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ABSTRACT. In this paper, we study the global existence of solutions for second 
order initial value problems for functional semilinear integrodifferential equations, 
where the linear operator in the differential equation is the infinitesimal generator 
of a strongly continuous cosine family in a Banach space X. Using the Leray-
Schauder Alternative, we derive conditions under which a solution exists globally. 

1. Introduction 

In this paper we study the global existence of solutions for second order 
initial value problems (IVP for short) for semilinear functional integrodifferential 
equations of the form 

c"(í) = Ax(t) + flt,xt,f k(t, s)g(s, x„x'{s)) ds, x'(t) j , 

0 

a.a. t Є I := [0, b], 

1) 

xo = 0, x ' (0)=r l , (1.2) 

where A is a linear infinitesimal generator of a strongly continuous cosine fam
ily {C(t) : t G 1} in a Banach space X, and f:IxCxXxX —> A", 
g:IxCxX-¥X and k: I x I —•> R are given functions. 

Here C = C([—T, 0],K) is the Banach space of all continuous functions 
a: [—T, 0] —> A" endowed with the sup-norm 

\\u\\ =sup{K(9)| : - T < 6 > < 0 } . 

1991 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : Pr imary 35R10. 
K e y w o r d s : Leray-Schauder alternative , a priori bound, partial integrodifferential equation, 
global existence. 
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Also for x G C([-r, b],X) we have xt G C for t G [0, b], xt(6) = x(t + (9) for 
6 G [—r, 0]. By using topological degree arguments we prove the global existence 
of a solution of (1.1)-(1.2). 

Recent results on global existence, for ordinary, functional, neutral or partial 
differential equations with the aid of the Topological Transversality method, may 
be found in the works listed in our references [3], [4], [5], [6], [7]. Our approach 
here is essentially an application of the Topological Transversality method to 
obtain global existence results for functional semilinear integrodifferential equa
tions. 

It is well known, see e.g [10] (for the case of ordinary differential equations), 
that only the continuity of / is not sufficient to assure local existence of solu
tions, even when X is a Hilbert space. Therefore, one has to restrict either the 
function / or the semi-group operator. Usually restrictions on / are imposed. 
The function / was assumed to be locally Lipschitz or monotone or completely 
continuous. Here we assume that C(t) (defined below) is compact and the func
tion / satisfies the following Caratheodory-type conditions, which do not imply 
that / is completely continuous: 

(Cx) For each t G [0, b] the function /(£, - , - , • ) : CxXxX -» X is continuous, 
and for each (x, H, z) G C x X x X the function / ( • , x, ?y, z): I —> X is 
strongly measurable. 

(C2) For every positive constant k there exists hk G Ll(I) such that for a.a. 
t e l 

sup \f(t,x,y,z)\ < hk(t). 
\Ml\yl\z\<k 

The consideration of this paper is based on the following fixed point result 
(cf. [2]). 

L E M M A l . l ( L E R A Y - S C H A U D E R A L T E R N A T I V E ) . Let S be a convex sub
set of a normed linear space E and assume 0 G S. Let F: S -> S be a completely 
continuous operator, and let 

£(F) = {x G S : x = XFx for some 0 < A < 1} . 

Then either £(F) is unbounded or F has a fixed point. 

2. Global existence 

In this section we study the global existence of solutior s for IYP (1.1 i 1.2 . 

In rrrany cases it is advantageous to treat second order abstract differential 
equations directly rather than to convert them to first order systems. A useful 
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machinery for the study of abstract second order equations is the theory of 
strongly continuous cosine families. 

Given a Banach space X, we say that the family {C(t) : t G M} in the space 

L(X) of bounded linear operators on X is a strongly continuous cosine family 

if 

(i) C ( 0 ) = I ; 
(ii) C(t)x is strongly continuous in t on 1 for each fixed x G A"; 

(iii) C(t + s) + C(t -s) = 2C(t)C(s) for all t,seR. 

The strongly continuous sine family {S(t) : t ^ R} is defined by 

t 

)x = Jc( S(t)x = / C(s)x ds, I Є І , І Є 

The infinitesimal generator A of a cosine family {C(t) : t G l } is defined by 

d 2 

Ax = -r^C(t)x , x G D(A), 
d t z t=o 

where 

D(A) = {x G X : C(-)x G C 2 (M,X)} . 

