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ABSTRACT. In this paper the compatibility and the equivalence problem of the
tangency relations of sets of the classes M & and A} ; having the Darbouz prop-
erty in generalized metric space (E,!l) is consndered Some sufficient conditions
for the compatibility and the equivalence of the tangency relations are given here.

Introduction

Let (E,l) be a generalized metric space. E denotes here an arbitrary non-
cmpty set and [ is a non-negative real function defined on the Cartesian square
E, x E; of the family E, of all non-empty subsets of the set E.

Let k£ be any, but fixed positive real number and let a, b be arbitrary non-

negative real functions defined in a certain right-hand side neighbourhood of 0
such that

a(r) — 0 and b(r) —— 0. (1)
r—0t r—0+

The tangency relation T)(a, b, k, p) of sets of the family F, in generalized metric
space (E,1) is defined as follows (see [10]):

T)(a,b,k,p) = {(A,B): A,B € E,, the pair (4,B) is (a,b)-clustered
at the point p of the space (F,l) and
—kl(A NS, (P7)o(ry BN S (P, r)b(r)) m} 0} .

(2)

If (A,B) € T)(a,b,k,p), then we say that the set A € E; is (a,b)-tangent

(or briefly: is tangent) of order k to the set B € E at the point p of the space
(B, 1).

AMS Subject Classification (1991): Primary 53A99.
Key words: compatibility and equivalence of tangency relation.
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The pair (A, B) of sets of the family E| is called (a, b)-clustered at the point
p of the space (EF,l) if 0 is the cluster point of the set of all numbers r > 0
such that

ANS(pr)gry #0  and  BOS(p,r)y,) # 0. (3)

The sets S;(p,7),(,) and S(p, 7)) denote here so-called a(r)-, b(r)-neighbour-
hoods of the sphere S,(p,r) with the centre at the point p € E and the radius
r > 0 in the space (E,!).

Two tangency relations of sets T (ay,b;,k,p), T,2(a2,b2,k,p) are said to
be compatible (see [4]), if (A,B) € T, (ay,b;,k,p) if and only if (A4,B) €
T),(ay, by, k,p) for (A,B) € E;.

Let p be an arbitrary metric of the set E. We shall denote by d,A the
diameter of the set A € E,, and by p(A, B) the distance of sets A, B € E; in
the metric space (E,p).

Let f be any subadditive increasing real function defined in a certain right-
hand side neighbourhood of 0, such that f(0) =0. By F s we denote the class
of all functions [ fulfilling the conditions:

1° I: E, x E; — (0,00),
2° f(p(A,B)) <I(A,B) < f(d,(AUB)) for A,B € E,,.

It is easy to notice that every function ! € F’-f generates on the set £ the metric
l, defined by the formula:

lo(z,y) =1({z},{y}) = f(p(z,y)) for z,y€E. (4)

In [9], the problem of the compatibility for the tangency relations of sets in
the classes Ay, and M, , having the Darbouz pi(_)perty at the point p € F
for the functions ! belonging to the class F; C F';, where f is moreover a
continuous function, was examined.

We say (see [7]) that the set A € E, has the Darbouz property at the point
p of the space (E,!) and we shall write this as: A € D, (E,!), if there exists a
number 7 > 0 such that the set AN S,(p,7) #0 for r € (0,7).

In this paper we shall consider the problem of the compatibility and the
equivalence for the tangency relations of sets in the classes M, , and A , having
the Darbouzr property at the point p of the generalized metric spaces (E,!) for
le Ff. Some theorems (sufficient conditions) concerning the compatibility and
the equivalence of the tangency relations will be given here.
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1. On the tangency of sets in the classes Mp,k

Let p be a metric of the set E and A any set of the family E, of subsets of
the set E. Let A’ denote the set of all cluster points of the set A € E, and

p(z,A) =inf{p(z,y): ye A} for z€E. (5)

The classes of sets Mp,k mentioned in Introduction are defined as follows
(see [5]):

M, = {A € E,: pe A’ and there exists pu > Osuch that

for an arbitrary € > 0 there exists § > 0 such that ()
for every pair of points (z,y) € [4, p; u, k]

