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ABSTRACT. In this paper I compare some families of functions whose restric-
tions to special sets have continuity points or intervals of continuity points. More-
over, I investigate the Darboux property in some of these families.

Notations

Let R denote the set of all reals. A function f: X - R (0 # X C R) is said
to be quasicontinuous (cliquish) at a point z € X ([6] and respectively ([1])) if
for every open neighbourhood U of = and for every positive number r there is
an open set V C U such that VNX #0 and |f(t) — f(z)| < r for every point
teVnX (and yg():{f <r).

If f: X >R (0 # X CR) is an arbitrary function, then C(f), C,(f)
and respectively C.(f) denote the sets of all continuity points of f, of all
quasicontinuity points of f, and of all points at which f is cliquish. For a
nonempty set Y C X the symbol f |Y denotes the restriction of f to Y.
Intx A denotes the relative interior of A in X and cl A denotes the closure of

A. Let
K1={XCR; X7é(b}a
K;={X CR; X #0 and X is countable},
K3 ={X € K1; X is perfect},
K4 ={X € K1; X is the sum of a sequence of perfect sets},
Ai={f:R—>R; forevery X € K;, C(f|x) # 0},
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(see [7] for ¢ =4 and [5] for ¢ =1,2),

Aig={f: R—>R; forevery X € K;, Co(f|x) #0},
Aic={f: R-R; forevery X € K;, C.(f|x) #0},
Dic={f:R—R; forevery X € K;, Intx Cc(f|x) # 0},
Dig={f:R—R; forevery X € K;, IntXC’q(le);é(Z)},
D; ={f:R—R; forevery X € K;, Intx C(f|x) # 0},

(see [3] for i =3 and [4] for : =1,2,4),

B; ={f:R—R; f is of Baire 1},

Q ={f:R—>R; Cy(f)=R},
D ={f: R—R; f has the Darboux property} .

In this paper I compare the above families A;, Aiq, Aic, Di, Dig, D;. and 1
investigate the Darboux property in some of them.

Remark 1. The following inclusions are evident:

Ay C Ay Ay C Ay C As; Dy, C Dy; D, c Dy C Ds;
Alq C Azq; Alq C A4q C A3q; D1q C ng; D]q C D4q C D3q;
Ajc C Age; Aje C Aye C Ase; D;. C Dy; Dy, C Dy. C D3;

D; C A;;
A; CA,'q C Aic;

D;q C Aig; (1=1,2,3,4).
D; C D;iq C D;e;

D;. C Aic;

THEOREM 1. A3, = A3 = A3 = B;.

Proof. Theequality A3 = B; follows from the well-known Baire Theorem.
The inclusion Az C Asq C As. follows from Remark 1. We shall prove that
A3z, C B;. If f € A3c and X C R is a perfect set then there is a sequence of
open intervals I,, n=1,2,..., such that:

dl,,cl,,n=12,...;
the diameter d(I,,) of the interval I, is less than 1/n, n=1,2,...;
LNX#0,n=1,2,...;
osc f<l/m,n=12....
I.nX
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oo oo
The intersection XN () I, = [ (X Ncll,) is a singleton set {x} C X and
n= n=

1 1
the restricted functions f | x is continuous at z. So, C ( f | X) #0 and f € B;.

This completes the proof.
In [5] it is proved that A; = A,. The following theorem is true:
THEOREM 2. Alq = Azq ; qu = D2q ; D1 =D;.

Proof. The inclusions A;q C Azq, D1q C D2q, and Dy C D, follow from
Remark 1. We shall show the inclusion Azq C A1q. Let f € A2, andlet X CR
be a nonempty set. If there is an isolated point  in X then Cq( f | X) #0.
Suppose that X is dense in itself. There is a countable set Y C X such that

i) {(t,f@); teY}D{(tf(¥); teX}.
Since f € Aaq, thereis a point £ € Y C X at which the restricted function f Iy
is quasicontinuous. We shall show that the restricted function f | X is quasicon-
tinuous at z. Let r > 0 be a number and let U 3 z be an open set. Since f Iy
is quasicontinuous at z there is an open interval I C U such that INY # 0
and

(if) |f(t)— f(z)| <r/2 foreach teINY.
If there is a point w € I N X with |f(u) — f(z)| > r, then it follows from (i)
that there is a point v € INY such that |f(v) — f(z)| > r/2, in contradiction
with (i). So,

|f(t)— f(z)]<r forevery teINX,

and = € Cq(f|X). Thus, Azq C Ajq and consequently, A;; = Az,. Now, we
will show the inclusion Dyq C Diq. Let f € Dy, and let X C R be a nonempty
set. As above we can suppose that X is dense in itself and we can define a
countable set Y C X such that (i). Since f € D4, there is an open interval
I suchthat 0 #INY C C, (f|y) . The same as in the proof of the inclusion
Azq C Ayq we show that INY C Cq(f|X) .Fixapoint zeINX, r>0,and
an open set U 5 z. It follows from (i) that there is a point u € INUNY such
that |f(u) — f(z)] < r/2. Then the restricted function f|y is quasicontinuous

at u and there is an open interval J C I NU such that JNX # 0 and
|f(t) — f(u)] <r/2 foreach t€ JNX. '

Consequently,
[F@) = f@) < 1f @) — fF)| + |f(u) = f(2)| <r/2+71/2=Tr

foreach te JNX,and z € Cq(f|X) .So, INX C Cq(fIX) yand Dag C Dyy,.
The proof of the equality D, = D, is similar.

