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Abstract

In the paper we consider the impulsive periodic boundary value prob-
lem with a general linear left hand side. The results are based on the
topological degree theorems for the corresponding operator equation (I —
F)u = 0 on a certain set  that is established using properties of strict
lower and upper functions of the boundary value problem.
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1 Introduction

In this paper we will study the boundary value problem

(1.1) 2 +a(t)r’ +b(t)r = f(t,z,2)
(1.2) z(ti+) = J(z(t1)), o' (t1+) = M(2'(t1—)),
(1.3) z(0) = z(27), 2'(0) = 2'(2m).
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We suppose, that a,b are Lebesgue integrable functions on [0, 27] and f fulfils
the Carathéodory conditions on [0,27] x R%. Furthermore, we suppose that
t; € (0,27) and

J, M are continuous mappings R — R and,

(1.4) J is increasing on R and M is nondecreasing on R.

Our main assertions (Theorem 3.2 and Theorem 3.6) are based on the proper-
ties of the Leray—Schauder topological degree. We search an operator problem
u = Fu which corresponds to (1.1)—(1.3) and such that operator I — F' has
nonzero topological degree on a certain set 2. For establishing ) the existence
of strict lower and upper functions of the problem is assumed.

We consider two cases of ordering of strict lower and upper functions oy
and os:

i) The functions are well ordered i.e. o1(t) < o2(t) for all ¢ € [0, 27]. In this
case, we get the existence of a solution u which lies between the strict lower and
upper functions i.e. o1(t) < u(t) < o2(t) on [0,27] (Corollary 3.3).

ii) The functions are in the opposite order i.e. o2(t) < o1(¢) for all ¢ € [0, 27].
In this case, we get the existence of a solution u, at least one point of which lies
between the strict functions i.e. o2(ty,) < u(ty) < o1(ty) for some t, € [0, 27]
(Corollary 3.7).

This work generalizes the results published in [1],[2] where the equation
a2 = f(t,z,a"), which is a special case of the equation (1.1), has been studied.

1.1 Definitions

L[0,27] is the Banach space of the Lebesgue integrable functions on [0, 27| with
the norm |[zf|; = [ |=(t)|dt.

L[0,27] denotes the Banach space of essentially bounded functions on
[0, 27] with the norm ||z||c = esssup{|z(t)|;t € [0, 27]}.

C[0,27] and C*[0, 27] are the spaces of functions continuous on [0, 27] and
of functions with continuous first derivatives on [0, 27], respectively.

Similarly, AC|[0,27] and AC'[0,27] denote spaces of functions absolutely
continuous on [0, 27| and of functions with absolutely continuous first derivatives
on [0, 27], respectively.

Let t; € (0,27). Then C[0, 27] means the set of functions

u(t) = up(t) for 0 <t <ty
ug(t) for t; <t <27’

—1
where u; € C1[0,t1] and up € Ct1,2n]. AC [0,27] specifies the set of func-
tions u € C1[0, 27] with absolutely continuous first derivatives on (0,¢;) and on
(t1,2m). For u € C'[0,27] we establish

'(0) = lim u/(7), «'(27)= lim «'(7),

T—0+ T—27T—
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u'(t1) = lim u/(7),
T—1t1—
el = lullos + l4'[loe-

Moreover, for u € C1[0,27] and ¢ € (0, 27) we will use notations

(1.5) Au(t) = u(t+) —u(t), AU (t) =u'(t+) —u'(¢).

C'[0,27] with the norm || - || ~, is the Banach space.

o1
Definition 1.1 By a solution of the impulsive problem (1.1)—(1.3) we call
—1
u € AC' [0,27] which fulfils the equation (1.1) for a.e. t € [0,27] and satis-
fies conditions (1.2) and (1.3).
By a solution of the problem (1.1), (1.3) (without impulses) we call u €
(1

AC'[0,27] which fulfils the equation (1.1) for a.e. t € [0,27] and satisfies con-
ditions (1.3).

Definition 1.2 A function o, € AC! [0, 27] is a lower function of (1.1)—(1.3) if

(1.6) ot +a(t)o) +b(t)oy > f(t,01,07) for a.e. t €[0,27],

(1.7) o1(ti+) = J(o1(tr)), oi(ti+) = M(o1(t1)),

(1.8) a1(0) = o1 (27), o1(0) > o7 (27).

i]?eﬁnition 1.3 A function oy € AC1[0, 27] is an upper function of (1.1)—(1.3)
(1.9) oy +a(t)oh + b(t)oy < f(t,02,0%) for a.e. t € [0,27],

(1.10) oa(ti+) = J(o2(th)), oa(ti+) < M(oy(t)),

(1.11) 02(0) = 09(27), o4(0) < (27).

