Mathematica Slovaca

Jerzy Kakol
Some remarks on *-Baire-like and b-x-Baire-like spaces

Mathematica Slovaca, Vol. 36 (1986), No. 3, 233--239

Persistent URL: http://dml.cz/dmlcz/132744

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1986

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/132744
http://project.dml.cz

Math. Slovaca 36, 1986, No. 3, 233—239

SOME REMARKS ON :BAIRE-LIKE
AND b-+x-BAIRE-LIKE SPACES

JERZY KAKOL

The paper presented studies the x-Baire-like and b-+-Baire-like spaces. An
extension of the Banach-Mackey theorem is used to obtain the s-Baire-likeness
and the b-»-Baire-likeness of spaces M lying between the product space E =IIE,
and @®E,, endowed with the product topology of E. This generalizes a similar
theorem for barrelled and quasibarrelled spaces proved in [8]. Applications of
»-Baire-like spaces to the open mapping theorem and to the theorem of bilinear
mappings conclude the paper.

Introduction

In [5] we extended the Baire-like and b-Baire-like properties to arbitrary
topological vector spaces (tvs). We distinguished two classes of tvs, containing
strictly the Baire spaces and which are strictly included in the class of ultrabarrelled
and quasiultrabarrelled spaces, respectively. Moreover, among locally convex
spaces these new Baire properties imply the Baire-like and b-Baire-like properties,
respectively. The new classes were called »-Baire-like and b-x-Baire-like, respec-
tively. The main result of [S] was concerned with the closed graph theorem for
»-Baire-like space. So it seems that the classes of »-Baire-like and b-«-Baire-like
spaces are enough far-reading for applications.

Let E be a vector space over the field of the real or complex scalars. We shall
write (E, t), or simply E, when E is provided with a vector topology t. All
topologies on E will be Hausdorff. A sequence (U;) of subsets of E is called an
almost string [ a string] if every Uj is balanced [and absorbing] and U,,,l +Uic U
for all ie N. A string (U)) in a tvs E, is [1]

(a) bornivorous if every bounded subset of E is absorbed by every U;;
(b) closed if every U is closed in E;
(c) topological if every U, is a neighbourhood of zero in E.

A tvs is ultrabarrelled [quasiultrabarrelled] if every closed and bornivorous

string is topological, [1], p. 31, p. 70.
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Let E be a tvs. A double sequence (K?}); .~ of balanced and closed subsets of E
which satisfy conditions that

(a’) K+ K c KT forall i,neN;
(b)) KrceKr*! forall i,neN;

(c) D K? is absorbing in E for all ie N
n=1

is called a sequence of almost strings.

A sequence (K7}) of almost strings is:

bornivorous if for every i € N and every bounded subset B of E there exists n € N
such that K} absorbs B;

topological if for every i € N there exists n € N such that K} is a neighbourhood of
zero in E.

A tvs is [b-»-Baire-like] »-Baire-like if every [bornivorous] sequence of almost
strings is topological. Every ultrabarrelled tvs whose completion is a Baire space
must be x-Baire-like. Hence every metrizable ultrabarrelled tvs is -Baire-like [5].
For the relationship of Baire spaces to %-Baire-like spaces we refer to [5].

Products of x-Baire-like and b-x-Baire-like spaces

Let I be a set of indices and let E, be a tvs for each sel. Let E; be the
(topological) product of the E, and let H; be its subspace formed by vectors whith
at most countably many non zero components, endowed with the product topology.
We denote by F; the algebraic direct sum of the E, 's endowed with the product
topology. For any set J= I we embed E,[F;] into E;[F;] in a natural way.

We shall need the following

Lemma 1. Let M be a vector subspace of E; and let (K}) be a [bornivorous]
sequence of almost strings in M. If [F;c M c E,;] Hc M c E;, then for everyie N
there exist n € N and a finite subset e; , of I such that F;.., ,c K.

