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WITH DEVIATING ARGUMENT

JOZEF DZURINA

ABSTRACT. Our aim in this paper is to present criteria for oscillation and
asymptotic behaviour of the equation

(r(Ou'(®)" + p(8)f (ulg()]) = 0.

The considered equation is in canonical or noncanonical form.

We consider the second order differential equation with deviating argument

(r(u'®) +p(®)f (ulg®)]) =0,  t>to. (1)
We suppose throughout the paper that the following conditions hold.
(ii) r € C([to,)), r(t)>0,
(iii) g € C([to,)), g(t) > o0 as t— oo,
(iv) f€eC((-00,0)), zf(z)>0 for =z #0.
In the sequel we will restrict our attention to those solutions of the equations
considered which are non-trivial in any neighbourhood of infinity. Such a solution

is called oscillatory if it has arbitrarily large zeros and nonoscillatory otherwise.
An equation is said to be oscillatory if all its solutions are oscillatory.

Equation (1) is said to be in canonical form if

[ o)
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and to be in canonical form if
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7%<oo. (3)

For the sake of brevity we use the following notation

t
ds
t >t

R(t) = @ ) = )

for canonical equations,

g(t)=/;‘(isi), E> ¢,

t

for noncanonical equations and

Sf=max{hmsup , limsup — Y }
y—-o00 f(Y) " y—oo f(¥)

for all equations and further we assume that Sy < oo. Second order equations
are most important in applications. Thus there is much literature regarding this
kind of equations, mostly for canonical form (see e.g. [3], [4] and [6]). In the
paper we deal with both canonical and noncanonical equations.

Consider the linear case of equation (1), namely, the equation

(r(®)w' ()" + p(t) (ulg(1)]) = (4)
The following theorem is a simple consequence of [1, Theorem 11].

THEOREM 1. Assume that (2) hold. Let

Q € C'([to,0)), Q'() >0, Q(t) <min{g(t),t}, Q(t) — oo ast—oo.
(5)
(1) Equation (4) is oscillatory if

lim inf R[Q(t)] / p(s)ds > % .
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i) If
oo
litminf R[Q(?)] /p(s)ds >0,
—o00
t

then every nonoscillatory solution u(t) of (4) satisfies

lim [u(t)| = o0,
t—oo

Jim r(t) u(2) = 0. )

The following theorem is intended for extending the previous result to equa-
tion (1)

THEOREM 2. Assume that (2) and (5) hold.
(i) The condition

lim inf RQ(1)] / p(s)ds > 35 (6)

18 sufficient for equation (1) to be oscillatory.

@) 1f
timinf RIQ(Y) [ p(s)ds >0, )

then every nonoscillatory solution u(t) of (1) satisfies (Py).

Proof.

(i): Let u(t) be a nonoscillatory solution of (1) on [tg,00). Without loss of
generality we may assume that u(t) is positive. Then by a well-known lemma
of Kiguradze [2, Lemma 3] we obtain that u'(t) >0 forall t > ¢ (> ¢).
Let us assume that u(t) is bounded. Then there exist some positive constants
¢y and cp such that for all ¢t > ¢

C1 Z u(t) Z Cc2,

a2 ufg(t)] 2 ca.

An integration of (1) yields

t

u(t) > / ﬁ /p(sz)f(u[g(sz)]) dsy dsy t>t. (8)

19
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Denote fo = min_ f(u), then from (8) one gets

[e1 vC'A’]

t

s
1
a1 >u(t) > fo /p(s;»)/ 7_(Tl)ds] dss t>t.
t

t

Hence, for all t > ¢,

t

(5] 2 fo /p(SZ) (R(Sz) - R(t])) dSz .

4

(9)

Since (6) implies [ p(s)R(s)ds = oo, from (9) we have a contradiction for

t— 00.

Now, let us suppose that u(t) is unbounded as ¢t — oo. Let t2 (> t;) be
chosen so that ¢(t) > to for t > t;. Then arguing exactly as in the proof of (5,

Theorem 1}, it is easy to see that u(t) is a solution of the linear equation

(r)'(1) +p(t)ulgt)]) =0,  t>to,

where

f(ulg(®)])

ﬁ(t) — p(t)m y for ¢ Z tg

p(t2), for t € [to, t2].

and moreover

[reras< {y;% 3,-(’;—)} [isras

and
. T Sy
lxggf R[Q(?)] [ p(s)ds < 2
t

which contradicts (6).

(10)

(11)

(i1): Let us suppose that u(t) be a positive solution of (1) on [t¢, 00). Since (7)

oo
implies [ p(s)R(s)ds = oo, then exactly as in the part (i) it can be shown that
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u(t) cannot be bounded. Hence, we may suppose that u(t) is unbounded as
t — o0o. Similarly as above we can verify that u(t) is a solution of (10). Let us
suppose that u(t) does not satisfy (P;). Then by Theorem 1 there must be

[o <]
litm inf R[Q(t)) /f)(s) ds=0.
t
Taking (11) into account and proceeding as above we obtain
oo
litminf R[Q(2)] /p(s) ds <0, Sy=0,
t

which contradicts (7). The proof is complete.