Definition 1.4 A lower function oy of (1.1)—(1.3) is a strict lower function of
(1.1)—(1.3) if it is not a solution of (1.1)—(1.3) and there exists € > 0 such that

(1.12) ol +a(t)y +b(t)x > f(t,z,y) for a.e. t € [0,27]

and each
x € [o1(t),o1(t) + €], y € [o1(t) — &,01(t) + €]

Similarly, an upper function o9 of (1.1)—(1.3) is a strict upper function of (1.1)—
(1.3) if it is not a solution of (1.1)—(1.3) and there exists £ > 0 such that

(1.13) oy +a(t)y + b(t)x < f(t,z,y) for ae. t € [0,27]

and each
x € [oa(t) —e,02(t)], y € [05(t) — €, 05(t) + €].
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2 Auxiliary problem

In this chapter we will study the auxiliary Dirichlet problem and present asser-

tions which consist of the relation of the strict lower and upper functions to a

solution of the auxiliary problem. The assertions will be used in next chapters.
Consider the boundary value problem

(2.1) 2 +a(t)r’ +b(t)x = h(t),

(2.2) z(0) = z(27) = ¢,
where h € L[0,27] and ¢ €R and the corresponding homogeneous problem

(2.3) " +a(t)xr’ + b(t)r =0,

(2.4) 2(0) = z(27) = 0.

We study two cases of the problem:

i) The problem (2.3), (2.4) has only the trivial solution. In this case there is
the Green function of (2.3), (2.4) and we can prove that there exists an operator
F corresponding to (2.1), (2.2) such that every solution u of x = Fx fulfils

(2.5) u(ti+) = u(ty) + d, u’(tﬁ-) = ul(t1) +e, d,eeR.

ii) The problem (2.3), (2.4) has the nontrivial solution. In this case we
transform the problem to an equivalent form to be able to use the way in i).

Lemma 2.1 Let the homogeneous boundary value problem (2.3), (2.4) has only

——1
the trivial solution. Then there exists a unique solution uw € AC [0,2n] of the
impulsive problem (2.1), (2.2), (2.5).

The solution can be written in the form
27
(2.6) u=c+g(t, t1)d+ gt t1)e + /g(t, s)[h(s) — cb(s)]ds,
0

where g(t, s) is the Green function of (2.3),(2.4) and g(¢, s) is a function which
fulfills (2.3) for a.e. ¢t € [0,s) U (s,27] and each fixed s € [0,27] and satisfies
conditions (2.4) and

9g(t, s)
ot

_ 04(t, )
ot

(2.7) G(s +,8) =g(s,s) +1,

t—s+ t—s—

for each s € (0,2m). At first, we need to prove that such function g(t, s) exists.
Lemma 2.2 Let the homogeneous boundary value problem (2.3), (2.4) has only

the trivial solution. Then for each fized s € [0, 27| there exists a function g which
fulfills (2.3) for a.e t € [0,2n] and satisfies (2.4), (2.7).
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Proof Consider fixed s € [0,27] and a problem (2.4),
(2.8) 2" (t) + a(t)a’ (t) + b(t)z(t) = hy(t),

where

o) = 150+ g0 = (1= oo, = {f0RTIEY

Since the corresponding homogeneous problem has only the trivial solution and
hs € L[0,27] then there exists a solution ws € AC|[0, 27]

27
ws (t) :/g(t7T)hS(T)dT
0

satisfying for a.e. t € [0, 27]

w(0) + (el (1) + bty (6) = BE(0) + 5-a(t) — (1= 5=t )b(e),
ws(0) =0, ws(27) =0.
Denote
o= {7 S
Then u, € AC([0,27]\{s}) and
W) + a0 (0)+ O ) = () + al0) |k (0) -

+b(t) [ws(t) - %t} =hi(t)—bt)=0
for a.e. t € (0,s) and

W0)+ a0 0) + Oy () = wl(6) + ) ! 0) = 5

+b(t) [ws(t) +1-— %t} =hi(t)=0
for a.e. t € (s,2m). Moreover

At(s) = (o) 1= s = o) = 55| =1,

Auifs) = (o) = g = [whlo) = 5| =

us(0) =0, wus(2m) =0.

Hence we can define §(t, s) = us(t) for each fixed s € [0, 27]. O
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Proof of Lemma 2.1 Now, we prove that u given by (2.6) is a solution of
(2.1), (2.2), (2.5). For fixed t; € [0, 27] we denote

¢(t) = g(t7 t1)7 ¢(t) = g(ta t1)7
wa(t) = () + ot)e. wa(t) = [ glt,9)lh(s) b5 ds.
0

~ —1
In view to properties of functions g, g we have ¢, ¢ € AC [0, 27] and

Ap(t1) =0, A¢'(t1) =1,

Aj(tr) =1, A¢(tr) =0,
Then u; € 251[07 2] is a solution of (2.3)—(2.5). Moreover us € AC|0,27] is
a solution of (2.4),
" +a(t)x’ +b(t)x = h(t) — cb(t)

i.e. ug + ¢ is a solution of the problem (2.1), (2.2) without impulses. Thus

—1
u=c+uy+ug € AC [0,2n7] is a solution of the impulsive problem (2.1), (2.2),
(2.5). |

Lemma 2.3 Let
27

(2.9) b(t) <0 for a.e. t € [0,27] and /b(t) dt # 0.
0

Then the homogeneous boundary value problem (2.3), (2.4) has only the trivial
solution.

Proof On the contrary, suppose that there exists a nontrivial solution u of (2.3),
(2.4). Since —u is a solution of (2.3), (2.4), as well, without loss of generality
we can suppose that there exists a maximum point

r{leajcu(t) =u(ty) >0, u'(tm) =0, tuy € (0,2m).