Proof. Let (K7) be a [bornivorous] sequence of almost strings in M. Assume the
assertion is false for some i € N. Then, as in [1], p. 33, we construct a sequence (x")
and a sequence (e,) of subsets of I such that x"¢nK? and x"€ F;,.,, where
e.=e,1u(sel: x?#0) for n=1, e;=0. As it is easily seen the sequence (x") is
bounded in F;. Hence there exists m € N such that (x") = K. This contradicts the
choice of x". On the other hand for every n € N the set A, =(k.x?: |k|<1,s€e,)
is absolutely convex and compact in E.. Hence we can consider the compact set

A =[] A. in E; (in fact in M). By the Baire theorem A c K7 for some n € N. This
contradicts the choice of x".
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Lemma 2. Let M be a vector subspace of the product space (E;, t) and let (K})
be a [bornivorous] sequence of almost strings in M. If [FFc Mc E;] HHe Mc E,,
then for every i€ N there exist ne N and a finite subset e; . of I such that
MnE;\. < Ki.

Proof. By Lemma 1 for every i € N there exist n € N and a finite subset e; , of I
such that Fy\, ,c K} Let x=(x,) belong to MNEi\.,,. Put X=(kx: |k|<1,
sel\e,,). Then X is closed in E;\., , Moreover, we have

X=XﬂF1\,,_n'.
Hence

xe MnX=XnFi.,,"MnMc XAMAMnK? "M,

hence
xe K.

Theorem 1. Let M be a vector subspace of the product space E; of x-Baire-like
[b-*-Baire-like] spaces E,, sel. If HHcMcE, [FFcMcE,], then M is
a x-Baire-like [b-+-Baire-like] space.

Proof. Let (K}) be a [bornivorous] sequence of almost strings in M. For every
i € N there exist n € N and a finite subset e;.,,, of I such that MnE;..,,, ,c KF\1.
As it is easily seen the finite product E.,, ,=E.,, ,nM is a x-Baire-like
[b-+-Baire-like] space. Hence K[3:NE.,,, ,is a neighbourhood of zero in E.,,, , for
some meN. Since M is the topological direct sum of the spaces E.,,, and
MnE;..,., . then

KnnE.,, .+ MnE\.,,.c Kt + K K],
where r =max (n, m), is a neighbourhood of zero in M.

Corollary 1. Let M be a vector subspace of the product space E; of ultrabarrel-
led [quasiultrabgrrelled] spaces E;, s€l. If HHc Mc E; [F,c Mc E,], then M is
ultrabarrelled [quasiultrabarrelled].

Proof. Let (U;) be a closed and bornivorous string in M. It is enough to put
K? := nU, and apply the previous construction. i

A similar result for barrelled and quasibarrelled spaces was obtained by
Eberhardt in [3]. A tvs E is ultrabornological if every bornivorous string in E is
topological, [1]. In [6] we have proved that no subspace M of E;, card I>R,, such
that Hyc M c E; and 0<dim (M/H;) <, is ultrabornological.

The proof of the next result is based on a construction given in the proof of 3.1
Theorem of [8].

Proposition 1. Let E; be the product space of tvs E,, sel. Let (K}) be
a sequence of almost strings in E;. Then
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(a) either for every i€ N there exists n € N such that K} is absorbing in E;,
(b) or there exist sel and ie N such that for every ne N the set K} is not
absorbing in E,.

Proof. Suppose that the assertion (a) is false for some i € N. For the number
i+ 1€ N there exist n € N and a finite subset e, , of I such that E;\.,,, ., K}\..
Let r=card (ei+1, ) and let Piyyy,=(K714,: meN), Piyyy,=(Kiti4,r: K4, is not
absorbing in E,).

