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LIMIT THEOREMS FOR
B-LATTICE VALUED RANDOM VARIABLES

MARTA URBANIKOVA

(Communicated by Miloslav Duchori)

ABSTRACT. Results on the convergence of weighted sums of sequences of real
random variables are extended to Banach lattices. A general result on almost sure
convergence to 0 with respect to the order is proved, from which many known
results follow as special cases.

1. Introduction

Vector-lattice valued functions have been studied by Cristescu [2], Kan-
torovitch [3] and others. The original assumption of the regularity of a vec-
tor lattice under investigation has been removed by Potocky [9]. (See also
Kelemenovad [4].) It turns out that instead of regular lattices spaces the so-
called o-property can be considered to obtain a fruitful theory. The definition of
the expected value and higher-order moments for vector-lattice valued random
variables can be found, e.g. in [9] and [11].

DEFINITION 1.1. Let (£, S, P) be a probability space, E a vector lattice. A
sequence {X,} of functions from Q to E converges to a function X: ) - E
almost uniformly (with respect to (r)-convergence) if for every € > 0 there
exist a set A € S such that P(A) < ¢, a sequence {a,} of positive real numbers
converging to zero and an element 7 € E such that |X, (w) — X(w)| £ a,r for
each w € 2 - A.

DEFINITION 1.2. A function X: Q — E is called a random variable if there
exists a sequence {X, } of measurable E-valued functions with countable range
such that {X,_} converges to X almost uniformly.
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DEFINITION 1.3. A vector lattice E is said to be o-complete if every non-
empty at most countable subset of F which is bounded from above has a supre-
mum.

DEFINITION 1.4. A vector lattice E is said to have the o -property if for every
sequence {e,} of elements from E there exist u € E, u > 0, and a sequence
{K,} of positive real numbers such that |e,| £ K, u for all n € N.

DEFINITION 1.5. A vector lattice with a monotone norm which is complete
with respect to this norm is called Banach lattice.

PROPOSITION 1.1. Let E be a Banach lattice. Then each random variable 1s
a measurable map from  to E.

Proof. See [7]. O

2. Convergence of weighted sums
of random variables in Banach lattices

A strong law of large numbers for independent and identically distributed
random variables with values in a vector lattice has been given by Potocky
(8]. In what follows we omit both of the above assumptions. As a result we
establish a limit theorem for weighted sums of Banach lattice-valued random
variables for which no assumptions on mutual relationships are made.

DEFINITION 2.1. A sequence {X,} of random variables satisfies the strong
law of large numbers if there exists an element a € E* such that for every ¢ > 0

)

PROPOSITION 2.1. (Potocky (8]) Let E be a o-complete vector lattice
with the o -property equipped with a complete compatible metrizable locally solid
linear topology. If f, are independent, identically distributed, symmetric random
variables in E, then the condition

n—oo

x k k
lim P ﬂ{w; l%gXi(w)—%_}_:lEXi

k=n

I(a € EY) (Zp{w | fi(w)] £na}t < oo)

is necessary and sufficient for {f,} to satisfy the strong law of large numbers.
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PROPOSITION 2.2. (Loéve [5]) Let X, and X be real-valued random vari-
ables. If P(1X,,| 2 z) £ P(|X| 2 ) for every =, where E|X|" < 00, 0< 1< 1,
then

n

;117; z X, =0 a.s..
k=1

PROPOSITION 2.3. (Wang & Bhaskara Rao [13]) Let X,, n 2 1, be

a sequence of real-valued random variables. If for every n, E|X |” < oo for

some T > 0, then there exists a nonnegative random variable X on Q such that

EX® < oo forevery 0< s <r, and X_, n 21, is stochastically dominated by

X,ie P(|X,|2X) SP(|X|Z)) foreach n 21 and each X 2 0.

THEOREM 2.1. Let {X,} be a sequence of random variables taking values in a
o -complete Banach lattice E with the o -property. Suppose that for each n € N

Y KT'P(IX,| <ka)* <M
k=1

forsomer 21,a>0,a€ FE and M >0, M € R. Let p>r and ¢ > 1
satisfy 1/p+1/q=1. Let {a,,}, 1 Sk <n, n 21, be a double sequence of
real numbers satisfying

n
Jim_sup Z |a,,|7 < oo.
k=1
Then
1 n
mi7e 2 i =0
k=1
for every s, 0 < s <r, almost surely in Q relatively uniformly.
) £) Y

