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Abstract

We investigate some local versions of congruence permutability, reg-
ularity, uniformity and modularity. The results are applied to several
examples including implication algebras, orthomodular lattices and rela-
tive pseudocomplemented lattices.
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Congruence permutability, regularity, uniformity and modularity are well
studied concepts in universal algebra. For the convenience of the reader we

refer to [4]. We introduce and study some local versions of these notions.

In the following let A = (A, F) be an arbitrary but fixed algebra and a,b

arbitrary but fixed elements of A.
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66 I. CHAJDA, G. DORFER, H. LANGER

Definition 1 For every positive integer n and every i € {1,...,n} let Cy;
denote the set of all n-ary functions on A which are compatible with all con-
gruences on 4 with respect to the i-th variable, i.e. C,; consists of all functions
[ A™ — A satisfying the following condition: If ay,...,a,,a; € A, 8 € Con(A)
and a;0a; then

f(alv'”aaiv"'aan)gf(alv'"aaiw"aan)‘

Moreover, put C), := Cp1 N ... N Cy, the set of all compatible n-ary functions
on A for all positive integers n.

Definition 2 Ais called (a, b)-permutable if for all §, ¢ € Con (A) the assertions
a(f o ¢)b and a(¢ o §)b are equivalent. A is called (a, b)-regular if for all 6, ¢ €
Con(A), [a]0 = [a]¢ implies [b]0 = [b]¢p. A is called (a, b)-uniform if |[a]0] = |[b]8|
for all € Con(A).

Remark 1 The following properties follow directly from Defintion 2:
e Ais (a,b)-permutable if and only if A is (b, a)-permutable.

e A is permutable if and only if it is (¢, d)-permutable for all ¢,d € A.

A is regular if and only if it is (¢, d)-regular for all ¢,d € A.
e A is (a,b)-uniform if and only if A is (b, a)-uniform.
e A is uniform if and only if it is (¢, d)-uniform for all ¢,d € A.

Theorem 1 (i) If there exists an f € Cy with f(b) = a and f(a) = b then A is
(a,b)-permutable.

(i) If there exist f,g € C1 with f(b) = a and g(f(x)) = = for all x € A then
A is (a,b)-regular.

(i11) If there exist f,g € Cy such that f(b) = a and f(g9(x)) = g(f(x)) ==
for all x € A then A is (a,b)-uniform.

Proof Let 0, ¢ € Con(A).

(i) If a(f o ¢)b then there exists an element ¢ € A with afcgb and hence
a= f(b)of(c)0f(a) = b showing a(¢ o 0)b, i.e. a(d o ¢)b implies a(¢ o )b. The
converse implication follows by symmetry.

(ii) Assume [a]d = [a]é. If ¢ € [b]0 then f(c) € [f(b)]0 = [a]d = [a]¢ and
hence ¢ = g(f(c)) € [9(@)lé = [9(f()]6 = [b)6 showing [tJ9 C (6. The
converse inclusion follows by symmetry.

(iii) If ¢ € [a)f then g(c) € [g(a)]0 = [g(f(b))]0 = [b]0. If d € [b]6 then
f(d) € [f(D)]0 = [a]f. Moreover, f(g(x)) = g(f(z)) = x for all z € A. Hence
9lajo and f|pe are mutually inverse bijections between [a]f and [b]0 proving

|[a]0] = |[b]6)]. O
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Example 1 An implication algebra (cf. [1]) is a groupoid (A4, -) satisfying the
identities

(wy)r =z, (ey)y = (yr)z, x(yz) = y(z2).
This implies zz = yy, i.e. zx is a constant denoted by 1 (if A # 0 which we
will assume). Moreover, 1o = (zz)x = x and z1 = (1z)1 = 1. With the partial
order

x <y if and only if zy =1

(A, <) is a V-semilattice with 2 V y = (xy)y in which every interval [c,1] is a
Boolean algebra. The element xy coincides with the complement of z V y in the
interval [y, 1].

