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ABSTRACT. Let px(M) and vi(M) denote the number of k-gonal faces and
k-valent vertices, respectively, of a polyhedral map M on closed connected orien-
table 2-manifold T, of genus g, g > 0. A pair of sequences (px(M) | k > 3)
and (vk(M) | k > 3) associated in a natural way with M is called the face-
vector and the vertex-vector of M , respectively. Let p = (px | 3 < k # 6) and
v = (vx | k > 4) be a pair of sequences of non-negative integers satisfying a
necessary combinatorial condition Y (6 — k)pr +2 3 (3 — k)vgy, = 12(1 — g).
k>3 k>3

Denote by Pes(p,v,g) the set of all non-negative integers pe such that if pe is
added to p and vz = —1—( > kpk— Y kvk) is added to v, the face-vector and
3\ k>4

the vertex-vector of a polyh:edral map M on T, for given integer g, g > 0, is
obtained. In the present paper we determine, for each triple (p,v,g) up to two
ones, the set Ps(p,v,g) except for a finite number of its members.

1. Introduction and main results

Let Ty be a closed connected orientable 2-manifold of genus g. A map M is
said to be a polyhedral map on T, provided that M is a 2-dimensional topologi-
cal cell-complex decomposing T or, equivalently, M is a cellular embedding of
a graph G on T, having properties analogous to the ones of convex polyhedra.
(That is each face of M is a 2-cell and no two faces have a multiply connected
union. See (2], [8], [21], [22].)

2-cells, 1-cells and O-cells of M are called faces, edges and vertices, respec-
tively. A face (vertex) is i-gonal (i-valent) if it is incident with i edges. By
pi(M) or v;(M) we denote the cardinality of the set of i-gonal faces or i-valent
vertices, respectively. Clearly py (M) = pa(M) = v (M) = vo(M) =0.

AMS Subject Classification (1991): Primary 05C10. Secondary 52B70.
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Much effort has been devoted to study of vectors (p;(M) | i > 3) and

(vi(M) | i > 3) associated in a natural way with a map M on T, and called

the face-vector and the verter-vector of M , respectively. For a survey see e. g.
(9], [11], [21], [22], [24]-

The problem of determining which pair of sequences of non-negative integers
(A) can appear as the face-vector

(pi]i>3) and (v;]i>3) (A)

and the vertex-vector of a polyhedral map M on Ty for a given non-negative
integer g seems to be difficult. On the one hand the famous Euler formula
p(M)+e(M)—v(M)=2(1-g) (where p(M) or e(M) or v(M) is the number
of faces or edges or vertices of M on Ty, respectively) as applied to the elements
of (A) provides the following necessary condition

Y (6—i)pi+2) (B-i)vi=12(1—g). (1)

i>3 i>3

An interesting property of (1) is that it gives no information about the values
pe and vs. However, the next evident necessary condition

Zivi = Zz’pi =0 (mod 2) (2)

i>3 i>3

yields a relationship among v3, pe and other elements of the sequences (A).

On the other hand there are the pairs of sequences (A) which satisfy the
conditions (1) and (2) for some g and which are not the face-vectors and the
vertex-vectors of maps on Ty . See e. g. [1], [8], [9], [12], [15], [18], [19], [20], [22].

The equality (2) allows the following reformulation of the problem:

Consider a pair of sequences of non-negative integers

p=(pi|3<i#6), v=(v]i>4) (B)

and a non-negative integer g satisfying (1). The triple (p,v,g) determines

the set Pg(p,v,g) of all non-negative integers such that the sequence p with

any element of Pg(p,v,9) added as ps and the sequence v supplemented by

vz = —1‘-( Sipi— Y, iv,-) is the face-vector and the vertex-vector of a polyhe-
9 \i>3 i>4

dral map M on T, respectively. The problem consists in characterizing the set

Ps(p,v,g) for all triples (p,v,g).
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Eberhard [3] was the first to consider questions of the above type. He
proved that the set Ps(p,v*,0) is non-empty for any p. (Here and in the sequel
v* = (v; | v; =0 for all i > 4).) Eberhard’s result served as a starting point for
many different investigations mainly thanks to Grinbaum who renewed
the interest in Eberhard’s Theorem, gave a clear proof [8] and some ramifications
and analogues of it, see [9], [10], [11], [13], [14]. Some interesting properties of the
set Ps(p,v*,0) were foundby Grinbaum and Motzkin [12], Fisher
6], Kraeft [23] and Jendrol [15. Jendrol and Jucovi& in
(18], [19], generalized Eberhard’s result by determining all the triples (p,v,g)
for the set Ps(p,v,g) to be non-empty.

The next result is a generalization of some mentioned above.

THEOREM 1. ([17]) Let p=(p; | 3 <i#6) and v= (v; | ¢ > 4) be a pair of
sequences of non-negative integers satisfying (1) and (2).
(1) If X pc=0 for k=1 (mod 2) and ) vy =1 for k%0 (mod 3),
k>3 k>3
then the set Ps(p,v,0) is empty.
(i1) If the condition of (i) are not satisfied,

S (pe+vk) <2 for k#0 (mod3) and

k>3
Z pm+2vn50 (mod 2),
3<m#6 n>4

then there exists a constant d = d(p,v) depending on the elements of
p and v such that Ps(p,v,0) contains all even integers > d and no
odd integers.