Then, with respect to (2.4), there exists to € (tar, 2m) such that u(t) > 0 for all
t € (tm,to) and u'(tg) < 0. On the contrary

to
u'(tg) = —e~Alto) /eA(S)b(s)u(s) ds >0,

tm

where A(t) = j;tM a(s) ds, a contradiction. O
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Lemma 2.4 Let (2.9) be fulfilled, let o2(t) be a strict upper function of the
problem (1.1)-(1.3) and let f(t,z,y) satisfy Carathéodory conditions on [0, 27] X
R? and

(2.10) f(t,x,y) > f(t,02,y) for ae. t€0,2n], x> 0q, y €R.
Then
(2.11) u(t) < oaft)

is valid for t € [0,27] for every solution u of (1.2),

(2.12) 2+ a(t)r’ +b(t)x = f(t,x,a),
which fulfils
(2.13) u(0) = u(27) < 02(0).

Proof Denote v(t) = u(t) — o2(t) for t € [0, 27].

(i) Let there exist o € (0,%1) U (¢1,27) such that v(tg) = max{v(t) : ¢t €
(0,¢1) U (t1,2m)} > 0, v'(tp) = 0. Then there exists 6 > 0 such that v(¢) > 0,
[v'(t)] < e for all t € (to,to + &), where ¢ is from (1.13) and so for a.e. t €
(to,to +9)

o (1) = u"(t) = o5 (1) = (b, u(t),u' (1)) — a(t)a' (t) — bt)u(t) — o5 ()
> f(t, o2(t), u'(8)) — a(t)u'(t) — b(t)u(t) — o3 (t) = —b(t)(u(t) — oa(t)) = 0.

Hence, v'(t) > 0 and v(t) > v(to) for each ¢ € (tg,to + 0), a contradiction.

(ii) Now, we suppose that v(t1) > v(t) for all ¢ € (0,¢;) and v(¢;) > 0. Then
u'(t1) — obh(t1) = v'(t1) > 0 and u(t1) > o02(¢1). From the properties of J and
M we get

v(t1+) = J(u(tr)) — J(o2(t1)) >0, o' (t1+) = M(u'(t1)) — M(0o5(t1)) > 0.

Let v'(t1+) > 0. Then in view to (2.13) there is a maximum point to € (¢1, 2)
and v(tg) > 0 which contradicts to (i). Then v'(t1+) = 0 and there exists
B € (t1,2m) such that v'(8) <0, v(t) >0, [v/(t)] < e for all ¢ € (t1, 3), where ¢
is from (1.13) and then

o' (1) = " () = o5 (1) = flt.u(t),w(t) — a(t)u'(t) = b(t)u(t) — o3 (1) = 0,

for a.e. t € (t1,3) and hence v'(3) > 0, a contradiction.

(iii) Suppose that v(t1+) > v(t) for all ¢t € (¢1,27n] and v(t1+) > 0. Then
u'(t1+) — oh(ti+) = v'(t1+) < 0 and u(ti+) > oa(t1+). If v/(t14+) = 0 then
we get a contradiction as in (i). Hence v/(t14) < 0. From the properties of
functions J, M we get

’U(tl) = u(tl) — 0'2(151) > O, U/(tl) = u’(tl) — O/Q(tl) < 0.

In view to (2.13) there exists a maximum point o € (0, ¢1) such that v(tg) > 0,
a contradiction with (i). O
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Lemma 2.5 Let (2.9) be fulfilled and o2 be a strict upper function of the prob-
lem (1.1)-(1.8). Then

(2.14) u(t) < oa(t) on [0, 27
is valid for every solution u of (1.1)—(1.3) which satisfies (2.11).

Proof Denote v(t) = u(t) — o2(t) for t € [0, 27].

(i) Let there exist to € (0,%1), such that v(to) = max{v(t) : t € (0,¢1)} = 0.
Then v'(tp) = 0 and there exist «, 3 such that 0 < a < tp < 8 < t; and
—e <w(t) <0, |[v(t)] <eforeacht € (a, ) . From the property of the strict
upper function, we get for a.e. t € (o, 3)

V() = (1) — o3 () = St ult), W (1) — a(t)u'(t) — b(t)u(t) — o3 () = 0

and so v'(t) > 0, v(t) > 0 for ¢t € (tg,3) and v'(¢t) <0, v(t) > 0 for t € («, tp).
With respect to (2.11) it is possible only if v(t) = v'(¢t) = 0 for t € («, ) where
a=0,8=t;. From (1.3), (1.11) we get v(27) = v(0) = 0, v'(27) < v'(0) =0
i.e. v(2w) = v'(27) = 0 and hence, we obtain v(t) = v'(¢t) = 0 for ¢ € (¢1,27], as
well. Then u(t) = o2(t) for t € [0, 27], which contradicts to the definition of the
strict upper function. In the case to € (¢1,27), we can use the same arguments
to get a contradiction.
(ii) Let v(t) < v(t1) =0 for t € [0,%1). Then v'(t;) > 0 and

v(ti+) = J(u(tr)) — J(o(t1)) =0, v'(t1+) = M(u'(t1)) — M(o'(t1)) = 0.

Ifv'(t1+) > 0 then there exists y1 € (¢1, 27) such that v(y1) > 0, a contradiction.
Thus v'(t14) = v(t1+) = 0 and so v'(t) = v(t) = 0 for ¢ € (t1,2n]. Using
boundary value conditions we get v(¢t) = 0 for ¢t € [0,t1), as well. Then u(t) =
o2(t) for t € [0, 27], a contradiction.