449



ZBIGNIEW GRANDE

THEOREM 3. Ajc = Dic = B; fOT‘ 1=1,2,3,4.
Proof. From Theorem 1 we have the equality Asc = B,. Moreover, by
Remark 1,
Dic C A1c C Ase; Dic C Dye C D3c C Ase;
Dic C Dy C Age C A3c;  and  Ajre C Ag,.

Thus it suffices to prove that A3z, C D;. and Az. C Aj.. We start from the
proof of the inclusion A3c C Dj.. Let f € A3 and let X C R be a nonempty
set. If there is an isolated point in X, then Intx Ce(f|x) # 0. So, we suppose

that X is dense in itself. Then cl X is a perfect set and f | cl X is cliquish at
each point z € cl X . Consequently,

dX =C.(flax), X=C(f|x),

and

Intx Co(f|x) # 0.

Thus f € Dy..

The proof of the inclusion Az, C Aj. is similar to the proof of the inclusion
Agq C Ayq in the proof of Theorem 2.

It is known that A; # A4 # By ([7]) and D, # By ([3]).
THEOREM 4. Alq # Ag; A4q # B .

Proof. Let (w,) be an enumeration of all rationals such that w, # wy,
for n#m, n,m =1,2,.... The function

1/n for z€ew,, n=12,...,

a(2) = {

0 otherwise
belongs to Ay — A14, since for X = {wp; n=1,2,...}, Cq(g|x) =90.

Let (X,) be a sequence of nowhere dense perfect sets such that X, NX,, =0
for n#m (n,m=1,2,...)and X =|J X, is dense. The function

1/n forzeX,, n=12,...,
h(z) = .
0 otherwise

belongs to B, — Asq» since Cq (h|X) =0.
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THEOREM 5. Dy = Dy = D3 =Dy4; Dyg= Dyg=D3g= Dy,.

Proof. By Remark 1, D; C Dy C D3, and D14 C Dyq C D3q. By The-
orem 2, D; = D, and D;q = D24- So, it suffices to prove that D3 C D; and
D3y C Dqq. Let f € D3y and let X C R be a nonempty set. If X contains
an isolated point then Intx Cy(f|x) # 0. Suppose that X is dense in itself.
Then clX is a perfect set. Since f € Ds,, there is an open interval I such
that INX # 0 and INcl X C Cy(f|e) x) - Evidently, INX C Cy(f|x) - Thus

Intx Cq( f l X) # 0 and f € Dq4. Consequently, D3, C D14. The proof of the
inclusion D3 C D; is similar.

THEOREM 6. A;, = D3,.

Proof. Since D3y = D1q C Aigq, the inclusion D34 C A;q is proved.

Now, let f € A1q. If f ¢ Dsg, then there is a perfect set X C R such that
Intx Cy(f|x) =0.Let Y € X—Cy(f|x) beacountable set dense in X . Since
f € Aiyq, the restricted function f lY is quasicontinuous at a point u € Y. The

function f | X is not quasicontinuous at u. There is a positive number r such
that

(i) (cl{(t,f(t)) ; tE C(f|X)})ﬂ([u—r, u+r] X [f(u)—2r, f(u)+2r]) = 0.
Since u € Cq(fly), there is an open interval I C (u — 7, u + r) such that
INY # 0 and |f(t) — f(u)| < r for every point ¢t € INY . The set C(f|x)
is dense in X . Thus there is a point v € (I N X) ﬂC(f|X). Let J C I be an

open interval such that v € J and |f(t) — f(v)| < r for each point t€ JN X.
Since the set Y is dense in X, there is a point w € JNY . Then we have

fw) = f@) <7, |f(w)—f@w)|<r, and
F) = F0)] < 1Fw) — F@)] + |fw) — F@)] <7+ 7 =2r,

in contradiction with (i). So, f € D34, and the proof is complete.

Problem.
(1) D3 = D347
(2) A4=A4q?

THEOREM 7. DA, C Q.

Proof. Suppose that there is a function f € DAy, — Q. Then there is a
point x € R such that

(a:,f(:v)) ¢ cl{'(t, f(t)) ; te C(f)} .
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Let 7 > 0 be such that

([x —r,z+r]x[f(z)—r f(z) +r]) ﬂcl{(t,f(t)); te C(f)} =0.

Since f € Bj, the set C(f) is dense. Consequently, the sets U = {t € R;
[t—z| < r and |f(t)—f(z)| < 7/2} and clU are nowhere dense. Since f € DBy,
the set U is c-dense in itself ([2]) and the set clU is perfect. From the Darboux

property of f it follows that |f(u) — f(z)| > r/2 for each point u € clU being
the end of a component of the set (x —r,z +r) —clU. Since f € Ay and

U € K4, there is a point w € U at which the function f |U is quasicontinuous.

Evidently, |f(w) — f(z)| < r/2. Thus, there is an interval I C (z —r, z + 1)
such that INU #0 and |f(t) — f(z)| <r. <r/2 foreach te INU.

But the set
V= {t €INclU; t is the end of a component of the set I—clU}

is dense in INclU and |f(t) — f(z)| > r/2 for each T € V, thus the restricted
function f I( INncU) is not continuous at a point t € INclU . This contradiction

finishes the proof.

COROLLARY. We have:

DA,y = DAy C DAy C Q;
DDiqCDA4qCQ, t=1,2,3,4.
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