(iii) If the conditions of (i) are not satisfied,

Sk +v) <2 for k#0 (mod3) and

k>3
Z pm+2vn =1 (mod 2),
3<m#6 n>4

then there exists a constant d = d(p,v) depending on the elements of
p and v such that Ps(p,v,0) contains all odd integers > d and no
even integers.

(iv) If the conditions of (i) are not satisfied and

Z(pk +v;) >3 for k#£0 (mod 3),
k>3

then there erists a constant d = d(p,v) depending on the elements of
p and v such that the set Ps(p,v,0) contains all integers > d.
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The main results of the paper generalize and extend previous results of (3],
(6], [12], [15], [16], [17], [18], [19], [23]. We show that the phenomena like those
of (i), (ii) and (iii) of Theorem 1 for g = 0 does not occur for g > 2. We have

THEOREM 2. For any triple (p,v,g) satisfying (1) and (2) with g > 2 there
is a constant d depending on the triple (p,v,g) such that the set Ps(p,v,g)
contains all integers > d.

For g =1 i.e. for toroidal polyhedral maps the situation is as follows:

THEOREM 3. Suppose the triple (p,v,1) satisfies the conditions (1) and (2).
A If Y pk # 2 or >, vx # 0, then there exists a constant d
3<k#£6 k>4
depending on the triple (p,v,1) such that Ps(p,v,1) contains
all integers > d.

(ii)) If ps=pr=1, pr =0 for k #5,7 and vpy =0 for all k > 4, then
the set P(p,v,1) is empty.

(iii) If poa = ps =1, pi =0 for i # 4,8 or p3 = pg =1, p; =0
for i # 3,9, and v; = 0 for all i > 4, then there is a constant d
depending on the triple (p,v,1) that Ps(p,v,1) contains every even
number > d.

The rest of the paper is organized as follows:

In Section 2 we give the necessary definition and the elementary construc-
tions. In Section 3 there are formulated some existence lemmas. In Sections 4
and 5 we bring the proofs of our results. Section 6 contains some discussion on
some relatives of our results and of a few open problems.

2. Basic construction elements

Basic face construction elements (see [15], [16]):

The face-aggregate of a map M as in Fig. 1a or 2a or 3a (or their mirror
images) called an A,, configuration, or a B,, configuration or a C,, configu-
ration consists of an z-valent vertex, z > 3 (denoted by small black circles in
the said Figures) trivalent vertices and an m-gon, m > 6, two hexagons and
one quadrangle, or of an m-gon, m > 6, two hexagons and two quadrangles,
or of an m-gon, m > 6, two hexagons and three quadrangles, respectively; the
m-gon mentioned will be called a basic face of the configuration. (We note that
in the sequel g, h,1,j,k,l,m,n,t,z, mean non-negative integers. We shall de-
note in the figures the size of every non-hexagonal face excluding faces of the X
configurations, X € {A4,,, Bm,Cm, D, E, F,G,U,,, Vy,,, W, } , bounded by heavy
lines, hexagons are to be denoted only in more important cases. Non-trivalent
vertices will be denoted by small black circles.)
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Basic face construction steps: A basic construction step transforms a start-
ing map M into a map M’; it uses the presence of the X, configuration,
X € {A,B,C} in M (see Figs. 1, 2, 3). For the map M’ we have ps(M') =
p4(AI) +1, pm+2(Ml) = pm+2(1u) +1, pj(M/) = pj(AI)v J#4,6,mm+2
and ps(M') = pe(M)+2 (z=2,3 or 7 for X = A, B or C, respectively),
Pm(M') = pm(M) —1 (if m # 6) or ps(M') = ps(M) +2z —1 (if m = 6),
U (M') = v (M) for m # 3, v3(M') = %—( S kpe— Y kvk> . For continuing

k>3 k>4

the construction it is important that transforming an A,, configuration (a B,
or a Cy, configuration) we get a Bn42 configuration (a Cpyy2 or an A;,42 con-
figuration) and a Bg configuration (a Cg or an Ag configuration, respectively)
(differing only in their basic faces). If an (m+2)-gon is needed, we use the basic
construction step to the Xg configuration; if not, use the X, configuration
producing an (m + 4)-gon. Note that the transformation of a C,, configuration
yields a new Cg configuration face-disjoint from A,,y2 and Ag configurations
(see Fig. 3b); this Cg configuration is not used in basic construction steps.

Basic vertex construction elements ([17]) are the face-aggregates in Fig. 4a or
5a or 6a (or their mirror images) called a U,, configuration or V,, configuration
or W,, configuration, respectively. The U,, configuration, V,, configuration or
W, configuration consist of an m-valent vertex, m > 3 (denoted in Figures by
small black circles), at most one other non-trivalent vertex and a quadrangle and
a hexagon or two adjacent quadrangles or a triple of quadrangles and a hexagon,
respectively.