. z,A) ,y)

if p(p,z) < ¢ and f‘((_p,—zi < d, then p”(xp’yz) <E},
where
[A,p; 1, k] = {(z,9): € E, y€ A and pp(z, A) < p*(p,z) = p*(p,9)}. (7)

EXAMPLE 1. Let E = R? be the two-dimensional Euclidean space. Let A C E
be a set of the form

A={(z,y): >0, 0<y<z**! and k>1}. (8)

We shall prove that A defined by the formula (8) is the set of the class Mpy K
where p = (0,0) and k£ > 1. For this purpose let us denote

L, ={(t0): t>0}, L,={(t"*"): t>0}. (9)
Let y,, y, be the points of the set A such that for r >0

weL nS,mr), % €LyNS,mr). (10)

If we denote y, = (t,tk+1), then
r:p(p,yz): \/t2+t2k+2=t\/l+t2k. (11)
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Hence it follows that y; = (¢v/1 +t2¥,0). From (11) it results also that r — 0+
if and only if ¢t — 0+. If we denote by d A the diameter of the set A in the
metric space (E, p), then (see [8])

1

1
= TWPQ(%, Y2)

(tVI+E2F — t)% 4 2k+2

£2k(1 + t2k)k

1 ((m_l)2+t2> C(VIFEE 1)
t—0+

= (1 + t2k)F $2k—2 12k—2
t4k t2k+2

J— [

p—t 7 0
22 (VI+ 2k +1)°  (VIFEF+1)° o0t

which means that

Hence for an arbitrary € > 0 there exists J; > 0 such that
1 €
;Idp(AﬂSp(p,r)) <3 for 0<r<9d;. (13)

Now we shall prove that for an arbitrary € > 0 there exists d, > 0 such that
for every pair of points (z,y,) € [Ly,p; i, k]

plz,y,) €
o) 2 o
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when (@.L)
p(z, L,
r=p(p,x) <9 and —_—<4,. 15
p(p ) 2 pk (p’ 2:) 2 ( )
Let y; be the projection of the point z € (E'\ A) at the arc L,, i.e. the point
of the arc L, such that p(z,¥;) = p(z, L,).

Since x = (t,£Vr% —t2), for 0 <t <7 we have
Py v) =r—t= = <V +00 1) = Vr2 -2 =p(z,y). (16)

Let 4 = 2, 6, = min(3,5). Hence, from (15), (16) and from the triangle
inequality we obtain

p(z,y;)
pk(p, z)
which gives inequality (14).
Finally we prove that for an arbitrary ¢ > 0 there exists §; > 0 such that
for every pair of points (z,y,) € [Ly,p; i, k]

p(z,y1) + p(y1,¥;) < 2p(x, L,)
p*(p, ) ~ pk(p,x)

IN

€
<§,

P(l‘,yz) €
2ol < 17
Fpz) < 2 4
when (z.L,)
pZ, Ly
r=p(p,r)<é and —= <4, 18
p(p ) 3 pk(p,.’t) 3 ( )

If z' is the projection of the point z ¢ A on the segment py,, then from (16) it
follows that for 0 <t < r

p(yy, ') < p(z,2"). (19)
Let y5, be the projection of the point z € (E'\ A) at the arc L,, i.e. the point
of the arc L, such that p(z,y;) = p(z, L,).

Since
plz,2') < pla,v}), (20)
from (19) and from the triangle inequality we obtain
P2, ¥5) < p(Ys,2') + p(2', 2) + p(z,5) < 3p(z,y3) = 3p(z,Ly) . (21)

Let us put =4, 6, = min(}, £). From here and from (21) we have

p(E,y5) P2, Y5) +P(y3,45) _ dp(e,Ly) _ €
pk(p,x) ~ Pk (p, ) p(p,z) 27
which as a consequence gives (17).
Let p =4, § = min(d;,d,, ;) and let (x,y) be any pair of points belonging to
the class [A,p;p, k). In this example p(z, A) = p(z,L,) or p(z, A) = p(z, L,),
when z ¢ A.
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Let us suppose that p(z,A) = p(z, L,). Hence, from the triangle inequality
and from (13), (14) it follows that for (z,y) € [A,p; u, k] if

and 5&2,’3 <3s, (22)

r=p(pz)<é

then
pz,y) _ plz,y)  p(yy,y) _ plz,y) 1
< + < + =
p*(p,x) ~ pk(p,z)  p*(p,x) ~ pk(p,z) Tk