Proof. For each n let {X*} be a sequence of measurable E-valued func-
tions with countable range converging almost uniformly to X, . Then there exists
a set (), of probability 1 such that {X*} converge (pointwise) relatively uni-
formly on this set for each n. Consider now all X, as functions defined on this
set with values in E. From the inequality

Xl S 1X, = X1+ X

which holds for each natural number n and each natural number & and from the
assumption that E has o-property we obtain that all values of X, belong to
the principal ideal of F generated by a single element, say u, u 2 a, u € E. Let
us denote this ideal by I,,. Since E is a o-complete vector lattice, I, equipped
with the order-unit norm, i.e. the norm induced by u, is a Banach space. It will
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be denoted (I, ||,)- In such a lattice the norm-convergence and the relatively
uniform convergence are equivalent (see [10; p. 102]).

Let us denote the set of all values which the above mentioned variables X, ,
n,k € N, take on by {y,}°, and put y, = u. Consider the countable set I" of
all linear combinations of the elements y,, with the rational coefficients. The set

B= m U{zEIu: |z — 4| Sru},

reQtyer

where Q* stands for the set of all positive rationals, is a linear subspace of I, .
It is obvious that all X, take on only values in B. Equipped with the order-unit
norm inherited from I, , B becomes a separable Banach space. Indeed for each
z € B and € > 0 there exists an element v € I" such that ||z — ||, < €. The
completeness follows from the fact that B is closed in (I, || ||,). From now on
this space will be denoted by (B, ]| ||,)-

It follows from the assumption that

[e o]
E|X, " S 1+27r Y kP(IX,]l > k)
k=1

oo
=1+2"r) k'P(1X,| £ ku)®
k=1

o o)
<1+27Y kP(IX,| S ka)* S M
k=1

for each n and some r 2 1. Using Proposition 2.3 we have that there exists
a nonnegative real-valued random variable X on Q such that EX* < oo for
every 0 < s <r and {||X,||}, n 2 1, is stochastically dominated by X.

By Hélder’s inequality, for every n > 1
1 I Xl
nl/s ;a"ka ZI nkl nl/s
k=
I X, 1P
(B (2150

We note that 0 < s/p < 1 and {||X,||P} is stochastically dominated by X?
with E(X?)%/? < co. By Proposition 2.2,

llm / Z”Xkl with probability 1.
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Since

n
lim su E a . |? <oo
n—00 pk 1' nkl ]

it follows that
-0

1 n
ni/s Zanka
k=1

with probability 1 with respect the order-unit norm and consequently

1 n
nT/" Zanka — 0
k=1

almost surely in  relatively uniformly. O

The above result extends the result of Padgett and Taylor [6; Theo-
rem 3] to vector lattice-valued random variables. They assume that X, , n 21,
is independently identically distributed with EX; = 0. We underline that no

assumptions on X are needed.

COROLLARY 2.1. Let {X,} be a sequence of random variables taking values
in a o-complete Banach lattice E with the o -property such that for each n € N

P(X,| S ka)* <M

NgE

k=1

for some a >0, a € E and M >0. Let {a,.}, 1SkSn, n21, bea double
sequence of real numbers satisfying

n
lim su E a?, <.
n—o0 pk 1 nk

Then
1 n
W Z anka -0
k=1
almost surely in Q0 relatively uniformly for every 0 < s < 1.

The following result was established by Padgett and Taylor [6; The-
orem 5] for Banach space valued random variables under the additional assump-
tions that X, , n 2 1, are independent, EX exists and equals zero for every

n21and 8> a.
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COROLLARY 2.2. Let {X,} be a sequence of random variables in a o -complete
Banach lattice E with the o -property such that for every n

oo

> kP(IX,|$ka)* <M

k=1
for some a€ E, a>0 and M €R, M >0. Let {a,,}, 1Sk<n,n21, be
a double sequence of real numbers such that for a >0 and § > 1

(i) lal SCn™ forall1SkSn andn21,
n

(i) X la,.] S Con®P for every n 21
k=1

for some positive constants C, and C,.

n
a.s
> auX, =0
k=1

Then

relatively uniformly.