The basic vertex construction step transforms a map M into a map M’; it
uses the presence of the Y;,, configuration Y € {U,V,W} in M and changes it as
in Figures 4b, 5b and 6b. In the map M’ we have ps(M') = ps(M)+3, pe(M') =
pe(M)+2 (2=10,9 or 11 for Y = U,V or W, respectively). p;(M') = p;(M)
forall >3, ¢ #4,6; v;(M')=v;(M) for i >3, i #3,mym+3; v, (M) =
Um(M) — 1, vmys(M') = vpys(M) + 1, v3(M') = vs(M) +t (t = 21, 21
or 25 for Y = U,V or W respectively). For continuing the construction it is
important that transforming a Y,, configuration we get a Y,,+3 configuration
and a Cg configuration. If a (m + 3)-valent vertex is needed, for continuing the
construction the Xg configuration is used, where X = A, B or C if Y =U,V
or W respectively. (Note that the Y,,y3 configuration is a part of the X
configuration (see Figs. 4b, 5b, 6b).) If not, we continue in the construction by
using the Y,,+3 configuration.

Let M = M(q,w,g,a,b,c) be a polyhedral map on an orientable surface I
of genus g with the following properties:
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(i) The sequences ¢ = (¢i | ¢ > 3) and w = (w; | ¢ > 3) are the face-vector
and the vertex-vector of M respectively.

(i) M contains as submaps at least a Ag configurations, a > 0, b Bs
configurations, b > 0, and ¢ Cg configurations, ¢ > 0, such that all
configurations mentioned are pairwise face-disjoint.

Auxiliary construction elements: The configurations shown in Fig. 7 will play
an important role together with the basic construction elements. The configu-
ration shown in Fig. 7a will be designated as a D configuration (and its mirror
image as a D' configuration). Figs. 7b, 7c and 7e show configurations which
will henceforth be designated as E, F' and G configurations, respectively. All
the vertices of the configuration F and F' are trivalent. All vertices of the
configurations G and D but one are trivalent.

3. Existence lemmas

In this chapter some lemmas are stated which will be useful to the proofs of
an existence of polyhedral maps on the orientable surface of genus g for any
g=>0.

Agreements:

1. An assumption in some lemmas in the sequel that an X configuration,
X € {D,E,F,G}, is in the map M = M(q,w,g,a,b,c) will also mean that
the X configuration is face-disjoint with any of a Ag configurations, b Bs
configurations and ¢ Cg configurations of the map.

2. As a simplification we will not write down the value wz in the records
of vertex-vectors of maps in lemmas below. As shown by (2) the value ws is
uniquely determined by the other members of the vertex-vector and all the
members of the face-vectors of the map.

LEMMA l.a (a € {1,2,...,9}). (cf. (17]) Let u = (uy | ¢ > 4) be a
sequence of non-negative integers with a finite number of non-zero elements with
Y ur =0 (mod 2) for 4 <k #0 (mod 3) and let

J=3+ (i-3)u.

i>4

If there is a map M = M(q,w, g,a,b,c) with a+b+c# 0, then there is a map
M = M(¢',w',g,a',V/,c) with ¢ = (¢} | ¢, =q; forall i >3, i # 4,6,
¢y =qa+714, g6 =qs+76) and w' = (W} | wi=w;+u; forall i >4, wh).
For the values a,r4,a',b/,c’ see Table l.a o € {1,2,3} if a #0, a € {4,5,6}
if b#0 and o € {7,8,9} if ¢ # 0. The value r¢ is a constant depending on
the sequence u .
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Table 1.

a J T4 a 4 d

1 3k 3k a b c+k
2 3k+1 3k+1 a—1 b+1 c+k
3 3k+2 3k+2 a-—1 b c+k+1
4 3k 3k a b c+k
5 3k+1 3k+1 a b—1 c+k+1
6 3k+2 3k +2 a+1 b—-1 c+k+1
7 3k 3k a _ b c+k
8 3k+1 3k+1 a+1 b c+k
9 3k+2 3k+2 a b+1 c+k

LEMMA 2.a (a € {1,2,...,27}). (cf. [15, p. 172, Lemma 3.a))
Let f=(fi|i>7) be a sequence of non-negative integers with a finite number
of non-zero elements and let

=6+ (i—6)f;.

i>7

If there is @ map M = M(q,w,g,a,b,c) with a+ b+ c # 0, then there is a
map M' = M'(¢',w',9,d',V,c') with ¢ = (¢! | ¢q. =¢qr+ s, for 3<r <6,
¢ =q+ fi forall i > 7) and w' = (w] | w} = w; for all i > 4, w});
for the values s3,s4,ss,a',b',c’ see Table 2.0 o € {1,2,...,9} if a # O;
a € {10,...,18} if b # 0, a € {19,...,27} if ¢ # 0. The value s¢ is a
constant depending on the sequence f.

LEMMA 3. (cf. [16]) If there is a map M = M(q,v,g,a,b,c) with ¢ > 2, then
there is a map M' = M(q',v',g+ 1,a,b,c —2) such that ¢' = (¢} | ¢} =q; for
all i#4, qu=q4—6) and v' = (v | v =v; forall i >4, v =1v3—8).
LEMMA 4. ([15, p. 174]) Let M = M(q,w, g,a,b,c) be a map and let f3, fs, fs
be non-negative integers satisfying following conditions

(i) 3fs+2fs+ fs =3g3+2q4+gs;
(i) f32>4q3,95< f5<¢qs+1;
(iii) fs<2c+4q3 or fs=2c+qs+1 and b#0.