Similarly, if p(z, A) = p(z,L,), then using (13) and (17) for (z,y) € [A,p; u, k]
we get that

d,(ANS,(p,r) <e. (23)

p(z,y) _ p(z,y,) 1

F(p,2) = pF(p,a) |7
If z € E is a point of the set A C E, then from (13) it follows immediately
that for an arbitrary € > 0 there exists ¢ > 0 such that for every pair of points
(z,y) € [4,p; n, k] (for an arbitrary fixed number p > 0)

dp(AnSp(p,r)) <ce. (24)

plzy) 1 .
(. 2) < dep(Aﬂ Sp(p,r)) <e, (25)
when (z, 4)
p(z,
r=p(p,x) <d and <é 26
p(p, z) (p.2) (26)

Hence, from (23) and (24) it follows that the set A belongs to the class Mp‘k
defined by (6).
From the definition of the set A it follows evidently that A € D (E,p).

Let ! be an arbitrary function of the class Ff. From (4) and from the prop-
erties of the function f it follows

f(d,A) = f(sup{p(z,y) : z,y € A}) =sup{f(p(z,y)): z,y € A}
=sup{ly(z,y): z,y€ A} =d/A,

therefore
f(d,A)=d /A for A€E,. (27)
Let a;, b; (i = 1,2) be any non-negative real functions defined in a certain
right-hand side neighbourhood of 0 and fulfilling the condition
a,(r)y ——0 and b,(r) —— 0. (28)
r—0+ r—0t
Let us denote 5
d = max(a,,a,) , b = max(b,, b,) . (29)
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TANGENCY RELATIONS FOR SETS IN CLASSES IN GENERALIZED METRIC SPACES

THEOREM 1. If l € F; and

a,(r) b,(r)
;k_"'—l r—0+t % T+l o+ 'Bi’ (30)

where a;,B; < oo for i = 1,2, then the tangency rflatz'ons T,(ay, by, k,p) and
Ty(a,, by, k,p) are compatible in the classes of sets M N D,(E,l).

Proof. Let us assume that (4,B) € T(a;,b,,k,p) for A, B €
M, , ND,(E,l). Then we have

Li(4n 8@ )0 BNSE Do) — 0- (31)

T r—0t
From the inequality
d,(AUB) <d,A+d,B+p(4,B)  for A,B€E, (32)

from (29), from the properties of the function f and from the fact that l € F,

we obtain

l’r‘ikl(A N S, (p, r)az(r)’ Bn S (e, T)bZ(T))
- T—];C'I(A N Sl(p, T)al(r)7 Bn Sl(p’ T')bl(,.))
< r‘ll?f(dp((A N 5P, )az(n) Y (BN S (P, ’)bz(r>)))

— L4 (p(AN S0 es BOSE i)
T

: ’ikf(d”((A N8P ) Y (BN S (P ")B(r)))) (33)
- T_];{ (p(A n Sl(p: 1")6(1_), BN Sl(p, T)E(r)))

<L f(dp(A N8,(p,Mary) + dp(BNS(P, i)
+p(AN S, (B,7)5ry> BN S (P T)B(r)))
1 (p(AnSI(p: 7‘)Ei(r)’ BnSl(p’ 7‘)5(1-)))

<

k
< ,r_lk_f(dp(A N S[(p’r)d(r))) + ;lff(dp(B n Sl(p> T)E(r))) .

From (29), (30) and from [5; Lemma 1.1] it follows
':le (A N Sl(p) 7')ii,(r)) — 0.

r—0t
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Hence (27) implies

L 7(d, (A0 83 7)s)) — 0. (35)
Analogously .
;If( (B NS (p,m)g r))) __0? 0. (36)

From (31), (35), (36) and from the inequality (33) we have
1
L U(A0SB1)eyir BOSIENoy() — 0 (37)

From the fact that the sets A,B € Dp(E,l) it follows that the pair of sets
(A, B) is (a,b)-clustered at the point p of the space (E,!). Hence from (37) we
obtain (A, B) € T)(a,, by, k,p).