Proof. By virtue of Proposition 2.3, there exists a real-valued random
variable X such that {||X,||} is stochastically dominated by X and EX" < o0
for 0 £ 7 < 2 since Vn € N we have

o0
EIX,I?£1+8) kP(IX,| £ ka)® < co.

k=1
Choose p > 0 and 1 < r < 2 satisfying r < p < 2 and
p._1 .5
r p—1
If ¢ > 0 satisfies 1/p + l/q =1, then ¢ > 2. From this it follows that —ag +
20 < 0and ¢/r = 8. 25 < ﬂ Finally choose s such that 0 < s < r and

g/s—p<0.Forall n and k put b, = aﬂknl/’ We have

n
D 1bul? S O Cpn et/ o
k=1
for each n 2 1, and consequently

n
. q _
Jim, Dol =0

Since z K-1P(|X,| < ka)° < § kP(X | € ka)° £ M, it follows from
Theorem 2 1 that =

l/nl/’Zb X, = Z a,: X =0
k=1
almost surely in Q relatively umformly. o
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COROLLARY 2.3. Let {X,} be a sequence of random variables taking values
in a o-complete Banach lattice E with the o -property such that for every n

oo

Y kP(IX,|Ske) S M

k=1
forsome a€ E, a>0 and M € R, M > 0. Let {ank}, 1SkSn,n21, be
a double sequence of real-valued random variables satisfying

n
P(lim supZaflk=C<oo) =1.

n—>00
k=1

Then for every 0 <1 < 2
1 n
a.s.
7 > e, X 20
k=1

relatively uniformly.

Proof. Fix arbitrarily 0 < r < 2. Similarly as in the proof of Theo-
rem 2.1 we obtain that {X} is a sequence of random elements in a separable
Banach space with an order unit norm. From the assumptions it follows that
E||X,|I> < oo for every n. Consequently, by Proposition 2.3, there exists a
nonnegative real-valued random variable X, such that {||X, ||} is stochastically
dominated by X and EX" < oo for 0 < r < 2. Then the proof of Theorem 2.1
can be adapted taking p = q = 2. O

Chow and Lai [1; p. 823] have established the above result under stronger
conditions. They assume that {X,} is a sequence of independently identically
distributed real-valued random variables with E|X||" < co for some 1 < r < 2.

COROLLARY 2.4. Let {X_} be a sequence of random variables taking values
in a o-complete Banach lattice E with the o-property. Let X be a random
variable in E such that for every n and k

P(|X,|Ska) 2 P(|X|Ska) and > n"'P(IX|<na)’<oo

n=1
forsomer, 1<r<2,a>0,a€kE.
Let {a,.}, 1S k<n,n 21, beadouble sequence of real numbers satisfying

max |a =0(n « as n — oo
1_<_k,5n| nkl ( )
’OTSOmC O< ";‘ <r-—1. Then

n
Z a, . X 250 relatively uniformly.
k=1
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Proof. Put b,, = a,n!'/* foreach 1 < k < n and n 2 1 where s is
chosen in such a way that 0 < s < r. Then

n n

E b2, < max a2, E (n'/*)?
T 15kSn

k=1 == k=1

< Bn=22p2/s . < Bn=2/(r=D)y . p2/s — B

if s is chosen in such a way that 1+ 2 — -2 =0 (such a choice is possible) for
1 < r <2 and for some positive constant B.

Consequently
n
; 2
nll'ngo sup ,;_1 by < 0.

o0
Owing to the assumptions we have 3 k"~'P(|X, | £ na)® < M for each n € N.
k=1

Applying Theorem 2.1 we obtain
1 n n
a.s.
nl/s anka = Zanka —0
k=1 k=1

relatively uniformly. If r = 2, choose p and g suchthat p > r=2,1/p+1/g=1
and 1< ¢ < 2. Finally we take an s, 1 < $<2 and g/s < 1. Then we have

n n
q q 1/s\q
D by l? < 2o lanl > (@)
< Bn9/¢—24 < Bpd/s-1

from which it follows that
n
i q
nlg{.losupkg-l b7 < 0.

Applying Theorem 2.1 once more yields the required result. O

The above Corollary extends the result of Taylor [12; Theorem 5.3.1],
in which, however, the following assumptions are necessary: E is a separa-
ble normed linear space which is Beck-Convex, X, , n 2 1, are independent,
EX, =0 forall n 21, sup E|| X, ||" < oo for some r > 1, a,, are nonnegative

n21
with sums over k less than or equal to unity for all n 2 1 and

n
lim E a, —n min a =0.
n—00 pt nk 1<k<n nk
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3. Conclusions

In the last thirty years many authors have devoted their attention to the
convergence of weighted sums of random variables in one or another sense. While
a number of interesting results has been produced for the norm topology, the
theory is much less developed for the weak topology and almost completely
neglected is the convergence with the respect to the order. It is the reason why
we have studied convergence of weighted sums of random variables in Banach
lattices. It is interesting that in many spaces the order convergence is stronger
than the topological one. From Theorem 2.1 many results in the literature follow
as special cases under much less restrictive conditions.
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