Then there is a map M' = M(q',w',g,ad',b',c') with

¢ =l g=fr, 3<r<5; ¢g6=0—(fs—gs), ¢ =q; forall i>7),
w = (wj| wl=w; forall i>4, wy) and a' >0, ¥¥>0, ¢ >0.
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Table 2.

a l S3 Sa S5 a b’ c

1 6k 0 3k-3 0 a b c+k—-1
2 6k +1 1 3k—4 0 a—1 b c+k—-1
3 6k +1 0 3k—-3 1 a—1 b c+k-1
4 6k +2 0 3k —2 0 a—1 b+1 c+k—-1
5 6k +3 1 3k—-3 0 a b c+k-1
6 6k + 3 0 3k—-2 1 a—1 b+1 c+k—1
7 6k +4 0 3k—1 0 a—1 b c+k
8 6k +5 1 3k -2 0 a—1 b+1 c+k—-1
9 6k+5 0 3k—1 1 a—1 b c+k-1
10 6k 0 3k—3 0 a b c+k-1
11 6k + 1 1 3k—4 0 a+1 b-1 c+k—-1
12 6k +1 0 3k—-3 1 a b—-1 c+k—-1
13 6k + 2 0 3k -2 0 a b-—1 c+k
14 6k +3 1 3k —2 0 a b c+k—-1
15 6k + 3 0 3k—2 1 a b—1 c+k-1
16 6k +4 0 3k—1 0 a+1 b—-1 c+k
17 6k +5 1 3k—2 0 a b—1 c+k
18 6k+5 0 3k—-1 1 a b—1 c+k
19 6k 0 3k—3 0 a b c+k-1
20 6k+1 1 3k—-4 0 a b+ 1 c+k—2
21 6k +1 0 3k—3 1 a b c+k—-2
22 6k +2 0 3k —2 0 a+1 b c+k-1
23 6k +3 1 3k—-3 0 a b c+k—-1
24 6k + 3 0 3k -2 1 a b c+k—-1
25 6k +4 0 3k—-1 0 a b+1 c+k-1
26 6k +5 1 3k—2 0 a+1 b c+k-1
27 6k +5 0 3k—-1 1 a b c+k-1

LEMMA 5. (cf. [16]) If there is a map M = M(q,w, g, a,b,c) with at least one
G configuration, then there is a map M' = M(q’,w’, g,a,b,c) with one less G
configuration such that

¢ =(q| gi=q forall i #4,5,6, ¢4 =qa—1, ¢5=0q5+2, g5 =g —2),

w' = (w) | wi=w; foral i>4, wy=w;—2).
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LEMMA 6.a (a € {1,2,3,4,5}). If there is a map M = M(q,w,g,a,b,c)
with e, e > 1, mutually face-disjoint E configurations, then there is a map
M = M(q¢',w', g,a,b,c) with ¢ E configurations,

¢ =gl gj=qj+r;, 3<j<6, ¢g=q; forall i>17) and

w' = ()| w)=w; forall i>4, w}),
where for:

a=1 e=e, ra=r4=r5=0, r¢=4t foranyt>1, ¢ =g;
a=2 €e=e-1, r3=2, 1y=-3, 15=0, r6=5, ¢ =g;
a=3 e=e—-1,r3=1, rq=-2, r5=1, r6=2, ¢ =g;
a=4 €=e-1,r3=1, ry=-3, r5=3, r¢=1, ¢ =g;

a=5 € =e—-2,e>2, r3=r5=0, rq=-6, r¢=—4, ¢ =g+1.

Proof. For a =1 or 5 see [16]. The necessary changes in the interior of
the E configuration for the remaining cases are left to the reader. a

LEMMA 7. (cf. [16]) If there is @ map M = M(q,v,g,a,b,c) with at least one
F configuration, then there is a map M' = M(q',v,g,a,b,c) with one less F
configuration and such that

¢ =(q| ¢gi=q forall i#4,5,6, g =q1—2, gs=¢q5+4, g5 =4q6 — 2),

w' = () | w;=w; forall i>4, wy), where z=3,4,5 or 6.

LEMMA 8. Let M = M(q,v,g,a,b,c) be a map with c#0, a+b<1 and a
pair of adjacent quadrangles face-disjoint with a Ag, b Bg and ¢ Cg config-
urations of M and let f3, fa, fs, h are non-negative integers such that

(i) fz>as, fs>g¢5+4,

(i) 3q3 +2qs + g5 = 3f3 + 2fs + f5 + 12h,
(iii) 3(fs —q3) + (fs —g5) < 6c+4b+ 2a,
(iv) 2h<c,

then there is a map M' = M(q',v',g + h,d’,b',c') such that

d =g gg=1f; for 3<j<5, gi=q, i27, gg=t forall t>r),
w' = (w)| wi=w; fori>4, wy) and a’ >0, ¥ >0, ' >0.
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r is constant depending on the sequence (¢} | i >3, i #6) and (w!| i>4).