Assume now that A is a linear infinitesimal generator of a strongly continu
ous cosine family {C(t) : t E M} of bounded linear operators from X into 
itself. Moreover, we assume that the adjoint operator A* is densely defined, i.e 
D(A^) = X*. See[l]. 

It is known that if C(t), t G R, is a strongly continuous cosine family with 
infinitesimal generator A then 

x(t) = C(t)0(O) + S(t)rj 

+ / 5 ( t - s ) / ( s,x5, / k(s,(T)g(<r,xa,x'(a)) da,x '(s) J ds , t G / , 

with x0 = <fi. The above equation is more general than equation (1.1) and every 
solution of this is called mild solution of (1.1)-(1.2). Also this is easier to work 
with than (1.1) (1.2) because of the nice properties of the bounded operators 
C(t), t G E and 5( t ) , t G M, as opposed to the unbounded operator A in 
equation (1.1). 

In the sequel we will use the following result which was proved in [8]. 

LEMMA 2.1 . Let C(t) (resp. S(t)), t G R, be a strongly continuous cosine 
(resp. sine) family on X. Then there exist constants N > 1 and u > 0 such 
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that 

\C(t)\<Ne^tl for all t e R, 

| S ' ( * 1 ) - . S ( t 2 ) | < J V 
/• 

! ш | s | ds for all tx,t2 Є 

The global existence result for the IVP (1.1)-(1.2) is the following: 

THEOREM 2.2. Let f: I x C x X x X -> X be a function satisfying ( C x ) . 
( C 2 ) , g:IxCxX^X be a continuous function, k: I x I —>> R a measurable 
function and C(t) (resp. S(t)), t e I, be a strongly continuous cosine (resp. 
sine) family on X with the infinitesimal generator A as defined above. Assume 
that: 

(Hg) There exists a continuous function m: I —> [0, oo) such that 

\g(t,u,v)\ < ra(t)fi(|H| + H ) , 0 < t < 6, ueC, veX, 

where Q: [0, oo) —> (0, oo) is a continuous nondecreasing function. 
(Hf) There exists a continuous function p: I -> [0, oo) such that 

| / ( t , t / , i ; , ^ ) | < p ( t ) ( | H | + H + H ) , 

o < t < b , uec, v,w e x. 

(Hk) There exists a constant L such that: 

| f c ( t , s ) | < L for t>s>0. 

(HC) C(t), t > 0. is compact. 

Then if 
b oo 

ds / fh(s) ds < 
s + Q(s) 

where 

and 

fh(t) = max{M(ò+ l)p(t) ,Lm(t)} , 

M = sup{|C(í) | : t Є I} , M' = sup{ |C ' ( t) | : tЄl} 

c = ( M + M') | |</>| |+M(l + b)H, 

the IVP (1.1) -(1.2) has at least one mild solution on [—r, b]. 

P r o o f . In the space B = C ( [ - r , &], -Y) n Cl ([0, b],X) consider th ^ norm 

| |T | | *=,max{ | |T | | r , | | x | | 1 } 
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where 

||x|| r = sup{|x(t) | : - r < t < b} , \\x\\x = swp{\x'(t)\ : 0 < t < b} . 

To prove existence of a mild solution of the IVP (1 .1)-(1 .2) we apply Lemma 1.1. 
First we obtain the a priori bounds for the mild solutions of the IVP (1 .1)A-(1 .2), 
A G (0,1), where (1-1)A stands for the equation 

x"(t) = XAx(t) + Xf 11,xv I k(t, s)g(s,xs,x'(s)) ds, x'(t) j 

Let x be a mild solution of the IVP (1.1)A— (1.2). From 

x(t) = X[C(t)</>(0) + S(t)ri\ 

t e i . 

+ X S(t- s)f is,xs, / k(s, a)g(a, xa,x'(a)) da, x'(s) \ ds , t e l 

we have 

|x(t) |<M|H| + Af6M 

+ 
I r - S 

Mbjp{s)\\\x3\\+Lfm{a)n(\\xJ + \x'{a)\) da+\x'{s) ás , 

t e l . 

We consider the function fi given by 

li(t) = sup{|x(5)| : -r < s < t} , 0 < t < b. 