(iii) Now, let v(t) < v(t;4+) = 0 for ¢t € (¢1,2n]. Then v'(t;+) < 0. Suppose
v'(t14+) = 0. Then there is 3 € (¢1,27] such that 0 > v(t) > —e and |v'(¢)| < e
for t € (t1,3) where £ > 0 is the constant from Definition 1.4. Thus, we get
V'(t) = 0 for all t € (¢1,5) with 8 = 27 and the same result we get on [0,¢1),
a contradiction. Then v'(t1+) < 0 and from the properties of functions J and
M we obtain v(t;) = 0, v'(¢1) < 0. Hence there exists 75 € (0,¢1) such that
v(y2) > 0, a contradiction.

(iv) Let v(0) = v(27) = 0. From (1.2), (1.11) we get v'(0) = v'(27) = 0. We
get a contradiction as in (i). O

Lemma 2.6 Let (2.9) be fulfilled, let o1(t) be a strict lower function of the

problem (1.1)—(1.8) and let f(t,x,y) satisfy Carathéodory conditions on [0, 2] x
R? and

(2.15) f(t7m7y) < f(t,o1,y) for a.e. t € [0,27], x < o1, y € R.

Then

(2.16) u(t) > ov(t)
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is valid for t € [0,27] for every solution u of (2.12), (1.2) which fulfils
(2.17) u(0) = u(27) > 01(0).

Proof We can use similar arguments as in the proof of Lemma 2.4. |

Lemma 2.7 Let (2.9) be fulfilled, let o1(t) be a strict lower function of the
problem (1.1)-(1.83). Then

(2.18) u(t) > o1(t) on [0, 27]
is valid for every solution u of (1.1)—(1.3) which satisfies (2.16).

Proof We can use similar arguments as in the proof of Lemma 2.5. o

We can rewrite the periodic conditions (1.3) to the equivalent form of Dirich-
let type boundary conditions

(2.19) z(0) = z(0) + 2/(0) — 2/ (27), x(27) = z(0) + 2/(0) — 2" (2).

In view to Lemma 2.1 and (2.19), we can rewrite problem (1.1)—(1.3) to the
operator form

(2.20) (Fz)(t) = z(0) + 2'(0) — 2" (27)

—|—/0 i g(t,s) [f(s,x(s), 2'(s)) — (a:(O) +2/(0) — x’(QW))b(s)}ds
+g(tt)[J (2(t)) — @(t)] + g(t, 1) [M (2" (1)) — 2'(t1)], ¢ € [0,2n].
The operator F : C1[0, 27r] — C[0, 27] is completely continuous (see [2], Lemma
3.1) and every fixed point u € C[0,27] of F is a solution of (1.1)~(1.3).

Now, assume that problem (2.3), (2.4) has a nontrivial solution. Then we
choose an arbitrary p € (—o0,0) and instead of (1.1) we will use the equation

(221) l’” +a(t)m’ +/Ml’ = fﬂ(taxaxl)a
where
(2.22) fultw,a') = f(t,a,a') + (u— b(D)).

Then in view to Lemma 2.3 the corresponding homogeneous problem

2.23) " +a(t)z' + pr =0,

(
(2.4) has only the trivial solution and hence we can rewrite problem (2.21),
(1.2), (1.3) to the operator form

(

2.24) (F2)(t) = 2(0) + 2/(0) — 2/ (27)

27
—|—/0 gu(t,s)[fuls,z(s),2'(s)) — (x(0) 4+ 2(0) — &' (27)) ] ds
+ 9u(t, t) [T (2(t1)) — x(t)] + gu(t, t)[M (2" (t1)) — 2’ (t)], ¢ € [0, 27],
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where g,, is the Green function of (2.23), (2.2) and g, is a function which fulfils
(2.23) for a.e. t € [0,s) U (s, 27| and each fixed s € [0, 27] satisfies (2.4) and

0gu(t,s) _ 0gu(t,s)

(225)  Gulshis) = Guls.o) + 1 -

t=s+ t=s5—

The operator F), : 51[07 2] — 51[0, 27| is completely continuous and every its

fixed point u € C1[0,27] is a solution of (1.1)~(1.3).

3 Strict lower and upper functions and topological degree

Lemma 3.1 Suppose that ro € (0,00), p € L[0,27], ¢ € L[0,27] , p,q are
positive a.e. on [0,27]. Then there exists r* € (0,00) such that for each x €

AC' [0, 2x] fulfilling (1.2), (1.3),

(3.1) lz]le <70
and
(3:2) 2" +a(t)2" + bz ()] < (1 + [2'))(p(t) + q(t)]|2"])

for a.e. t €]0,27], the estimate
(3-3) |7 || < 7*
is valid.

Proof Let (3.1), (3.2) be valid. In view to the mean value theorem there exist
71 € [0,t1), 72 € (¢1,27] such that

)l < 22 o)l <
Denote

A(t) = expl Jy a(7)dr],
" y(t) = AWa'(t), A=A,

N = pll1 + 2[lgllocro + [|b]l 170,
T > maX{A(Tl)QTO A1) 520 }

T’ 2w —1t1

(i) At first, suppose ' (tsup) = sup{z’(¢) : t € [0,27]} > 0.