Proof. A very useful transformation of a map M into a map M; called
the replacing of edges by hexagons (or £-transformation) will be used first (cf.
(8], (18], [19], [22]). In this transformation every edge of M is replaced by a
hexagon in such a way that a pair of neighbouring faces in M consisting of a
k-gon K and an ¢-gon L is replaced by a k-gon K* and an ¢-gon L* in Al
which are separated by a hexagon. The vertices of K* and L* are trivalent and
at the same time to every r-valent vertex of M there corresponds in Af; an
r-valent vertex in the same position which is incident with r hexagons. If two
edges have a common vertex, then the hexagons corresponding to these edges
are adjacent in M;. The E-transformation changes configurations A,,, Bn,
Cm, m > 6 into configurations which will be designated as £(A,,), £(Bm)
and £(C,,) respectively. The map M; obtained contains ¢ £(Cg), one F (as
the result of £-transformation to the pair of quadrangles), at most one £(Bg) or
E(Ag) configurations, w;(M;) = w; i-valent vertices for all i > 4, ¢;(M;) = ¢
i-gons, ¢ > 3, ¢ #6, and ¢¢(M;) = e(M) + g6 hexagons. All the configurations
of M; mentioned are pairwise disjoint. Note that every £(Cs) configuration
contains an E configuration or three G configurations as submaps. By using
Lemma 7 and Lemma 6.1 to the map M; a map M, with ¢;(M) = q; for all
i >3, i#4,5,65 qu(M2) = q4 —2, gs(Mz) = g5 + 4, qe(Mz) = gs(My) +1t,
t >0, wi(M;) = w; forall ¢ >4 and ¢ £(Cs) configurations is obtained.
Then, starting with the map M,, Lemma 6.5 is step by step applied h times.
The result is a map M3 = M(q,w, g+h,a,b,c) with c—2h &(Cs) configurations
(and therefore with ¢ — 2h E configurations), with the same number of other
configurations as in the map M,, and with g; = ¢;(M;) for all i >3, i #4,6,
64 = qti(ﬂfg) - 6h, 66 = qe(Alz) - 4h, w,-(M3) = w,(Mg) for all 2 > 4. To
obtain the additional number of f;3 — g3 triangles and fs — g5 — 4 pentagons
of the map M’ required, starting with the map Mj. Lemma 6.2 is applied

[_fs ; qu -times, then Lemma 5 l—&%—[‘}times and, if f3—q3 and f5—gs

are odd, Lemma 6.3 or 6.4 or £(Bg) configuration is changed into one triangle,
one pentagon and two more hexagons. (The last in the case f3 —q3 = 2c+1
and b = 1). For the resulting map

M =M(d,w'g+had,b,c), d20,¥820, >0,

Q’=(q£| ¢="fi, 3<i<5, gj=gq; forall j>7,

qé=qe(Ml)+5[f3'2“I3J —2[f5_g5‘4j —4h +t, tZO),

w = (w)| wi=w; forall i >4, wj). O
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LEMMA 9.a (a € {1,2}). (see [16])

If there is a polyhedral map M = M (q,w,g,a,b,c) containing e pairwise face-
disjoint D configurations, e > 2, face-disjoint from a Ag, b Bg and ¢ Cg
configurations, then there is a map M' = M(q',w’,¢’,a,b,c) containing ¢’ D-
configurations such that:

1. ¢ =(q!| g¢¢=qi forall i >3, i#6, gs=q¢+1t, forall t>0),
w = (w)| wi=w; forall i>4, vi=v3+2t), g =g and ' =e.
2. ¢ =(qi| gi=gqi foralli>6, ¢3=q3—2, ¢y=q—2, g5=¢5—2),

w=(w,| vi=v foralli>4, vy=v3—8), g =g+1 and ' =e—2.

4. Basic polyhedral maps

LEMMA 10.a (a € {1,2,...,10}). Let k>1, m > 1, n > 1. There exist
polyhedral maps:

1. Ny = M(q,w,1,1,0,k) with
q=1(qi| =0 forall i>3, i#4,6;
g =3k+1, gg=t forall t >dy) and
w =(w;| wi=0, forallt>4, i#3k+1, w4 =1, ws).
2. N = M(¢q,w,1,0,1,k) with
q=1(qi| ¢i=0 forall i>3, i#4,6;
g =3k+2, gg=1t forall t>dy) and
w=(w;| wi=0 foralli>4, i #3k+2, wyqs2=1, ws).
3. N3 = M(¢q,w,1,0,0,0) with
g=1(gi| g=0 forall >3, i#£6; gg=1 forall t>9).
4. Ny = M(q,w,1,0,0,m+n—1) with
9=(qi| ¢=0 forall i >3, i#4,6;
gu=3(m+n-1), gg=t forall t >dy) and
w =(w;| wi=0 foralli>4, i#3m+1,3n+2,