Let t* E [~r,t] be such that fi(t) = \x(t*)\. If V G [0,t], by the previous 
inequality we have 

Li{t)<M\\<t>\\ + Mb\n\ 

t* 

+ Mb íp{s) /x(s) + L ím{a)Q(tJ,{a) + \x'{a)\) da + \x'{i ds 

< Л ř | | ^ | | + Mò|rí| 

t 

+ Mb í p{s) 

o 

џ(s) 

S 

+ L ím(a)Q{^(a) + \x'{a)\) da + \x'{s) ds. 

t e l . 
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If t* G [—r, 0] then fi(t) = | |0| | and the previous inequality holds because M > 1, 
since C(0) = 1. 

Denoting by u(t) the right-hand side of the above inequality we have 

u(0) = M\\(j)\\ + Mb\rj\1 fi(t)<u(t), 0<t<b, 

and 

u'(t) = Mbp(t) 

< Mbp(t) 

Therefore, if 

we obtain 

u'(t) < Mbp(t) 

But 

fi(t) + \x'(t)\ +L m(a)fl(/i(a) + \x'(a)\) da 
o 

t 

u(ť) + \x'(t)\ + L im(a)n(u(a) + \x'(a)\) da 
o 

v(t)=sup{\x'(s)\: s e [0 , í ] } , tel, 

tel. 

t 

u(t) + v(t) + L m(a)ӣ(u((т) + v(a)) da tЄІ. 

x'(ť)=\[C'(t)ф(0) + S'(t)rj\ 

+ X C(t- s)f í 5, xа, / k(s, a)g(a, xa,x'(a)) drт, x'(r) j ds . 

t e l . 

Thus if t* e [0,t] is such that v(t) = \x'(t*)\ we have 

v(t)=\x'(t*)\ 
<M'U\\ + M\rj\ 

t 

+ M p(s) u(s) + v(s) + L m(a)ӣ(u(a) + v(a)) áa ás, 

o 

tel. 
Denoting by r(t) the right-hand side in the above inequality we have 

r(0) = Af'IÎ H + Af |-7|, v(t)<r(t), t e l , 
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and 

Let 

r'(t) = Mp(t) 

< Mp(ť) 

w(ť) = u(ť) 

г 

t(t) + v(t) +L m(a)П(u(a) + v(a)) da 

o 
t 

i(t) + r(t) + L m(a)П(u(a) + r(a)) da t e l . 

г 

+ r(ť) + L m(a)U(u(a) + r(a)) da , t Є I. 

Then 

and 

w(0) = u(0) + r(0) = c, u(t) + r(t) < w(t), t e l , 

w'(t) = u'(t) + r'(t) + Lm(t)ӣ(u(ť) + r(t)) 

< Mbp(t)w(t) + Mp(t)w(t) + Lm(ť)ӣ(w(t)) 

< m(t)[w(t) + П(w(t))] , tЄІ. 

This implies 

w(t) b oo 

17rm*f <*•->«< f 
ds 

s + ӣ(s) 
ui(0) 0 

s + П(s) ' 
tel. 

This inequality implies that there is a constant K such that 

w(t) =u(t) + r(t) <K, t e l . 

Then 

\x(t)\ < fi(t) < u(t), t e l , 

\x'(t)\ <v(t) <r(t), t e l , 

and hence 
MV<K, 

where K depends only on b and on the functions m, p and _1. 
In order to apply Lemma 1.1 we must prove that the operator F: B —> B 

defined by 

r <«*), _ r < t < o , 

(Гy){t) = { C{t)ф{0) + S(t)r] + jS(t-s)-

f{s^ysJk(s^(T)9(^y^y,((T)) d c r ' ^J^5)) d 5 ' 
0 < t < b 
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is a completely continuous operator. 

