+1,...,N),
which are also orthogonal to GRyy, i.e. to the vectors B!, = dx'/0u®. So, here
we are using also the third kind of indices:

AB,C---e{M+1,...,N}.
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From the exposed, we have the relations

GipGP =5!,  gang™ =L, (1.1a,b)

GyN,Bl, =0, GyNiNj =exbas, (ea==%1), (1.2a,b)

where ¢%2 is obtained analogously to GZ. Similarly to (0.3), we can define
Cristoffel symbols fgv by means of g,z. These symbols are in general also non-
symmetric. Based on that, for a tensor defined in the points of the subspace we
have 4 kinds of covariant derivative. For example [13]:

Bajp = By + Ty BEB]! = T5,.B, (1.3a-d)
z o i
3 mp ap
4

Ny =Naju =Ny, + 13, NiB)" (1.4a,b)

From here one obtains 4 kinds of derivational formulae of the subspace GRy; C
GRy [13,14]:

N
bip = 20 Br Y Qua NG, (1.5a)
0 A=M+1
N
Ny = —eng™ Q0 Br + Y Wan Ny, Vs, =0, (1.5b)
A=M+1

where 6 € {1,2,3,4} designates the kind of covariant derivative. With respect
to (4a,b) is:

glea,G = S32AO‘B (1.6a,b)
2 4
\{/AB;L = %IAB[L (1.7a,b)
2 4

and by virtue of (48') in [13]:
%)gw == 1%7’ %)gv = ?gv + QF%W
4%&, =— 1%‘7 - 21“%7 (1.8 a,c)

1.1. The infinitesimal bending field 2’ can be expressed by tangential and
normal component with respect to GR;:

2t =p°B. + ZqANf;. (1.9)
A
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Using this value, the condition (0.6) becomes
Gij BB} (0" By + Z a.NY%)
+ gaoD% + GijBLBL 4p° + Gy B, Z @a s N + a7 )

+ gaﬁp + GLJB Bl ap + GijBﬁ Z qA‘aNA + qANZ,a) =0. (1'10)
A

Taking covariant derivative of the kind 6 with respect to u* and using (5), we
get

2y PmBZ +p7 B, +Z (g, Vs +CIANZW)
2] 7]

= P B + 97 (25,85 + Z Q.12 N3) + Z qAWNl

e s B+ D Vi),

A
that is
2, = PIBL+ Y Qu.Ni, (1.11)
] 0 A 0
where
Pl = pllb +p75, — XA: €181 Qa0u9", (1.12)
?A,l, = pagezAw + QA‘\;;L + XB: qB\gAB;w (1'13)

The equation (11) is derivational formula of the infinitesimal bending field 2.
So, we have

Theorem 1.1 If the infinitesimal bending field 2* of the subspace GRyr C GRy
1s expressed by the tangential and the normal component with respect to the
GRys in the form (9), then the derivation formula (11) is valid, where |,u is

covariant derivative of the kind 0 according to u*, and P Q are given in (12)
and (13) respectively.

2 Integrability conditions of derivational formula of the
infinitesimal bending field

2.0. Applying to (1.11) covariant derivative of the kind w with respect to u",
we get

ZZ“IL‘V M|VBZ+P7T :r\u+z QAMVNZ+QALL A\u)
6 w
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and substituting B, and N}
tains @

7 _ Iy T FT ised 7
Z|;A\V - [ nlv + P,u(I)a'V - E eAQAug QAGV]BTr
0 w 0", 07w a1 0 w

with respect to (1.5), after arranging one ob-

| v
w

2 B+ Qs + 3 Qo Vs IN, (2.1)
A B

where the tensors ]g, @ are given at (1.12,13). From (1) one gets
0

4 i _ T _ pm THT _ DPOFT
Zg\/ﬂu Z|VLN_[}9)H‘V 5ulu+§ug)ay fu%)o'p,
- g eAgM(QA[J.QAUV - QAVQAUM)]B;