Assume 0 < ¢4, < t;. Then there are o, 5 such that 0 < o < 8 < ¢; and
tsup € [o, 5] and such that 2/(¢t) > 0 for each ¢t € [o, 5]. From (3.2) we get for
a.e. t € [a, ]

2" (t) + a(t)2’ ()] < (1+2"(1)[p(t) + q(t)2' ()] + [b(t)]r0,
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[A®)" ()] < A®) (1 + 2/ (1)) (p(t) + q(t)2' () + A(£)[b(E)[ro,

O ST < )+ 40’0 + O o

|
Aty ~ AB1 +2/(2)

(8.5)  —p(t) —q(t)a'(t) — [b(t)|ro < Y < p(t) +q(t)2' (t) + [b(t)|ro.
A+y(t)

Let 71 < tsyp. Then we can choose 71 such that z/(7) > 0 and z/(¢) > 0 on
(71, tsup)- Then by integrating of the right hand inequality of (3.5) on (71, tsup),
we get

u (ﬁj Y (tsup)

) < lIpll + 2llalloero + [bll10 = N,
A+ y(Tl)

(3.6) ' (tsup) < [(Z+ e’ — g]

A(tsup)

Let 71 > tsup. Then we can choose 71 such that 2/(71) > 0 and 2/(¢) > 0 on
(tsup,T1). Then we get (3.6) by integrating of the left hand inequality of (3.5).
Similarly we get (3.6) with 75 instead of 7 for t1 < tsup < 27 .

Assume 2/(t14) > 2/(t) for each ¢ € (t1,2n]. Then there exists § € (¢1,2)
such that z'(t) > 0 on (t1,3). Thus (3.5) is valid for each t € (¢1,5). We can
choose 75 such that 2/(m2) > 0 and 2/(¢) > 0 on (¢1,72). By integrating of the
left hand inequality of (3.5) on (t1,72) we get

2 (t+) < [(A+7)eN — Al

A(ty)
(if) Now, suppose z'(tins) = inf{z’(¢) : t € [0,27]} < 0.
Assume 0 < ¢,y < t1. Then there are o, § such that 0 < o < 8 < ¢; and
tiny € [a, 0] and such that z'(t) < 0 for each ¢t € [, 3]. From (3.2) we get for
a.e. t € [a, ]

2" (t) + a(t)2’ ()] < (1= 2'(1)[p(t) — ()2’ ()] + [b(t)]r0,

[A®)2" @] < A1 = 2" (1) (p(t) — ()2’ (1)) + A®)[b(E) 7o,

< p(t) — q(O)2' (t) + [b(t)[ro,

< p(t) — q(t)='(t) + [b(t)|ro.
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Let 71 < t;ns. Then we can choose 1 such that z/(71) < 0 and 2/(¢) < 0 on
(71,tins). By integrating of the right hand inequality of (3.7) on (71, tiny), we

get _
A— y(ﬁ) )
. (~7 < Il + 2ligllaoro + [Blro = N,
A —y(ting)
(3.8) & (ting) > — [(A+7)eY — A

Alting)

Let 71 > t;ns.Then we can choose 71 such that 2/(71) < 0 and 2/(¢) < 0 on
(ting, ). By integrating of the left hand inequality of (3.7) on (¢;nr, 71) we get
(3.8), as well. Similarly we get (3.8) with 7 instead of 7 for t; < t;,y < 2.

Assume z'(t14) < 2/(t) for each ¢ € (¢1,2n]. Then there exists 8 € (¢, 2)
such that z'(¢t) < 0 on (t1,0). Thus (3.7) is valid for each t € (¢1,3). We can
choose 79 such that 2/(m2) > 0 and 2/(¢) > 0 on (¢1,72). By integrating of the
left right inequality of (3.7) on (t1,72) we get

' > — A N _ A
x'(ti+) > A [(A+T)e ]
Hence for )
: A+7)eN — A
s min{ A(t) : ¢t € [0, 27]} [(A+T)e ]
the inequality (3.3) is valid. O

—1
Theorem 3.2 Let 01,00 € AC [0,27] be strict lower and upper functions of
(1.1)-(1.3) such that

(3.9) o1(t) < oao(t) for t €10, 2m]
and let there exist functions p,q € L0, 27| positive a.e. on [0, 27| such that
(3.10) [f () < (L4 [y)(p() + q()]yl)
for a.e. t € [0,27] and all (z,y) € [01(t),02(t)] x R. Then
diI — F,,Q] =1
for any p € (—00,0) and F,, defined by (2.24), where
(3.11) Q= {zeC'0,27] : 01(t) < z(t) < oa(t) on [0, 2],

o1(ti+) < z(ti+) < o2(ti+), ||7']|ec < C},

1 1
> 1+ Il el o { g Y|ttt

ro = max{||o1|sc, [|02]loc }-
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Proof Let us choose a constant C' satisfying (3.11) and define auxiliary func-
tions

o1(t) for x < oq(t)
(3.12) alt,r) =( x for o1(t) < x < oa(t) ,
ao(t) for oa(t) < x