Let Bk — {y G B : ||H||* < k} for some k > 1. We first show that F maps 
Bk into an equicontinuous family. Let y G Bk and t1,t2 G [0, b] and e > 0. 
Then if 0 < e < tx < t2 < b 

\(Fy)(tx) - (Fy)(t2)\ 

O(ť.)^(0) - C(t2)m + Sitjv - S(t2)r, 

+ 
ti s 

/ 5 ^ - s ) / ř s,y3, / k(s,a)g((T,ya,y'(a)) da, y'(s)j ds 
o o 

Í2 5 

f 5(í2 -s)f(s,ys, / fcOs><0:?(CT>!k>JťV)) dfT> 2!'(S)J d í 

0 0 

< ICÍ*,.) - Cľ(*2)||̂ (0)| + lÄ^) - -5Г(*2)||Í7І 

ti—є s 

+ 

+ 

+ 

í [S(t, - s) - S(t2 - s)]f(s,ya, I k(s,a)g(a,ya,y'(a)) da,y'(s)j ds 
o o 
ti s 

í [S(tx -s)- S(t2 - s)] f U ys, j k(s, a)g(a, ya,y(a)) da, y'(s)j ds 
-e 0 
t2 S 

i S(t2-s)f(s,ys, \ k(s,a)g(a,ya,y'(a)) da, y'(s)j ds 

tl —є 

tч 

< |C(ÍX) - C(ř2)U^.(0)| + 15-Ĉ ) - 5'(*2)||T?1 
h-s 

+ I \S(t1-s)-S(t2-s)\hk,(s)ds 
0 

ti t2 

+ j \S(t, -s)- S(t2 - s)\hk,(s) ds + I \S(t2 - s)\hk,(s) ds , 
tl-£ ti 

and 
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\(Fy)%) - (Fy)'(t2)\ 

C'(t,)cf>(0) - C'(t2)<t>(0) + S'itjr, - S'(t2)rj 

+ 
0 

t2 

/ C(tx - s)f(s,ys, \ k(s,o)g(o,yG,y'(o)) da, y'(s)\ ds 

o o 
ti s 

- / C(t2 - s)f( 5,y5, / k(s,o)g(o,yG,y'(o)) da, y'(s) J ds 

0 0 

< |C'(tx) - C'(t2)| W0)| + |5'(t,) - 5'(t2)||r,| 
ti-e 

+ j \C(t1-s)-C(t2-s)\hk,(s)ds 

0 

t\ t2 

+ | |C(t, - S) - C(t2 - 5) |^,(5) d5 + y |C(t2 - 5 ) | ^ , ( 5 ) ds , 

t i - e t i 

where 
k' — max{k,bLm0Q(2k)} , ra0 -= max{?n(t) : £ G / } . 

The right hand sides are independent of y G Bk and tend to zero as t2—t1 -» 0 
and £ sufficiently small, since C(t), S(t), C'(t), S'(t) are uniformly continuous 
for £ G [0, 6] and the compactness of C(t), S(t) for £ > 0 imply the continuity 
in the uniform operator topology. (See also Lemma 2.1.) The compactness of 
S(t) follows from that of C(£), and [9; Lemma 2.1, Lemma 2.5]. 

Thus F maps Bk into an equicontinuous family of functions. 
The equicontinuity for the cases tx < t2 < 0 and £-_ < 0 < t2 follows from 

the uniform continuity of (j) on [—r, 0] and from the relation 
KFj/Xt,) - (Fy)(t2)| < \4>(t,) - (Fy)(t2)| < |(Fy)(t2) - (Fy)(0)\ + |<A(0) - M i ) , 
respectively. 

It is easy to see that the family FBk is uniformly bounded. 
Next, we show FBk is compact. Since we have shown FBk is an equicontinu-

ous collection, it suffices by Arzela-Ascoli theorem to show that F maps Bk into 
a precompact set in X. 

Let 0 < t < b be fixed and e a real number satisfying 0 < e < t. For y G Bk 

we define 
(Fey)(t)=C(t)<f>(0) + S(t)V 

t-e , s v 

+ / S ( t - 5 ) / ( s,y3, / k(s,o)g(o,ya,y'(o)) da, y'(s) J ds . 
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Since C(t), S(t) are compact operators, the set Y£(t) = {(F£y)(t) : y G Bk} is 
precompact in X, for every e, 0 < e < t. Moreover, for every y G Bk we have 

\(Fy)(t) - (Fey)(t)\ 
t S 

< j S(t- s)f (s, ys, j k(s, a)g(a, ya,y'(a)) da, y'(s)J 

-e 0 

t 

J\S(t-s)\hk,(s)ds, 

às 

\(Fy)'(t)-(Feyy(t)\ 

t-є 
t 

/ C(t - s)f(s, ys, / k(s, a)g(a, yG,y'(a)) da, y'(s) 

-£ 0 

t 

< j\C(t-s)\hk,(s)ds. 