If (A, B) €T(a,, by, k, p), then identically we prove that (A, B) € T)(a,, b, k,p).
Therefore the tangency relations Tj(a,,b,,k,p) and T,(a,,b,,k,p) are compat-
ible in the classes of sets Mp,k ND,(E,I). a

Using this theorem we shall prove:

THEOREM 2. Ifl € Fy,
b(r)

a and — ,
r—0+ rh+l o+

where a, f < 0o, then the tangency relation Tj(a, b, k,p) is an equivalence in the
classes of sets M, , N D ,(E, ).

Proof. From [5 Lemma 1.1] and from the assumptions of this theorem it
follows that for A€ M, , N D, (E,I)

(38)

1
—d,(A
rk l( vnSl(p"r)a(r)) m 0, (39)
and 1
—d,(ANS . 4
F i (P T)b(ry) ot 0 (40)
Since
(AN S P Doiry ANSI(B,T)y)) =0 for A€ B,  (41)

then from here, from (27) and (32), from the properties of the function f, and
from the fact that | € F'; we have

0< l(A NS (P, )g(rys AN S, (p, T)b(r))
< f(dp((AﬂS (27 o)) U (AN S (D7) )))

< f(dp(Aﬁ S,(p, r)a(r))) + f( (AN S, (p, T)o(r) ))
= dl (A n Sl(p’ r)a(r)) + dl (A N Sl(pv r)b(r)) '
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Hence (39) and (40) imply

(AN S, oy AN S P, Nyry) — 0. (42)

a(r)?

Since A € D, (E,1), the pair of sets (4, 4) is (a,b)-clustered at the point p
of the space (E l). Hence from (42) it follows (A4, A) € T,(a,b,k,p), which
means that the tangency relation T)(a, b, k,p) is reflexive in the classes of sets

M, ,ND,(E,1).
Let us assume now that (A,B) € Tj(a,b,k,p) for A,B € Mp ND,(E,1).
From here and from Theorem 1 it follows that (A, B) € T(b a,k p) Hence

(A NS (P, m)p(ry BN S (P, T)a(r) ) — 0. (43)

r—0+

From (27), from the inequality (32), and from the fact that ! € _F_f we get

0< I(B NS, (p, r)a(r), ANS(p, T)b(r))
< (4, ((BNSP1)ui) U (AN S, (o, )
< f(dp (AN S,(p, r),,(,))) + f(d,,(B ns,(p, T)a(r)))

+ f (p(A N Sy(P:7)y(ry» BN Sy (p, T)a(r>))
&, (AN S,(p,7)y(ry) + (BN S,(p,7)or))
+ l(A ns (;D, ) b(r)» BN Sl(p7 T)a(r)) :

From here, from (43) and from [5; Lemma 1.1] one derives

(an (0, P)a(rys AN Sy (0, 7)y )—0—+ 0. (44)
Since by our assumption 4, B € D,(E, 1), the pair of sets (B, 4) is (a, b)-cluster-
ed at the point p of the space (E,l). Hence (44) gives (B, A) € T,(a,b,k,p),
which means that T,(a,b,k,p) is a symmetric relation in the classes of sets
M, , N D,(E,1).
Finally we assume that (A4, B) € T)(a,b,k,p) and (B,C) € T)(a,b,k,p) for
the sets A, B,C € AYP,k N Dp(E,l). Hence

1
(AN S0, 7)), BOS(P, o) —0, (45)
and )
;k—l(B N 5,(p,Ma(ry C N S,(p, r),,(r,) —0. (46)
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Then Theorem 1 yields
-l—l(BnS(p My, C NS, (p,7) )—>o. (47)
rk L\ T/ p(r) NS b(r) 0+

From (27), (41) and (32), from the properties of the function f, and from the
fact that [ € F'; we obtain