C for y<-C
(3.13) ﬁ(y)Z{ y for ~C<y<C,
C forC<y

(3.14) Fult.z,y) = fult, 2, B(y) = f(t, 2, B(y)) + (n— b)),

Fultor(t),y) — 155 for o < o (1)
(3.15) f“(t z,y) =13 [ty for o1(t) <x < oo(t)
7 (t,o2(t),y) + 11;372(;()1:) for oo(t) < x

and an operator
(224)  (Fa)(t) = o(0,2(0) +2/(0) — 2’ (2m)) + §(t, t1) [T (a1, 2(t1)))
alty, z(t1))] + gt ) [M(B(z'(t1-))) — B2 (t1-))]
+ /9(757 8)[Fuls, 2(s), 2/ (s)) — (0, 2(0) + 2'(0) — 2’ (2m))b(s)] ds
0

for t € [0,27] and p € (—o00,0). We can see that f“ fulfills the Carathéodory
conditions on [0,27] x R? and « : R? — R, 3: R—R are continuous mappings.
Therefore 13“ : C10,27] — C[0,2n] is completely continuous. Consider the
parameter system of operator equations

(3.17) - AF,z=0, Xel0,1].
With respect to (3.12)—(3.16), we can show that there is r € (0, 00) that
(3.18) ||F 2|z <rforze co, 2x).

Hence, there is p > 0 such that for any A € [0, 1] every solution of (3.17) lies
inside the set _
K(p) ={z € C'[0,27); ||z]| 5 < p}-

Then G =1 — )\ﬁ“ is a homotopic map on K (p) x [0, 1] and

[l — Fu, K(p)] = d[I , K(p)] =
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Therefore there exists a solution u of (3.17) with A = 1. In view to (3.16), u is
a solution of

(3.19) 2 +a(t)d + pr = fu(t, z,7'),
(3.20) z(ti4) = J(a(t)), o' (t1+) = M(a' (1)),
(3.21) z(0) = z(27m) = (0, 2(0) + 2'(0) — 2’ (27)),
where

J(x) =z + J(a(t,z)) — a(t,z) for z € R,

M(y) = y+M(B(y)) ~ B(y) for y € R.
With respect to (3.12) we have

(3.22)

71(0) < a(0, u(0) + o/(0) — /(21)) < 2(0),
fu(t,x,y) > fu(t,ag,y) for a.e. t € [0,27], each z € (02,00),y € R,
ﬁ(t7m7y) < Tu(t, o1,y) for a.e. t € [0,27], each z € (—o00,01),y € R.

In view to (3.22), J and M satisfy conditions (1.4). Let & > 0 be from
Definition 1.4. Since [|o1]|5, + [lo2]l5; < C, then there exists e1 < ¢ such
that [[o1]|ec + €1 < C and |lo2|lc + 61 < C. Then f,(t,z,y) = fu(t,z,y)
for (z,y) € [o1(t),01(¢) + e1] X [0](t) — €1,01(t) + £1] i.e. o1 fulfils condition
(1.12), (1.7), (1.8) with Tu(t7m7y) instead of f(¢,z,y). Hence o is a strict lower
function of

(3.23) @ +a(t)a’ + px = [t z,2"),

(1.2), (1.3). Similarly Tu(t,x,y) = fu(t,z,y) for (z,y) € [o2(t) — €1, 02(t)] x
[05(t)—€1, 05(t)+e1] i-e. o9 fulfils conditions (1.13), (1.10), (1.11) with f (¢, z,y)
instead of f(t,x,y). Hence o9 is a strict upper function of (3.23), (1.2), (1.3).
In view to (3.12) and (3.21) we have ¢1(0) < «(0) = u(27) < 02(0). Then using
lemmas 2.4-2.7 with Tu(t7m7y) and ﬁ(t7m7y) instead of f(t,z,y) and f(t,z,v)
we get

(3.24) o1(t) < u(t) < o2(t) on [0, 27].
Furthermore, f(t,x,y) fulfills (3.10) and thus from Lemma 3.1 we get
u]|c0 < C.

Moreover, in view to (3.15) for a.e. ¢ € [0, 27] we have

Fultou(t),d () = fu(t,u(t), o' (t)).
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Then we get that u is a solution of the equation (2.21) and satisfies condition
(1.2) and «(0) = u(27). Now, we need to prove the second condition in (1.3)
i.e. we prove that

u'(0) = u/(2m).

Especially, we prove
(3.25) a1(0) < u(0) +u'(0) — u'(27) < 02(0).
On the contrary, suppose that
(3.26) u(0) + o' (0) — u'(27) > 02(0).
Then from (3.21) we get
(3.27) w(0) = u(27) = (0, u(0) + v/ (0) — u'(27)) = 02(0) = 02(27)
and using (3.26)
(3.28) u'(0) > u'(2m).
On the other side we proved
u(t) < oq(t) telo,2n]

and with (3.27) and (3.28) this yields

ah(0) > u/'(0) > u'(27) > oh(2m)
which contradicts to (1.11). Similarly we will prove that

a1(0) < u(0) + ' (0) — u'(27).

With respect to (3.21) and (3.12) we have v/(0) = v/(27). Thus, we have proved
that every solution of (3.17) with A = 1 is a solution of (2.21), (1.2), (1.3) which
satisfies (3.24). Hence u € Q. Since F), = ﬁu on Q and x # F,x for x € 99, we
use the excision property of the topological degree and get

d(I — F,,Q) = d(I — F,,Q) = d(I — F,,, K(p)) = 1. O

Corollary 3.3 Let the assumptions of Theorem 3.2 be satisfied. Then the prob-
lem (1.1)-(1.8) has a solution u, which fulfills (3.24).