W3m41 = Want2 =1, w3).
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5. Ns = M(q,w,1,0,1,m+n—2) with
q=(qi| =0 for i>3, i #4,6;
gr=3(m+n)—4, gg=t forall t >dy) and
w=(w; | wi=0 forall i>4, i#3m+1,3n+1;
W3m41 = W3ny1 =1, My# n; or wame1 =2 if m=n).
6. Ne¢=DM(q,w,1,1,00m+n—1) with
q=(q| ¢=0 forall : >3, i+#4,6;
ga=3(m+n)—2, gg=1t forall t >dy) and
w=(w; | wi=0 forall it>4, i #3m+2,3n+2;
Wamt2 = Wipy2 =1 for m#n or wamie =2 for m=n).
7. Ny =M(q,w,1,0,0,m+n) with m>n>2,
g=1(gqi| =0 forall i>3, i#4,6;
qga=3m+3n, gg=1t forall t >dy) and
w=(w;| wi=0 forall i >4, i# 3m, 3n;
W3y =V3p =1 for m#n or ws, =2 for m=n).
8. Ng =M(q,w,0,0,0,k+1) with
q=1(qi| ¢ =0 forall i #4,5,6;
ga=3k+3, ¢s=2, gg=1t forall t >11k+3) and
w=(w; | wi=0 forall i #3,3k+1; w41 =1, w;3).
9. Ny = M(q,w,0,1,0,k+ 1) with
q=(q:| ¢ =0 forall i #4,5,6;
ga=3k+4, ¢s=2, g¢=t forall t > 11k +12) and
w=(w;| wi=0 forall i #3, 3k+2, wsty2=1, ws3).
10. Nyg = M(q,w*,0,0,0,2)  with
q=1(qi]| ¢=0 forall t >3, i #4,6; g1 =6, gsg =12).

do is a constant depending on k or m and n, respectively.

Proof. For @ =1 we start with the planar polyhedral map P; in Fig. 8.
It contains a U, configuration, eight hexagons and two face disjoint D con-
figurations. The basic vertex construction steps are used k times to the U,
configuration of the map P;. A map Py with the (3k + 1)-valent vertex, k
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Cs configurations, two D configurations (all mutually face-disjoint) and 9k +9
hexagons is obtained. Then Lemma 9.1 is used ¢ times followed by Lemma 9.2.
A map N; with dy =9k 4+ 9 is obtained. Analogously we proceed in the cases
a = 2,5 and 6. The proof starts with the planar polyhedral map in Fig. 9, in
Fig. 10 or in Fig. 11 respectively. In the case a =5, m =1 and n > 1 we start
with a V4 configuration of the map in Fig. 10a. For the case m > 2 and n > 2
we insert into the pair of the quadrangles of the map in Fig. 10a the configura-
tion of Fig. 10b. A map Ps; with V; and W; configurations is the result. For
a = 7 we start with the trivalent polyhedral map N;. Two adjacent hexagons
of N3 are divided by new edges as in Fig. 12. A toroidal polyhedral map Pj
with two Wy configurations and t+ 17 hexagons, ¢t > 0 is obtained. Then basic
vertex construction steps are used gradually (m —1)-times starting with one W
configuration and (n — 1)-times starting with the second Wy configuration. The
result is a map N7 required with 11(m—1)4+(n—1)+t+17 = dy +t hexagons,
t > 0. For a =4 we proceed analogously as in the case a = 7. The change of a
pair of adjacent hexagons of the map N3 for m = 1 (without dashed lines) or
n = 1 (with them) is in the Fig. 13. If m > 2 and n > 2 we insert new edges
into “upper” two hexagons of Fig. 13 in the same way as into two hexagons in
Fig. 12. A U; configuration and a V3 configuration are obtained and used for
creating the (3m + 1)-valent and (3m + 2) valent vertices required. For a =3
see [16] and for a = 8,9 and 10 see [17]. O

5. Proofs of Theorems 2 and 3

Consider a pair of sequences of non-negative integers (B) satisfying (1) with
an integer g, g > 1. We show that there is a map M on T, with p;(M) = p;
forall i >3, i #6, v;(M)=v; for all i >4, and with pg(M) = ps for every
pe > d, vs(M) = %( Yoipi— Y, ivi) where d is a constant depending on the
i>3 i>4
triple (p,v,g). Dependence d on the triple (p,v,g) is given by the construction
presented (implicitly contained in lemmas used).

We will only consider the case > v; > 1 because of Jendrol [16],

i>4
where the proof for the case ) v; = 0 is made. Let us denote 0 = ) vap41,
i>4 k>1
0= vskt2 and T =Y vzk.
k>1 k>2

Three basic cases will be considered.
l. o=p=0and 7=1,
2. 3p3+2ps+ps#1and o+p#0 or 7> 2,
3. 3p3+2ps+ps=1and o+p#0 or 7>2.

5.1. Instead of the pair of sequences p = (p; |1 >3, i #£6), v = (v | v; =0
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for all # > 4, 7 # 3k, k > 2, vz3p = 1) and g > 1 let us consider the
pair p' = (p; | pj =pi forall ¢ > 3,7 #6, 6k+1 pj = pex +1) and
v/ = (v} | v =0 for all ¢ > 4). By [16] there is a constant d such that the set
Ps(p',v', g) contains all ps > d. Now it is sufficient to transform a polyhedral
map M’ on T, realizing the triple (p’,v’,g) to the polyhedral map M on T
realizing the triple (p,v,g). Therefore let us transform a 6k-gon of M’ into a
3k-valent vertex required in the following way:

Let z1,x2,...,zer be vertices of the 6k-gon and let y;,ys,...,ysr be neigh-
bours of these vertices (some of them can be identical). Insert a new vertex
z into the 6k-gon, delete the vertices xg; and join the vertices zgi—1, Tei+1
and ye; with the vertex z for every ¢ = 1,2,...,k (indices are taken modulo
6k). A map M required with p;(M) = p;(M’) for all ¢ > 3, ¢ # 6, 6k,
pe(M) = pe(M') + k, per(M) = per.(M') — 1, vi(M) = v;(M"), for all i > 4,
i # 3k, vs(M) =1, vs(M) =v3(M’) — k is the result.