An implication algebra is (a, b)-permutable if and only if @ and b have a com-
mon lower bound, i.e. if and only if there exists an interval [c, 1] with a,b € [c, 1]:
Firstly suppose that such an element c exists. Let 4. denote the symmetric dif-
ference in [¢, 1]. +. can be represented as a polynomial function and thus x+.y
makes sense for all 2,y € A and is in Cy. Consequently f(z) = x +. (a +.b) is
in C; and obviously satisfies condition (i) of Theorem 1.

On the other hand, suppose a and b do not have a common lower bound. Let
0 and ¢ be the principal congruences generated by (a, 1) and (b, 1), respectively.
It can be verified easily that (x,y) € 0 if and only if © A y exists in A and
14zny (T +2ry y) > aV (x Ay). Similarly ¢ can be characterized.

Obviously (a,b) € 0 o ¢. Assume (a,b) € ¢ o0, ie. there is d € A such
that (a,d) € ¢ and (d,b) € 0. (a,d) € ¢ implies (a,a V d) € ¢ which means
144 (a+q (aVd)) > bV a by the above characterization of ¢. This implies
aVd <14, (aVd) and hence (aVb)A(aVd) = a. (d,b) € 0 implies the existence
of b A d and we infer aV (bAd) < (aVb)A(aVd)=a, hence bAd < a. This
is a contradiction to the assumption that a and b do not have a common lower
bound.

One might suspect that (a, b)-regularity and (a, b)-uniformity can be charac-
terized by the same condition as (a,b)-permutability. This is not the case: We
consider the implication algebra A with A = {1,a,b,c,d} consisting of the two
Boolean subalgebras {1, a,b,c} with ¢ < a,b <1 and {1,d}.

One can check easily that 0 = {a,c}? U {1,b,d}? and ¢ = {a,c}?> U {1,b}?>U
{d}? are congruences of A. We have ¢ = a A b, [a]§ = [a]¢ but [b]0 # [b]o,
thus A is not (a, b)-regular. Moreover, |[a]f] = 2 and |[b]0| = 3, hence A is not
(a, b)-uniform.

Example 2 Let A denote the algebra (A, s1, s2) with A = {a, b, ¢, d} and unary
operations s1, so defined as follows:

abed

sildccd
sa2lbadc

A has exactly 3 non-trivial congruences, namely
0 = {a}? U {b}> U {c,d}?,
¢ = {a,d}? U {b,c}? and
¥ = {a,b}? U{c, d}>
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It follows

fog = 9U¢U{(c,a),(d,b)},

pol = 9U¢U{(a,c),(b,d)},

Bow = vof =10,

ot = pog— A2
A is (¢, d)-permutable: For f := s1 0 s it holds f(¢) = d and f(d) = ¢. Since
(b,d) € (¢o0)\ (00¢), Ais not (b, d)-permutable.

A is (a,b)-regular: For f = g := s5 it holds f(b) = a and ¢(f(x)) = z for
all x € A. Since [a]f = [a]w (where w denotes the least congruence on A) and
[d)0 # [d]w, A is not (a,d)-regular.

A is (a, b)-uniform: In fact, for f = g := s9 it holds f(b) = a and f(g(x)) =
g(f(x)) =z for all z € A. Since |[a]f] # |[d]6], A is not (a, d)-uniform.

Corollary 1 (i) If there exists f € Cso with f(z,z,y) = f(y,x,x) =y for all
x,y € A then A is permutable.

(i) If there exist f,g € Cso with f(x,x,y) =y and g(x, f(x,y,2),2) =y for
all x,y,z € A then A is reqular.

(111) If there exist f,g € Csy with f(z,z,y) = y and f(z,g(x,y,2),2) =
g(z, f(z,y,2),2) =y for all x,y,z € A then A is uniform.

Proof (i) Put fei(z) := f(c,z,d) for all ¢,d,z € A. Then f.q4 € C1, fealc) =d
and feq(d) = c for all ¢,d € A. According to Theorem 1, A is (¢, d)-permutable
for all ¢,d € A and hence permutable.