Lemma 3.4 Let 01,02 be strict lower and upper functions such that
(3.29) o2(t) < o1(t) for eacht € [0, 2m].

Moreover, let p,q € L|[0,27] be positive a.e. on [0,2x] such that for a.e. t €
[0,27] and all 2,y € R

(3.30) [f(t,2,y) — b(t)z| < p(t) + (D).
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Then for every solution u € 251[0, 27] of (1.1)—(1.8) which fulfills
(3.31) o9(ty) < u(ty) < o1(ty) for some t, € [0, 27]
the estimate
(3:32) Il <M, lullg < N,
where
Ny = 2+ [0}l + [0 ool HIatlels | Ny il 4 [los]loc + 27N,
is valid.
Proof At first, we prove the existence of such r € (0,00) that the condition
(3.33) u'(su)| <7

is valid for some s,, € [0,27]. Denote v;(t) = (—1)%(o;(t) — u(t)), i = 1,2
i) Let

(3.34) vi(sy) =0
for some s,, € (0,t1) U (¢1,27). Then
[/ (su)| = lo(su)| < lloilco-

ii) Assume that (3.34) is not valid. Then from (1.3),(1.8) and (1.11) we have
vi(t) < 0 for t € (0,t1) and v(t) > 0 for t € (t1,27) i.e.

vi(t1) <0 and v} (t1+) > 0.
On the other hand,
vi(ti+) < (=1)'[M(o(t1)) = M(u'(t1))] < 0

and hence v;(t1+) = 0. Then |u'(t1+)| = |o}(t1+)] and there exists s,, € (t1,27),
that
W/ (su)| < [lolloo + 1.

The condition (3.33) is proved for r = ||o}||cc + ||04]|cc + 1. Now, suppose that
(3.30) is valid. Then for a.e. t € [0, 27] we get

|u” (&) + a(t)u’(t)] = [f(t, u(t), u'(t)) — b)u(t)] < p(t) + q()] ()],

[ ()] < p(t) + (a(t) + la(®)])]' ()],

335 =plt)— )~ o) < SO < p(0) + g(0) + alo)].
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We integrate the left inequality of (3.35) on (¢, s,) for t € (¢1, s,) and the right
inequality of (3.35) on (sy,t) for t € (sy, 27 and using (1.3) we can extend that
for ¢ € [0,¢1). Thus we have for each ¢ € [0, 27]

14 u2(t) < (14 u?(sy,))e2Plitllalitlialn) < (1 4o/ (s,)|)2e2Plitlalitlal)

[u/ ()] < (1 + [/ (sy)])ellPlFllalitllals < A7
Moreover for each ¢ € [0,¢1) U (¢1, 27]

[ult)] < Ju(ta)| + \ / o (r)dr

<lo1lloo + lloalloo + 27Ny = N,
is valid and then we get (3.32). O

Remark 3.5 Let p,q € L[0,27] be positive a.e. on [0,27] such that for a.e.
t €10,27] and all z,y € R (3.30) is satisfied. Then

(3.36) [fult, 2, y) — pa| < p(t) +a(®)]y]
is valid for a.e. ¢ € [0,27] and each x,y € R where f,(¢t,z,y) is given by (2.22).

Theorem 3.6 Let o1 and o2 be respectively strict lower and upper functions of

(1.1)—(1.3) which fulfill (3.29), let M(0) = 0 and let there exist p,q € L[0,27]
positive a.e. on [0,27] such that (8.30) is satisfied. Then for any p € (—o00,0)

(3.37) AT~ B 05 = 1,
where F, is defined by (2.24),

(3.38) Qy = {z € C'0,27); ||z]lso < N2, [|2']|oc < N1,
o2(ty) < x(ty) < 01(ty) for some t, € (0,27},

Ny = (14 [0 ]|oo + [[05]]oc )2 all+lalls +311pl1)

and B B
Ny = ||01||oo + ||02||oo + 27 N;.

Proof Let o > N’g. Denote

f(tvay)—kp(t)N forz > p
f(t,l',y) Z:]I’{[\&p(t) fOI‘ j\?Q <xr< o
(3.39) ftowy) =3 fltey)  for —Na<a<Np.
ft,z,y) — D2 p(t) for —p<a < -N,
—o0+N2
f(t,x,y) — p(t) for x < —p

Then for a.e. t € [0,27] and each z,y € R

[f(t,2,y) = b(t)a| < [f(E,2,y) = b(t)z| +p(t) < 2p(t) +q(t)]yl.
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In view to (3.30)
=p(t) < f(t,z,0) = b(t)x < p(t)
is valid for a.e. t € [0,27] and each € R and hence

F(t,0,0) = b(t)o = f(t, 0,0) = b(t)o + p(t) > 0,

Consider a problem (1.3),

(3.40) o = f(t,z,2"),
(3.41) 2(ti+) = J(x(t)), o' (t+) = M@ (1)),
where
(3.42) F(t,2,y) = f(t,2,y) — a(t)y — b(t),
x for z < —p,
R —%Q—i—[l—%}](—ﬁg) for —p <z < —Na,
(3.43) J(z) = J(x~) B for — Ny <z < No,
z:%jg—i- [1—2:—%}J(ﬁg) for Ny <z < o,
T for z > o.