Theorem 2 provides for the superlinear case of equation (1), namely, for the
equation

(r(®)' @)+ p(Olulg@)|*sgn ulg(®) =0, a>1, (12)
the following result:

COROLLARY 1. Assume that (2) and (5) hold. The condition
[ o]
litminf R[Q(2)] /p(s) ds >0
— 00
t

18 sufficient for equation (12) to be oscillatory.

Note that Theorem 1 is an extension of (3, Corollary 4.5.2] and generalizes the
result of J:Ohriska [4, Theorem 2.3] concerning the equation (r(t)u'(t))’ +
p(t)(u(t)) = 0. On the other hand, Theorem 2 extends the result of Ch. G .

Philos and Y. G. Sficas [5, Theorem 1’]. For another result similar to
Corollary 1 the reader is referred to [3, Corollary 4.5.1], where a € (0,1).

Now we are prepared to extend the previous result to noncanonical equations.
THEOREM 3. Assume that (3) and (5) hold.
(1) Egquation (4) is oscillatory if

.1 T 1
liminf s / elo(s)le(s)p(s)ds > 5 - (13)
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) 1f _
- 1
lmint —e / olo()lels)p(s) ds > 0, (1)

then every nonoscillatory solution u(t) of (1) satisfies tlim u(t) =0.

Proof.

(i): According to the general theory of W. F. Trench [7, Lemma 1],
equation (4) can be rewritten in canonical form as

a2() (a1 (t) (2 (t)u(®))’) + p(t)ulg(t)] = 0, (4c)

where functions ¢i(t) € C([to,o0)) and are defined as follows:

o0

1 1 ds
rORORIECE

a(t) = r<t>( / %)

The transformation gou = y reduces equation (4.) to

Y p(t) _
(a@)y'®) t Ol =0, (15)

and furthermore equation (4.) (as well as (4)) is oscillatory if and only if equa-
tion (15) is oscillatory. On the other hand, by Theorem 1 we know that equa-
tion (15) is oscillatory if

Q(t) oo
L ds O N N
l‘ﬁl‘o‘-f( / ql(s)> (/ PABPSFO)] d) s (16)

to

A simple computation shows that (16) is equivalent to (13).

(i1): From the first part of the proof we know that y(t) is a solution of (15)
if and only if u(t) = y(t)/qo(t) is a solution of (4). Theorem 1 implies that if

Q(?) 0o
L _ds p(s) s
“ﬂtﬁ?f( / ql(s>) </ 2:0)2019(5)] d) >0

to
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(which is equivalent to (14)), then every eventually positive solution of (15)
satisfies

Jlim ¢:(t)y'(t) = 0.

Therefore every eventually positive solution u(t) of (4) satisfies

Jim r(t)e(t) (ﬁ) 0

Hence, for every sufficiently small ¢ > 0, there exists a ¢; such that for all

t>t
(e(t)) S Oraon

Integrating this inequality from ¢; to t (>t; ), we have

E(t_)_u(t1)<€(1 1 )

o)~ olt1) = \e(t)  olt:)

that is
0<u(t)<ke(t)+e, t2t, (17)

where k is a positive constant. Letting ¢ — oo in (17) we obtain tlim u(t) =0.
-— 00

The proof is complete.

Proceeding similarly as above and taking Corollary 1 into account we obtain
the following result, which is related to [3, Corollary 4.7.3].

THEOREM 4. Assume that (3) and (5) hold. Then the condition

t—oo

1T,
hmme[Q—(t)]t/g [g(s)]e(s)p(s)ds >0

i3 sufficient for equation (12) to be oscillatory.

In literature we can find many sufficient conditions for canonical equation (1)
to be oscillatory. Applying the above-mentioned technique to such results we can
obtain sufficient conditions for noncanonical equation (1) to be oscillatory.

We would like to point out that Theorems 1 -4 work no matter if equations (1)
and (4) are delay equations or advanced or even a mixed type.

Example 1. Consider the noncanonical differential equation
(#2y'(t)) +ay(t/3) =0, t>1. (18)
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Put ¢g(t) = Q(t) = t/3 and p(t) = 1/t. By Theorem 3 this equation is oscillatory
if @ > 1/4 and every nonoscillatory solution y(t) of (18) satisfies lim y(t) =0if

a > 0. For example for a = 1/(41/3) equation (18) has a solutlon y(t) =¢"1/2
which vanishes in infinity.

(1]
(2]
(3]
(4]
(5]
(6]
(7]
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