We show that

(*) Pi+1+r=U Piiisr.

sel

If not, then some Kii,., is absorbing in every E,. Then K7, is absorbing in E.,,, .
Hence K! is absorbing in E; for some h € N, a contradiction. Now assume that the
assertion (b) is false. Then for every s € I, i € N, there exists n € N such that K} is
absorbing in E,. Hence K" is absorbing in E, for all m=n.Letp := i+ 1+r be
the number defined before. By (») it is possible to define the (non-empty) set
L, := (s €I: K} is not absorbing in E,). For every s € I,, let K be the largest set
which is not absorbing in E,. Hence for every s € I, there exists x, € E, which is not
absorbed by Kj.. We define x in E; by

x._{x, for sel
710 for selll,.

If we put X := (kx,:|k|=<1, sel), then X is absolutely convex and compact in
E;, and hence it is absorbed by some Kj. By (x) there exists s € I such that K7 is
not absorbing in E,. Hence K7 < K}, which contradicts the choice of x,.

The proof of the previous proposition can be easily modified to obtain the
following.

Proposition 2. Let E; be the product space of tvs E,, sel. Let (K}) be
a sequence of almost strings in E;. Then
(a) either (K?) is bornivorous in E;,
(b) or there exist se I and i€ N such that for every ne€ N the set K} does not
absorb bounded subsets of E;.

Remark 1. A tvs E is boundedly summing [1] if for every bounded subset B of

E there exists a scalar sequence (a,), a,# 0, such that D >, aB is bounded. Every

n=1 k=1

locally convex, almost convex, locally pseudoconvex space is boundedly summing.
It is known [5], Proposition 3.1, that every sequence of almost strings in
a sequentially complete boundedly summing tvs is bornivorous. In view of
Proposition 2 we derive that the last property is preserved under products. Note
that an uncountable product of boundedly summing tvs need not be boundedly
summing [1], p. 77. As a simple corollary we obtain that every closed string in
a product of sequentially complete boundedly summing tvs is bornivorous.
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Some applications of «-Baire-like spaces

In [5] we have proved the following theorems

(xx) Let (E,t) be the inductive limit space of a family (E,,t: selI) of
»-Baire-like spaces. Let (F, g) be the inductive limit space of an increasing
sequence (F,, g.) of complete locally bounded spaces covering F and such that
gn+1|Fa<g. forall neN. If f is a closed (i.e. with the closed graph) linear map
from (E, t) into (F, g), then f is continuous and f(E)c F, for some ne N.

(»xx) Let E be a »-Baire-like space and F its subspace of countable codimen-
sion. Then F is x-Baire-like.

Remark 2. (a) There exist tvs M with the property that every closed linear
map from M into any metrizable complete tvs is continuous but M is not
«-Baire-like. This follows from the characterization of ultrabarrelled spaces by the
closed graph theorem, [1], (2), p. 38, and from the fact that the class of «-Baire-like
spaces is strictly included in the class of ultrabarrelled spaces [5]. (b) It is well
known that if (E,) is a sequence of subspaces of a Baire space E, covering E, then
E, must be a Baire space for some n e N. In general, this property is false for
«-Baire-like spaces. Indeed, let E be a metrizable non complete (LF)-space,
generated by an increasing sequence (E,) of Banach spaces. It is easy to show that
there exists p € N such that, for n=p, E, is not x-Baire-like, according to (xx).
Since every (LF)-space is ultrabarrelled we derive also that the class of x-Baire-like
spaces is strictly larger than the class of Baire spaces.

Now we prove the following open mapping theorem

Theorem 2. Let (E, t) be a «-Baire-like space and let (F, g) be the inductive
limit space of an increasing sequence (F,, g.) of locally bounded complete tvs
covering F and such that g,.|F,<g, for allne N. If f is a closed linear map from
(F, g) into (E, t) such that the codimension of f(F) in E is countable, then f is open
and f(F) is closed in E.