(ii) Put fea(x) := f(d,z,c) and gcq(x) := g(d,z,c) for all ¢,d,z € A. Then
feds 9ed € C1, fea(d) = ¢ and gea(fea(x)) = g(d, f(d,z,¢),c) = x for all ¢,d, xz €
A. Hence A s (¢, d)-regular for all ¢,d € A according to Theorem 1 and therefore
regular.

(iii) With the same notation as in the proof of (ii) we now have f.4(d) = ¢,
fcd(gcd(x)) = f(dvg(d’xac)7c) = z and gcd(fcd(x)) = g(dvs(d’xac)7c) = x for
all ¢,d,x € A. By Theorem 1 A is (¢, d)-uniform for all ¢,d € A and hence
uniform. a

Example 3 Let £ = (L,V,A,,0,1) be an orthomodular lattice. For z,y € L
we define
r+y:=(xVyArz))A @ VY).

Then it can be proved with standard methods:
r+0=04+z=2, z4+2=0, (+y ty==zx.

Let f(x,y,2) := (z+vy)+z, then we have f(z,z,y) = (r+z)+y = 0+y = y and
f(y,z,z) = (y+x)+x = y. Therefore L is permutable according to Corollary 1.

Now let f(z,y,2) = (y+z)+ 2z and g(x,y, 2) := (y + z) + 2. Then we have
for all x,y,z € L:

flz,z,y) =(x+2)+y=0+y =y,
f(@,9(z,y,2),2) = (((y +2)+2)+2) +2=(y+2)+2=y,
9(z, f(z,y,2),2) = (y+2) +2)+2)+z=(y+ ) +r=y.
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By Corollary 1 L is both regular and uniform.
In the following let 0 be a fixed element of A. Recall that A is called
e permutable at 0 (cf. [2], [4], [6]) if [0](Fog) = [0](¢poh) for all , ¢ € Con(A),

o weakly regular, (cf. [4], [5], [7]) if 6,¢ € Con(A) and [0]§ = [0]¢ imply
0= ¢,

e locally regular (cf. [3], [4]) if a € A, 6,¢ € Con(A) and [a)d = [a]¢ imply
[0]6 = [0]¢.

Corollary 2 (i) If there exists f € Cao with f(x,0) =z and f(z,z) = 0 for all
x € A then A is permutable at 0.

(i1) If there exist f,g € Cag with f(x,z) = 0 and g(x, f(x,y)) = y for all
x,y € A then A is weakly reqular.

(iii) If there exist f,g € Coo with f(x,0) = z and g(z, f(z,y)) = y for all
x,y € A then A is locally regular.

Proof It is easy to see that A is permutable at 0 if and only if A is (c,0)-
permutable for all ¢ € A, that A is weakly regular if and only if A is (0, ¢)-regular
for all ¢ € A and that A is locally regular if and only if A is (¢, 0)-regular for
all ¢ € A. Applying Theorem 1 to f.(z) := f(c,x) and g.(x) := g(c,x) the
assertions follow immediately. O

Definition 3 A is called (a, b)-semiuniform if |[a)f] < |[b]0] for all § € Con(A).
A is called 0-semiuniform if A is (¢, 0)-semiuniform for all ¢ € A.

Theorem 2 (i) If there exist f,g € Cy with f(a) = b and g(f(z)) = x for all
x € A then A is (a,b)-semiuniform.

(i1) If there exist f,g € Cag with f(x,z) = 0 and g(x, f(x,y)) = y for all
x,y € A then A is 0-semiuniform.

Proof (i) Let 6 € Con(A). If ¢ € [a]f then f(c) € [f(a)]0 = [b]0. If d,e € [a]d
and f(d) = f(e) then d = g(f(d)) = g(f(e)) = e. Hence f|(4)¢ is an injective
mapping from [a]f to [b]6 proving |[a]d| < [[b]6].