5.2. We will distinguish 19 cases listed below. These 19 cases cover all pairs
of the sequences (B) which have to be considered in the basic case 2.

For 0 =1 (mod 2), o =0 (mod 2) we consider cases:

Lps<1 N Ag

2.2<ps<3 Ng Cs

3.4<ps <5 Ng Bs C Cg

4. ngG Ng AGCCG
For 0 =0 (mod 2), p =1 (mod 2) the cases considered are:

5. ps <1 N, Bs

6. 2<p;<3 Ny As

7.4<p; <5 Ny Ce

8. 6<ps <7 Ny Bs C Cs

9. p5>8 Ny Ag C Cg
For 0 = p=1 (mod 2) we consider cases:

10. psﬂl N4 Cs

11. 2<p5<3 N, Bs C Cs

12. ps >4 Ny Ag C Ce
For 0 = ¢ =0 (mod 2) we consider cases:

13.p5_<_1,022 N5 Be

14.p5S1,U=0,QZ2 Nﬁ Aﬁ

15. ps <1, 0=90=0 N7 Ce

16. 2<p;<3,02>2 N; Ag C Bs

17. 2<p5<3,0=0,p2>2 Ng Bg C C¢

18. 2<p5<3,0=0p=0 N7 B C Cs

19. ps > 4 Nio Ag C Cs

The proof of the existence of a required polyhedral map begins with a suitable
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planar or toroidal polyhedral map which contains none, one or two of the vertices
of the valencies > 4 required, respectively. The second column of the list above
indicates the map Mg which suits to be a starting map in the corresponding
case. To obtain all other vertices of valencies > 4 required Lemma 1.« is applied
toan X configuration of the map Ms. The choice of the suitable o depends on
the X configuration of Ms and on the value j defined in Lemma 1.a, where
we consider u; = v; —w;(Mj) for all ¢ > 4. The third column of the list denotes
the X configuration of Mg. A record X C Y in the list means that the X
configuration is used in the sequel while the rest of Y configuration of Mg is
considered to be a special one (a G configuration in the cases 3, 8, 11, 16, 17,
18 or a pair of adjacent quadrangles in the cases 4, 9, 12 and 19 respectively).
A polyhedral map My is the result of an application of Lemma l.a.

The map My contains at most one of Ag or Bg configuration. Let Z denote
this configuration. If none of Ag and Bg configuration appears in the map My,
a Cs configuration is considered to be a Z configuration.

To obtain all faces of the sizes > 7 Lemma 2.8 is applied to the Z con-
figuration of the map My . The choice of 8 depends on the Z configuration,
the value ¢ defined in Lemma 2.3, where f; = p; for all i > 7, and, if £ odd,
on ps (=1 if p3 #0 and =0 if not).

A map MyF obtained contains all, up to several pentagons and may be a
triangle, its “small” faces in ¢ Cg configurations a Ag configurations and b
B¢ configurations with a + b < 1, one (cases 3, 7, 11, 16, 17, 18) or two (a
case 8) G-configurations or a pair of adjacent quadrangles (cases 4, 9, 12, 19),
respectively, face disjoint with the quadrangles of the above mentioned a Ag, b
Bg and ¢ Cg configurations. In the cases 4, 9, 12 and 19 applying Lemma 8 to
the map Myp h times (h = g for the cases 2, 3,4,6,7,8,9,120or h=g—1 in
the rest of cases) we obtain a map M with v;(M) =v; forall i > 4, p;(M) = p;
for all i >3, ¢ # 6 and with any Ps > d for a constant d.

In the rest of cases we proceed as follows. First the quadrangles of the D
configurations of My are changed into pentagons required (Lemma 5 is used
in the cases 3, 7, 8, 11, 16, 17 and 18). The Lemma 3 is employed ¢ times in
the cases 2,3,4,6,7,8,9,19 and g —1 times in the rest of cases. A polyhedral
map M, on T, is obtained. The proof ends by applying Lemma 4 to the map
M,.

5.3. The conditions of this case imply ps =p3 =0, ps =1.
If 0 > 1, then there is k£ > 1 such that vszk+1 # 0. Instead of the triple
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(p,v,g) consider the triple (p’,v’,1) with

p’=<1>2| pi=pi, forall i >7, py=p3=0, ps=ps =1,

po= Bl o239t -1)

27 1>4

v'=(vi| vi=wv; forall i >4, i#3k+1, vaks1 = vak41 — 1).