Proof. If M := (xeF: f(x)=0), then M is closed in F. Moreover, the
quotient space F/M is the inductive limit space of the sequence (F,/F,nM, h,) of
complete locally bounded spaces, where A, is the quotient topology. Let f be the
associated injection from F/M onto f(F). Then f, and hence f~!, has the closed
graph. By (+x) and () =" is continuous which means that f is open. On the other
hand f(F./F,nM)=f(F) for some neN. Hence f has the closed graph in
(F./F,nM, h,) X (f(F), t|f(F)). In view of (s+) f~* is continuous from f(F) onto
(F./F,.nM, h,). Now we prove that f(F) is closed in E. Let (x,) be a net in f(F)
with x,— x. There exists a net (&) in F./F,nM such that x, = f(%,). Since ! is
closed and continuous, then (£,) is a Cauchy net in the space F./F,nM, and so
£ —2=f"'(x). Hence x € f(F).

Since every metrizable ultrabarrelled tvs is «-Baire-like, this theorem extends the
Kothe theorem of [7], p. 111.
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Corollary 2. Let f be a continuous linear map from the inductive limit space F of
an increasing sequence of complete locally bounded tvs into a tvs E. Let f(F) be
dense in E. Then either f(F)=E or f(F) is not »-Baire-like.

The following result generalizes the Bourbaki theorem of [2], p. 43.

Proposition 3. If E, G are metrizable tvs and F is a x-Baire-like space, then
every separately equicontinuous set T of bilinear maps from E X F into G is
equicontinuous.

Proof. Let (U,) and (W) be closed topological strings in E and G, respectively,
which generate the topologies of E and G, respectively. For every i, n € N the sets

K? := (yeF: f(U,,y)c W, feT)

are closed and balanced in F. As it is easily seen (K7}) is a sequence of almost strings
in F. Hence for every i€ N there exists n € N such that K7 is a neighbourhood of
zero in F. Therefore f(U,, KP)c W, feT.

Corollary 3. Let E be a metrizable algebra with separately continuous multipli-
cation which as a vector space is ultrabarrelled. Then the multiplication is jointly
continuous.

Corollary 4. If E, G are metrizable tvs and F is »-Baire-like, then every set T of
separately continuous bilinear maps from E X F into G such that for every
(x, y)e E X F the set (f(x, y): fe T) is bounded in G is equicontinuous.

Proof. It is enough to apply the Banach-Steinhaus theorem for the ultrabarrel-
led space F, [1], (3), p- 39, and Proposition 3.

Let E, F, G be tvs. A bilinear map f from E X F into G is called hypercontinu-
ous with respect to E (or E-hypercontinuous) if it is separately continuous and if
for every neighbourhood of zero W in G and every bounded subset B of E there
exists a neighbourhood V of zero in F such that f(B, V)= W, [4], Definition 2,
p. 358. We define in an analogous way the bilinear maps f which are F-hypercont-
inuous. As it is easily seen every set T of separately equicontinuous bilinear maps
from E x F into G is E-hyperequicontinuous, provided f is ultrabarrelled. In the
same way as proposition 3 we get

Proposition 4. If E, G are metrizable tvs and F is a b-x-Baire-like space, then
every set T of F-hyperequicontinuous bilinear maps from EXF into G is
equicontinuous. :

Since every metrizable tvs is b-x-Baire-like [5], we are able now to give.

Corollary 5. Let E be a metrizable algebra. Then the multiplication in E is
jointly continuous if and only if it is hypercontinuous.

Proposition 5. Every tvs is a closed subspace of some x-Baire-like space.
Proof. Let E be a tvs. By [1], (5), p. 18, E is topologically isomorphic to
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a subspace of a product F of metrizable and complete tvs. F may be taken such that
Theorem 1 is applicable Clearly F is x-Baire-like (Theorem 1). Let (x,).er be
a Hamel basis of the complement subspace of E in F. For every sel let
F, := E+lin (x,: r#s). By (xx+) every F, is »-Baire-like, and hence the product
space F; is x-Baire-like (Theorem 1). Therefore E is canonically embedded in the
»-Bairelike space F;. Observe that E is closed in Fi.
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