(ii) Put f.(x) := f(c,x) and g.(z) := g(c,x) for all ¢,z € A. Then f., g. €
Cy, fe(c) = 0 and g.(fc(z)) = « for all ¢,z € A. According to (i) A is (c,0)-
uniform for all ¢ € A, i.e. A is 0-semiuniform. o

Example 4 Every finite relatively pseudocomplemented lattice £ = (L, V, A,
,0, 1) is 1-semiuniform: Let § € Con(L). Since L is finite the class [¢]f contains
the greatest element ¢. Consider the function ¢.(z) := ¢+ z. For = € [c]d we
have ¢ x zfc x ¢ = 1, i.e. p.(z) € [1]0. Suppose z,y € [c]f and p.(x) = w(y).
Then

x=CcA(@xx)=CAp(xr)=CAp.(y)=CNA(Cxy)=uy.

This shows that ¢, is an injection from [c]d into [1]6, i.e. £ is (¢, 1)-semiuniform
for all c € L.
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Example 5 Every finite implication algebra A = (A4, ") is 1-semiuniform: Let
6 € Con(A) and c € A. Since A is finite, the class [c]0 has a greatest element ¢.
We consider ¢.(x) := ¢z. Then for = € [¢]0 we have

(¢cx)fec =1,

hence ¢.(z) € [1]0. Suppose p.(z) = ¢.(y) for x,y € [c]f. We prove ¢z A ¢ = a:
Since x € [c]d we have < ¢ and z(¢x) = ¢(zx) = 1 implies < éx. Now
suppose z < ¢z and z < ¢, i.e. z(¢x) = 1 and z¢ = 1. We have to show that
z < x:

za = (z(ex))(z2) = (¢(zx))(22) = ((zx)e)e = ((22)((2¢)¢))e
= ((z2)((¢2)2))e = ((e2)((2)2))c = ((ez)z)e = ((2¢)¢)c = cc = 1.

This proves ¢x A ¢ = x and analogously we obtain ¢y A ¢ = y, thus we infer
x=(Cx)Ne=(cy) Ne=y.

Consequently . is an injection of [c]6 into [1]0, whence |[c]d] < |[1]d]. Thus A
is 1-semiuniform.

Definition 4 Let n > 1. A is called n-(a, b)-permutable if (a,b) € fopobo...
(n factors) is equivalent to (a,b) € ¢pofodo... (n factors) for all 6, ¢ € Con (A).

Theorem 3 (i) If there exist functions fi € C3; N Cs3 and fo € Csa N Css
satisfying

fila,z,2) = a, fi(z,x,b) = fa(x,b,b), fo(x,z,b) =0,

for all x € A then A is 3-(a,b)-permutable.
(i) If there exists f € Cy satisfying

f(x7x7x7a):a" f(x’x7x,b):b’ f(x7x7b7b):f(b’x’b7x)
for all x € A then A is 3-(a,b)-permutable.

Proof (i) Let 0,¢ € Con(A) and (a,b) € f o ¢ o §. Then there are elements
¢, d € A with afcpdfb. We infer

a = fl(a7 Cy C)¢fl (a'a ) d)9f1 (Cv Cy b) = f2(cv b, b)an(Ca d, b)¢f2(ca ) b) =b,

whence (a,b) € pofo .

(ii) Put fi(z,y,2) := f(z,9,2,2) and fo(z,y,2) := f(z,2,y,2). Then fi, fs
satisfy the conditions in (i). O

Definition 5 A is called n-modular (for n > 2) if for every 6, ¢,1 € Con(A)
with 8 C v we have

(fopobo..)NY COV(pN).
—— ——

n factors
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We remark that congruence modularity is equivalent to the condition 6 C
implies (0V$)Ny C OV (¢N1p). Thus our concept of n-modularity is weaker than
congruence modularity. Obviously (n + 1)-modularity implies n-modularity.

Theorem 4 Every algebra A is 3-modular (and hence 2-modular).