A 0 v w 0

+ ;[gzgm = D0 Qars + Qs — Qs

+ (95, Y ap. = Qo Yan IV (2.2)
B w

On the other hand applying the Ricci type identities [11,12], we obtain

2y — 2y = }E;mnzp BBy + zf;vyz‘iﬂ, (2.3a,b)
2 2 2 ;
Ay = Awjn = Lpu? (2:4)
12 2 1
ZTW — ZTW = Il%;ngpBLnt + ZFZIVVZT”, (2.5a,b)
: 4 2 2
Ay = Zluip = Lo’ (2.6)
3 4 43
where [11,12]:
7 _ 1 % P g P 1
]l:ijmn - ij,n - an,m + ijrpn - Fj?zrpm’ (27)
i i g P % P 1
gjmn - ij,n - Fnj,m + ijan - Fnjrmpv (28)
I _ % % P % P 1 mnn
gjpl/ - (ij,n - Fnj,m + ijan - FnjFpHL)BH Bu
+ 21";-31(3;7?,, -17,.B3), (2.9)
7 _ 7 i P i ¥4 7 mpn
'@j,uu - (ij,n - Fnj,m + ijan - Fnjrpm)B,u Bu
+ 205, (B, — T, BY). (2.10)

The magnitudes Jl%;mn, JQ%;mn are curvature tensors of the first and the second

kind respectively of the space GRy, while the magnitudes é{; oy {4%; v are also
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tensors and we called them in [11,12] curvature tensors of the space GRy with
respect to the subspace GR)y,.

2.1. The cases (3.a,b) can be written in the form

= R}, "B By +2(—1)T}, 21,0 € {1,2}. (2.11)
A

i
Fluv — g pmn
6 9

Taking in (2) w = 0 € {1,2}, we obtain an equation with the same left side as
n (11). Substituting ZTW in (11) by virtue of (1.11) and equaling the right sides

6
of cited equations, we obtain the first and the second integrability condition of
derivational formula (1.11) of the infinitesimal bending field z* of the subspace
(for =1, 0=2):

R, ..z"BI'Bl + 2(—1)"f“ P”BZ + Z QMJW

o Pmn

Wy ov

:[QZ\V_ V\M+Poq)7r gg%gu
_ZGAQ QA;L Aov ?AV%ZAUH)]B
[P™Q,.. — PTO) -

+ EA: G g Ay T A %A“é“ C};?A"é“

+ Z(Cgm\gwu - ?BV%/ABH)]N};, 0=1,2. (2.12)
B

a) Multiplying this equation with Gy B} and using (0.2), (1.1,2), we obtain

p,l/

]e%lpman\zpBL”BV” +2(~=1)T" , P2gss

= [sz VW+];Z%>” —Iggfb” ZeAg QAM Aov C;)QAV%ZAW)]QM-

Taking into consideration (1.1b) and substituting 193, Q according to (1.12,13),
0
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the previous equation becomes

l mpn o o o o
oon BB B 21 T 4178~ a0

[pmqup‘V(I)g#er (I)aulv ZGA(QA[LV?AWJF‘IA%AU%V)QM

6

- P:LTV,L - pl’u‘})’gy —p°7 9“”'“ + ZeA GapQacw + 4 Qo) 9"
+ (pl’u + 007, Z €042, 97) 27,
—(péy + 10, ZeAqA a7 ®7, 1007
- Z eal( Acm Tdape ¥ Z qB\IjABM)S;A/\V
~(P7 Qo+ day + XB: 02V am,)Qan,]. (2.13)

Substituting the dummy indices [, p with i, respectively and 2’/ according to
(1.9), using the Ricci type identity

T T »T 01 T
p(‘?/“/ _p(‘g’jﬂ = ijltypp + 2(—1) FZVVpJ)W 0= 1,2 (214)

where ];EZW are the corresponding curvature tensors of the subspace (formed by

means of T') and denoting

the equation (13) becomes

IjijmnBﬁ(P"Bi + EA: 4. N}) BB}

+2( 1) F,Zu( p%))\po' - ge;\q;\gm\a)

=07 (B, Bromy = Baoegt P~ P

v 7

+ ZA: eA[QA(%)Aa;L%ZAU - %/\O’V%ZAO- - %Amé\)u + (GZAM/,;)
+pa(§02A>\;L(02Aau - %ZAAU?A(W)