We proceed as in the case 2 (subcases 1, 5, 10 or 13 in dependence on the
properties of v’ respectively). After using Lemmas 1l.a and 2.3 for a suitable
a and 3 a map M; realizing the triple (p/,v',1) with any pe(My) > do (do
is a constant) is obtained. All quadrangles of M; are only in Cg configurations
and in the configuration as in Fig. 14a (see Jendrol [15], [19]). Changing
this configuration in the way as in Fig. 14b a map M; with a Wy configuration
and a pentagon required is obtained. The Wy configuration is used to create,
using basic vertex construction steps, the last required (3k + 1)-valent vertex.
The toroidal map M3 having all faces of the valencies > 7 and all vertices of
the valencies > 4 required is obtained. A (g — 1)-multiple using of Lemma 3
provides the map M on T, required.

If o =0and 0> 1, vsgyz 70 for some k> 1.
Instead of the triple (p,v,g) we first consider the triple (p’,v’,1) with

p’=<P§| pi=pi forall i>7, py=1, p5=0,

Pi= %(Z(i—ﬁ)p§+22(i—3)v;—3)) and

i>7 i>4

v'=(vj| vi=wv; forall i >4, i #3k+2, vy, ="1v3k42—1).

Analogously as above we obtain toroidal polyhedral map Af; realizing the triple
(p',v',1) with pg(M;) = pe for any pg > do (do is a constant). All quadrangles
of M; are contained in Cg configurations. A triangle of M; is adjacent to a
hexagon with all vertices trivalent. By inserting new edges into the hexagon
as in Fig. 15 we obtain a map M, with a Wy configuration and a pentagon
required but without a triangle. The W5 configuration is used for creating the
last (3k + 2)-valent vertex required. The proof ends by using Lemma 3 g — 1
times.

If 0 = o = 0 then there is k > 2 such that vsx # 0. The conditions of
the case require a (6m + r)-gon, m > 1, r = 1,3 or 5 respectively. There is a
toroidal polyhedral map M; containing a 6k-gon, a (6m + r)-gon, a pentagon,
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pe hexagons for any pg > do, do is a constant, 3(k + m) Cs configurations
and for r #1 an Ag configuration (if » = 3) or a Bg configuration (if r = 5),
respectively. The existence of such a map is guaranteed by Jendrol [16].
Then Lemma l.a with u; = v; for all ¢ > 4, ¢ # 3k, usx = vax — 1 and
suitable o is employed to the map M;. After that Lemma 2.8 with f; = p;
forall i>7,i#46m+7r, fomtr =DPem+r — 1 follows. =14 or 7if r=1,3
or 5 respectively. B depends on a and the value ¢ defined in Lemma 2.5. A
toroidal polyhedral map M, is obtained. To the map M; Lemma 3 is applied
(g—1) times. The proof of the existence finishes by a transformation of a 6k-gon
of the latter map to a new 3k-valent vertex of the map on T, in the same way
as in the case 5.1 above.

6. Remarks

6.1. Euler’s formula provides also the following condition for the pair of se-
quences (A) to be a face-vector and a vertex-vector of a polyhedral map on T
for a given non-negative integer g

S (@ —i)(pi +vi) =8(1—g). (3)

i>4
Considering the pair of sequences of non-negative integers
p=(pi|3<i#4), =(vi|3Zi#4) (©)

and a non-negative integer g satisfying the conditions (2) and.(3), the problem
of a characterization of the set P4(p, 0, g) of suitable values of ps (and therefore
v4) can be posed. Many papers are devoted to the study of the set Py(p,?,g)
especially for the case of 4-valent planar polyhedral maps, see e.g. Enns [4],
Griinbaum [10], Jucovié¢ [22], Trenkler [25]. The most general
result concerning the set Py(p,v, g) is the following one due to Jucovié& [21],
[22].

THEOREM 4. To every pair of sequences (C) and a non-negative integer g,
not excluded below, satisfying (2) and (3) there exists a mon-negative integer
d such that the set Py(p,0,g) contains all integers > d. The set Py(p,0,1) is
empty for the following two pairs (p,?)
(i) p=(@i| pi=0 forall i >6, py=ps=1) and
o= (vi| v;i=0 forall i >3, i#£4).
(i) p=(pi|l pi=0 foralli>3, i+#4) and
v=(v| vs=vs=1, v; =0 for all i > 6).
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6.2. Barnette [1] and Jucovi¢ [20] have found two different lower
bounds for min{ps | ps € Ps(p,v*,g)}. What is the minimum of the set

P6 (pv v, g) ?

6.3. Theorem 3 can also be interpreted as an theorem of Eberhard’s type for
periodic tilings. Compare with Griinbaum and Shephard [13].

6.4. The problems can be investigated not requiring the maps to be polyhedral
and assuming X(p; + v;) # 0 for ¢ < 3. However, greater complications are
expected in this case (cf. Grinbaum and Zaks [14], Enns [5]).

6.5. An interesting and probably very difficult problem is the next one (see
Barnette [2] or Gritzmann [8)): Which pairs of sequences (A) are
realizable as face-vectors and vertex-vectors of polyhedra of genus ¢ ?

6.6. We do not know if there exists a polyhedral toroidal map M = M (p,v*,1)
with p=(p; | ps =0 for i > 3, i # 4,6,8, py = ps =1, pg odd) or with
p=(pi| pi=0 for i >3, i#3,6,9, p3=py =1 and ps odd).

————
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