Proof Suppose 6,¢,9% € Con(A) with 8 C ¢ and (¢,d) € (f o ¢ o 6) N
Then there exist e, f € A with cle¢pfOd and we obtain ecypdiy f and hence
che(p Np) fOd. ]

Example 6 Let A = (A, s1, $2,3) be an algebra with 3 unary operations and
A={a,b,..., g} with
|a becdefyg
silcdeeeed

ssleee fggf
sgsldecbaabdec

Then Con (A) 2 N5 since Con (A) consists of the trivial congruences and

0 = {a,b}?U{c,d}? U {e, F}2U{g}?,
¢ = {a}? U {b,c}*U{d,e}* U{f, g}?
¥ = {a,b,9}> U{c,d}* U {e, f},

with 6 C 1. Hence Con (.A) is not modular.
However, Con(A) is 4-modular: The only non-trivial case to be checked
refers to the triple (6, ¢, 1) and we have

(Bogpobodp)Np=0C OV (pNY).

We remark that 6 o ¢ 0§ o ¢ is not a congruence since (a,e) € 6 o ¢ o o ¢ while

(e,a) ¢ Gogpobod.

Definition 6 A is called (a,b)-modular if for all 8, ¢, ¢ € Con(A) with 8 C ¢
we have (a,b) € (0 V ¢) N implies (a,b) € 0V (¢ NY).

Remark 2 Of course, if for all 8, ¢ € Con(.A) it is true that
(a,b) € 8V ¢ implies (a,b) € opod (1)

or

(a,b) € 0V ¢ implies (a,b) € o ¢ (2)

then, by Theorem 4, A is (a,b)-modular. Hence it is a natural to search for
algebras satisfying the implications (1) or (2). Obviously (2) implies (a,b)-
permutability and (1) implies 3-(a, b)-permutability. We are going to find suffi-
cient conditions for (1) or (2).
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Proposition 1 Let R be a reflexive and compatible relation on A.

(i) If there exists an R-compatible unary function f : A — A such that
f(a) =0 and f(b) = a then (a,b) € R implies (a,b) € R™1.

(ii) If there exist a function f : A> — A compatible with R with respect to
the first and third component such that f(a,z,z) = a and f(x,z,b) = b for all
x € A then (a,b) € Ro R implies (a,b) € R.

Proof (i) If (a,b) € R then (b,a) = (f(a), f(b)) € R due to the compatibility
of f with R.

(ii) Let (a,b) € Ro R. Then aRcRb for some ¢ € A and thus a = f(a,c,c)
R f(c,c,b) =b. O

For a binary relation R on A put [a]R = {x € A | xRa}.
Definition 7 A is n-permutable at a (n > 1) if for all 6, ¢ € Con(A)
[a](@ogo...)=la](pobo...)
(with n factors on both sides).

Theorem 5 Let A be n-permutable at a. Then for all 6,¢ € Con(A) we have
(a,c) €0V ¢ if and only if (a,c) €Oodo... (n factors).

Proof Evidently, (a,c) € fogo... implies (a,c) € 8V ¢. Now, let (a,c) € OV ¢.
Then there exists an integer m such that (a,b) € fopo... (m factors). If m <n
we are done. We proof the assertion for m = n+1 and n even, the general proof
works with the same idea. There exists an element d € A such that

a(fogo...op)dldc.
——— ——

n factors

Hence d € [a](¢p o fo...00) (n factors). Due to n-permutability at a we have
delal(fopo...o0q) (n factors), i.e.

a(pobo...o0)dbc,
~—————
n factors

hence
a(pobo...ob)c,
—_———
n factors

and again by n-permutability at a we arrive at (a,c) € ogdo...0¢ (n factors).
O

Corollary 3 If A is 3-permutable at a then A is (a,c)-modular for all ¢ € A.

Proof Let 0,¢,9 € Con(A) with 8 C ¢ and (a,c) € (6 V ¢) N. Then due
to 3-permutability at a by Theorem 5 we have (a,c) € 6 o ¢ 0 0, i.e. there are
d,e € A with afdgefc. Consequently we obtain diapcipe and afd(d N 1)ebde.
Thus (a,c) € 0V (¢ N1) and we are done. O
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