We can see that J is a continuous and increasing on R and

J(o) =0, J(-0)=—o0

Moreover o1, 03 are strict lower and strict upper functions of (1.3), (3.40), (3.41).
For a.e. t € J and each z,y € R define a function

[t —o0,y) —wi(t, 5= for z < —p

(3.44) h(t,z,y) = ft,z.y) B for —p<z <y,
ftoy) +wat, 77%5) forz>o

where

(345) wi(t75) = Ssup {|7(t7 (_1)iQ7 y) - 7(t7 (_1)iQ7 O)l}? 1= 1a 2

ye[_svs]

for e > 0. w; is positive and nondecreasing with the second variable and with
respect to (3.42) and (3.30) we have

wit,e) = sup {If(t;(=1)'0,y) — f(t, (=1)'0,0) — alt)yl},

ye[_svs]

(3.46) wi(t, e) < 4p(t) + (q(t) + [a(®) ]yl
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for a.e. t € [0,27] and each y € [—&,]. Now, consider the problem (1.3), (3.41)
(3.47) " = h(t,xz,z").

Choose 7 > 0 and put o3(t) = —o — 0, 04(t) = 0+ n for ¢t € [0,27]. Then for
a.e. t € [0,27]

it 0 +7,0) =Tt 0.0) + wat, ) = £lt:0.0) = blt)o +en (. 1) > 0

Fore = 11{72/2 and for z € [p+n—¢, 041,y € [—¢, €] we obtain z € (o+n/2, 0+1)

and [y| < 252 Le. walt, [y]) < walt, 1255,

Hence, in view of (3.44), we get

_ _ T —0
h(t,z,y) = f(t, 0, y) + w2 (t, m)

— — — rT—p0

> F(t, 0,0) — [F(t, 0,y) — F(t, 0,0 (t7> 0.

> f(t,0,0) = [f(t,0,9) — f(t,0,0)] + w2 —

Thus o4 is a strict upper function of (3.47), (3.41), (1.3). Similarly we can
prove, that o3 is a strict lower function of (3.47), (3.41), (1.3). Now, we choose
an arbitrary pu € (—o0,0) and rewrite the equation to the form

(3.48) 2" + a(t)a’ + px = h,(t, 2, 2),
(349) hu(tv z, y) = h(t7 xz, y) + (M - b(t))l‘,
(3.50) h(t,z,y) = h(t,z,y) + a(t)y + b(t)x.

Then 01,03 are strict lower and 03,04 strict upper functions of (3.48), (3.41),
(1.2) such that

(3.51) o3(t) < o2(t) < o1(t) < 04(t) for all ¢t € [0, 27].

Denote _ _ _
Q={recC0,27]: |z]|c < 0+, |12 ||cc < N1},

Ay ={z € Q:x(t) > oy(t) for t € [0,27)},

Ay ={z € Q:x(t) < oat) for t € [0, 27]}.

In view to (3.44)—(3.48) there exist functions p, ¢ € L[0, 27| positive a.e. on
[0, 27] such that for a.e. ¢ € [0,2n] and each (z,y) € [0 — 1,0+ 1] x R the
inequality
|y (t, 2, y)| < P(t) +q(t)y|

is fulfilled. Then by Theorem 3.2 we obtain

dlI — H,,Q) =1, d[I — H,,A] =1 and d[I — H,,, As] =1,
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where
. (Hyx)(t ) w(O) +2/(0) — #'(2m)
+ ({gu(t,s) [ (s, 22( — (2(0) + 2/ (0) — 2’ (2)) ] ds
+ gu(t,t)[J (2(t1)) — x(t1)] + gu(t, t2)[M (2’ (t1)) — 2'(£1)].
Denote
(3.52) A=0\(ALUA).

Then, from the additivity of the Leray—Schauder topological degree, we have
dlI — H,,A] = -1

Thus there is a solution u of the problem

(3.53) (I-H,z=0

which for some t,, € [0, 27] satisfies (3.31). Moreover from (3.39), (3.42), (3.44),
(3.46), (3.50) we can see that u is a solution of the equation

" +a(t)r +b(t)r = h(t,z,2’),
and we have for a.e. t € [0, 27
"] = [R(t,u,u)| < [F(tu,w)] + (Ja(t)] + a(®)]u'| + 4p(t)
< [t u,u) —a(t)u' +b(t)ul+(|a(t) +q(t))[u'|[+4p(t) < 2(a(t)|+q(t)|u'|+6p(t),

W] < a(la()] + a(t) + 6p(t).

1+u?
Integrating this inequality on (¢,,t) we get for each ¢ € [0, 27|

14+ u2(t) < (14 u?(ty))etUalltlalt3lpl)

W/ (8)] < (1 + |/ (t,)|)e2Uelitlalit3lpl) < N,

Then we have [|u/[|oe < N1, |Jul|cc < Na for every solution u € A of (3.48) and
from the excision property of the degree we have

dlI — H,,Al=d[I—-H,, Q] =—
Finally, from (3.42)—(3.44) and (3.52) H,, = F), for € Q5 follows and so
dlI —H,, Q) =d[I — F,,Q] = —1. O

Corollary 3.7 Let the assumptions of Theorem 3.6 be satisfied. Then the prob-
lem (1.1)-(1.83) has a solution u, which fulfills

oa(ty) < u(ty) < o1(ty)

for some t,, € [0, 27].
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