+ ZB: 05 (QariVan, = Qan Vaw)l, 6=1,2. (2.15)
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b) By multiplying (12) with G N! and taking into consideration (1.1,2),
one obtains

Ripmn NLZP B BY +2(—1)°T7,Qcrec
6 v 0
= eC[PTrQCWu - P:chu + QC/_L\V - QCV‘M
0 0" 6 9 6 9 0

+ g(gsu%}c&/ - ?BV%ICB;L)]'
Substituting 1;’, Q as in the previous case, from here we have
6

. i, JmnN
Bijunn N2 B B)

+ 2(_1)6fzvyec(pggcaw + qC(\;w + XB: qB%’CBw)

___C s TR yisen
=e {(pgu +p (QI)U/A — geAQA(eon,l,g )%207”/
- (pl.r]/ + pg%gy - § eAquAcugM)Sngu
JFPTVQCM JFPUQCUMV +qciuv
o 0 6 0 0 0
+ ZB:(QBgu\gCBu + quO/CB;Lgu)

(ed o
_pWQCau - P QCaum —dcivin
o 0 6 0 )

- Z(quM%/CBu + qB\chugu)
B

- (pg%Bcu + QB(\JU + zA: qA\gBAu)%lCB;L]}'

Multiplying the both sides of this equation with e, = £1, and taking into count
that

qcéu = an/auu = QC,;U H = 17 27

_ oL _ T
qC plv — (qc\u),l/ - F’uch\w - qC.uV - F#uqc,ﬂ
% é v é I

from where ¢c¢ |, — Qo) = 2(—1)9f‘§ﬂqom, the previous equation can be written
6 o v
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in the form

eczezijmnNi( p° Bl + ZqANj )B)" By
+( ) rr 7§} Caw+ZQB CBﬂ'
=P (%g#%cw - %g‘y%(}’ﬂu + %Cougu - ggcouéu)

+ zA: €ada (%CTFM(QZAUW - (QZCMS(}AMW)

0 0
A
+ qA(%ICAu\u qjCAu\y,)
+ ; 02(VanaVeou, = Van, Vo)) (2.16)

2.2 Substituting # = 1, w = 2 into (2) and using (4), we obtain the third
integrability condition of derivational formula (1.11) of z:

é V|M+Pz(bgu_‘l;g?gu
- Z eAgM(QA,uQAUV - QAVQAO'H)]B
12 2 1
+ Z[-Ifzgflﬂ'u - ];g?AmL + ?a,uy/ - gAulp‘

+ Z(?BM%ABV - Cé?Bu‘{’ABH)]NZ. (2.17)
B

a) By multiplying the previous equation with GQBA one obtains

lp,ul/ s ov

Biz" =[P} o= Bo+ Diga, - FLO,

- Z eAg QA,LLQAUV ?AVS;ZAU,U«)]QM'
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By substitution of ];, @ with respect to (1.12,13), from here it follows that
0

s (o2 i (o2 s
Ripun BA2F = [Pl + 2T 8o + P75
1

- Z €4 (QA\ UQAU;L + QAQAU;LW)QM
= 2 1 1 2

_p7|ru|;t +p(|7 %)gu
1 1

I

+ Z ea(qal QAW + QAS;Aaum)gM
A 12 !

0] P79~ ZeAqAQWg 2)e7,
—(pf, + 970, — ZeAqA A 97) 25, 19an
2

- EA: eA[(pgglew + QA{;L + ; qB?ABu)gA)\V

- (pggAau + quu + EB: qB\gABV)gleA;L]' (2~18)

Substituting the dummy indices [, p with 4, j respectively and using the Ricci-
type identity [11]:

~ T
pﬂ,u. v pTru m = go’uupa’ (219)

] [v]
12 21

where
B3 =T, —T0s, + 15,00, — 700, + 17,055 — T5,) (2.20)
is the curvature tensor of the 37 kind of the subspace, the equation (18) becomes
éﬁjWBi(p”Bf, + zA: q.N%)
=17 (Brow + Paoujv = Proviu+ PouBrpr = 06uPrpu)
+ ZAj ealga(PaouQ%, = DrovQ% = Lanpe + Qo)
7 (R Qave — P Qacs)