0< l(A N S,(P,T)a(rys C NS, (P, r),,(,))
< 1(4,((AN 5,5, Mor) U (CN S0, 7)yiny) )
< £ (4,((ANSp. o) U (BN Si(p i)
U ((BN 8,2, )yny) U (C N S (p, r)b(r)))))
< 1(2,((AN 8P, Dan) U (BN S0, 7)yr)) )
+d,((BN5,(0,7))) U (CN5,(0,7)yr) )
(dp(A N8P air))) + £ (4, (BN S, (0,7)y)
+ (AN S P,y BOSP i)
+ (4, (BN S0 1)y)) + £(4,(C N S5, 7)yey))
+£(p(BN S, Mairy €O S (B,Yyi))

<4 (A NS, (p, T)a(r)) +2d, (B NS, (p, r)b(,)) + d,(C’ N S, (p, 7') )
+ l(A NS (p, T)a(r), BN S (p, T)b(r)) + l(B NS (p, ), b(r)? cnS(p, ) )

From here, from [5; Lemma 1.1] and from (45), (47) it follows that
Lz(AnS(p )., CNS,(p,7) )—>o. (48)
Tk I\ a(r)? I\ b(?‘) ro0+

From the fact A,C € D,(E,l) we obtain that the pair of sets (4,C) is
(a, b)-clustered at the point p of the space (E,!). Hence and from (48) it follows
that (A, C) € T)(a, b, k,p), in other words, the tangency relation T;(a, b, k,p) is
transitive in the classes of sets Mp,k ND,(E,1).

From the above considerations one sees that T)(a, b, k,p) is an equivalence
relation in the classes of sets M, , N D,(E,!). This ends the proof. O
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2. Some remarks on the tangency
of sets in the classes A;’k

Similarly as in Section 1, let p be any metric of the set E. By A’ we denote
the set of all cluster points of the set A of the family E|, of all non-empty subsets
of the set E.

Let us assume by the definition that for an arbitrary but fixed number k£ > 0
(see [4]):

A= {A € E,: pe A’ and there exists a number A > 0 such that

lim sup plzy)—Ap(z,A4) z’f’)_(;";()m’m < 0},

[A,p;k]3(z,y)=(P,p)

(49)

where
[A,pkl={(z,y): z€E, y€ A and p(z,4) < p*(p,z) = p*(p,y)}. (50)
Analogously as Theorem 1 we can prove:

THEOREM 3. Ifl € F; and fori=1,2

. b.
) o b o)
rk r—0+ rk r—0t

then for arbitrary sets of the classes A; , N DP(E,I) the tangency relations

T,(ay,b,,k,p) and T)(a,,b,,k,p) are compatible.

The proof of this theorem is based on the inequality (33) and on the following
lemma (see [4]):

LEMMA 1. If

E(kL_) —0, (52)
T r—0t+

then for an arbitrary set A € A7, N Dp(E, l)
1
r_kdl (AﬂSl(p,r)a(r)) m 0. (53)
It turns out that if the functions a, b fulfil the condition

b
M — 0, ﬂ — 0, (54)
rk o+ ko oo+

then for an arbitrary function [ € Ff Theorem 2 will be true in the classes of
sets Ay, ND,(E,1).

Analogously as in case of Theorem 2, using Theorem 3 and Lemma 1 we can
prove the following theorem:
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THEOREM 4. If the functions a, b fulfil the condition (54), then for an arbi-
trary function | € F' ; the tangency relation T,(a,b, k,p) is an equivalence in the
classes of sets Ay, ND,(E,1).

This theorem is also fulfilled under somewhat weakened assumptions con-
cerning the functions a, b, which follows from the fact (see [5; Theorem 1.1})
that the classes of sets A;,k are contained in the classes Mp,k for any £k > 0
and pe E.

If we put f = id, where id denotes the identity function defined in a right-
hand side neighbourhood of 0, then the class Fid of the functions [ is equal to
the class F/: considered in some papers of mine mentioned in References below.
From here it results that all theorems about the problem of the compatibility
and the equivalence for the tangency relations of sets for the functions of the
class F} given in these papers follow from the theorems of the present paper.
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