+2B:QB(9AM%]ABV - gA)\u\:}lABM)]' (2.21)

b) Multiplying (17) with G;;N!, one obtains
l _ I I
‘Z??ZPHVNCZP = €c []f,ugcf" - é)u 907(“ + ?cuév - gculu

+2_(Qs¥es = Q¥
B
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Substituting 193, @ using that
6

and arranging, we get
ecRijuw N (p” B + XA: 4. NY)
=p7 (?gugmu - %)gugllcvm + SPCU#£U - gcoyl,u,)
+ zAj eaqa(QerpQh, = QemQ%,)
+ g[pa(gleﬂu%lCAu — gAau\]l:IC’Au) + qA(\:{jCAugu - ‘gCAu\lu

EB: QB(\]I:IAB;L\IQICAV - %jABV\{lCA;L)]‘ (2'22)

2.3. The cases (5a,b) can be given with the equation

le = z,w =R ;,mnzpB;nt + 2(—1)9*1fgvyzi 0 € {3,4}. (2.23)

|7
0

Substituting 6 € {3,4} in (2), we get the equation with the left side as in
(21). According to that we get the 4th and the 5th integrability condition of the
derivation formula (1.11) (for 6 € {3,4}):

i mnn O0—17m o R z
RpmnzpBM B +2(-1) FW (P2B! +ZQMN

_ [p7m L oHT o FHT
- [eu\u_ V\H+P;L(I)a'u ‘Z;V%)a,u

- Z eA9"(Qas Qv = QauPaos) 1 B
+ EA: Difpars = D0Gars & Qs = Qv

+2(Q0.Yn. — Qo Y ING, 0 € (3,4}, (2.24)
B

a) Multiplying this equation with G;; B, we get

9@211”””BZAZPBZLBS +2(-1)"" 1F7r D200

_[pm oCHT _ POFHT
- [0/1\1/ v\u +P,u,q)a'u ‘Z;V%)a,u

- ZeAg QA;L Aov ?AV%AU#)]gM'
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from where, as in previous cases,
i BAZ BB+ 21 00T, + 85
A\
726,«,(];,%2;;0.”90 ) [p\/tu +p\u®¢7u +p (I)au|y
A 0
- Z eA(qA\VQAap. + QAQAUMV)QM
2 o 0 0 0
7p7|rvu plu(I>7T o GOZV“"
0 0
+ Z €4 QAF\),LSG)AM + QA(QZAaué“,)gﬂ
A
+(pT-u +pp%gu - Z EAQAQAWQ )@ﬂ'
0 A
7(p((|jy +pp(£gu - ; eAQAQApVg )(I)gu}gﬁ
- g eA[(pU%ZAW + QA[LM + ; dB \IQJAB;L)%ZA)\V]
—(p?Q v Q .
(p ATy + QAé\)u + ;QB GABV) GAML]
According to [12]:
p‘W —p‘w = R ”Wp +2(— )GfleVpTo,G € {3,4}, (2.25)
Vo6
the previous equation becomes
9{%2ijmnB§(p"BZ; +Y q.N})B]'B}
A
+ 2(_1)9_1f;7:u(p0%)>\07r - Z eAQA%ZAM)
v 0 A
= pa(e{%z)\a;tu + %)\O‘MLD - %Am/l}u + %)gu%))\pu - %gy%)\pp)
+ Z eA[qA(%)\O'M%ZZV - %))\O'V?ZMSGIAAM\ QA,\UW)
A
+pa(gAAuS92Aou - ggAAV%Aa,u)
+D 00 QasiVam — QasVas)l, 0 € (3,4} (2.26)
B
b) Multiplying (23) with G;;N!, we have
R l,,mnNgzpBgLBg + 2(—1)9—1fgycgmec
- \
[PTFQCWV - Pg)g%szu + Qc,u,\u - QCUHJ
6 o 0

ote

+ Z(gmgm = Qs.%cs,)], 0€ {34}

B
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Substituting 193, @, one obtains
6

ce R ijmn N.#' By By
+ 21" T (0" Qor + defr + ) 05 Vons)
v 6
B
= (plrﬂ +pa%)gu - ; eAqAS;AougM)Sngu

_(p7|ry + po%gy - Z eAQA%Am/gM)%CM
0 A

g 0

|
6

+ ;[(paggw + qB(\?M + ; qA%ICB[.L)%jCBu

_(PU%ZBM + s + § qA%]CBV)%ICBH]'

Having in mind that for 6 € {3,4}:
QC(\;W - QC(\;W = 2(_1)9_1FZVQC,M
the previous equation, after putting in order, becomes

ecgfoijmnNci(P”Bi +> q.N,)B'B]

A
O0—117 o
+2(-1) Fuvv(p ?Caﬂ' + ; QB%JCB‘K)
= 7 (PT _ T _
p (egﬂ%Cﬂu 90'1/(926’#“ +Sg00uélx %ZCUVép.)

+Yeana(9E.,95, - 92,95,
A

+ ;[pa(%mm\gcm/ - %ZAW%JCA“) + qA(%CAy,l}I/ - \gCA"(l,“)

+ ; QB(%]AB;L\IH]CAV - %JABV%ICAM)], 0 € {3; 4}-

+p‘|TyQCo',u +p0%caugu + (Icgw + Z(quu%jCB,u + qB%CBgv)
B

- pa#%cm/ - pagcoyéu - chuu - EB:(quu%jCBu + QB%CB{LV)

127

(2.27)

(2.28)
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2.4. For 6 = 3, w = 4 according to (2) and (6) we get

7 us
ﬁpw/ - [3M\V

ZeAg QA;L Aocv ?AUSEAU;L)]B;

o FT oFT

lll;,b +Pu%)0'u _51/%0'”

+§ PZ A?\'U_P:/rQAWMJ’_QAMlU_QAU‘;L
> 374 473 3 4 4 3

+Z(?BM%’ABU - ?BU?ABM)]Nj- (2.29)
B

This is the 6th integrability condition of the derivational formula (1.11) of the
deformation field 2.

a) Multiplying the previous equation with GﬁBlA, we get
l ™ T FRT o F T
E{lpuVB/\Zp = [1:3’“‘ PV|M+P ¢ {:V%)fw

Ky ov

ZeAgM(QAu AUV_QAuQAmL)]Q,\i (2.30)
A 3 4 4 3

From here, analogously to the previous cases, using the Ricci type identity [12]

P |plv = p v |p = R5,,0°, (2.31)
3 4 4 3
where
{Egpy = Fgu,v - Fuﬁ o + F[j‘/t vo Faﬁrau + F/w( Fﬁ ) (232)

is the 4th kind curvature tensor of a subspace, and from (29) we finally get

Rijyu BX(p7 BS + XA: 4aN%)
= PU({?/\aW + %)XU;J,J;V + ‘EAUULM + ‘gg,ffxpu - ;Ifgy?w)
+ ZAj ealaa(@aonQs = Paov @, = Qaropy + Qo)
17 (Qane Qo — DarQacs)

+ ; QB(S;A)\;L\LIL]ABV - S}A)\u%lABy)]' (2.33)
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b) Multiplying (29) with G;; N, and arranging, we get finally
ec{fij,qué (pUBg + ; QANZ‘;)
= pa(%)gugzcm/ - (41);71/(32071';; + gcaplu - S}CO’V:L;L)
+ g €ada (%ZCWHQWAU - %C“V%}Zu)
Z[pa(gAaﬂ\gCAV - (}AJV%ZCA,U,)
A
)

+ ; qB(\gABM\AIl/CAV - \AIIIABV%ICAM)] (2-34>

+ qA(%/CA;LJlV - \4IJCAI/

\
3

From the above exposed, the next theorem is valid:

Theorem 2.1 If the infinitesimal bending field 2* of the subspace GRyy C GRy
is expressed by virtue of tangent and normal component in the form (1.9), then
the coefficients p°,qa satisfy the conditions (15), (16), (21), (22), (26), (28),
(33), (34)-
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