ăs 

t-e 

Therefore there are precompact sets arbitrary close to the set {(Fy)(t) : 
y G Bk}. Hence the set {(Fy)(t) : y G Bk} is precompact in X. 

It remains to show that F: B -> B is continuous. Let {̂ n}̂ ° C B with 
un -> u in B. Then there is a positive constant q such that ||iz ||* < q for all 
n, and consequently \\u\\* < q. By (Cx) 

f[^unvl H^s)g(s,uns,u'n(s)) ds,u'n(t)j 

> f f *, ut, J k(t, s)g(s, us,u'(s)) ds, u'(t) J 

for each t e I, and since 
t 

fy^nv I k(t,s)g(s,uns,u'n(s)) ds, u'n(t) 
o 

t 

-f[t,ut, j k(t,s)g(s,us,u(s)) ds, u'(t) <2hq,(t) 
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/here q' = max{g , bLm0ft(2q)}, we have by dominated convergence 

\Fun — Fu\ = sup 
te[o,b] 

< 

I S(t-s) f(s,uns, I k(s,a)g(a,una,u'n(a)) da, u'n(s)J 

o o 
s 

- f(s,us, k(s,a)g(a,ua,u'(a)) da, u'(s)J ds 

o 
b s 

I \s(t-s)\f(s,uns,J k(s,a)g(a,una,u'n(a)) da, u'n(s)J 

o o 
s 

~ f(s,us' / k(s,a)g(a,ua,u'(a)) da, u'(s)J ds —>0 

and 

\(FuJ-(Fu)'\ 
t S 

= sup / C(t-s) \f(s,uns, / k(s,a)g(a,una,u'n(a)) da,u'n(s)J 
G o o 

s 

~ f(sius> / k(r,a)g(a,uG,u'(a)) da, u'(s)J ds 
o 

b s 

< I \c(t-s)\f(s,una,J k(s,a)g(a,una,u'n(a)) da, u'n(s)J 
o o 

- f(s>usi / k(s,a)g(a,ua,u'(a)) da, u'(s)J ds — > 0 . 

Thus F is continuous. This completes the proof that F is completely continuous. 
Finally, the set £(F) = {y e B : y = XFy, X G (0,1)} is bounded, as 

we proved in the first part. Consequently, by Lemma 1.1, the operator F has 
a fixed point in B. This means that the IVP (1.1)-(1.2) has a mild solution, 
completing the proof of the theorem. • 

THEOREM 2.3. Let f:IxCxXxX^X be a function satisfying (Cx), 
(C2), g: I x C x X —> X be a continuous function, k: I x I —> 1R. a measurable 
function and C(t) (resp. S(t)), t G / be a strongly continuous cosine (resp. 
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sine) family on X with the infinitesimal generator A as defined above. Assume 
that (Hk) and (HC) hold and: 

(Hg — 1) There exists a continuous function m: I —» [0, oo) such that 

\g(t,u,v)\<m(t)(\\u\\ + \v\) , 0<t<b, ueC, veX. 

(Hf — 1) There exists a continuous function p: I —> [0, oo) and a continuous non-
decreasing function Q1: [0, oo) —> (0, oo) such that 

\f(t,u,v,w)\<p(t)Q1(\\u\\ + \v\ + \w\) , 0<t<b, ueC, v,weX. 

Then if 
b oo 

ds Jp(s)ds<í 
S + 2fi1(s) 

U C 

where 

p(t) = max{M(b + l)p(t), Lm(t)} , 

M = sup{|C(t) | : t e 1} , M ' = sup{|C7/(t)| : t e 1} 

and 
c = ( M + M , ) | | 0 | | + M ( l + b)|rl|, 

the IVP (1.1) -(1.2) has at least one mild solution on [—r, b]. 

P r o o f . As in the proof of the previous theorem it suffices to obtain the 
a priori bounds for the mild solutions of the IVP (1.1)A —(1.2), A G (0,1). 

So, if x is such a solution, then for every t G / we have 

> (p{s)ílx I llx.ll + L ím(a) [\\xj + \x'(a)\] áa + \x'(s)\ j ds . 

\x(t)\<M\\<t)\\ + Mb\r)\ 
t 

Mb 

o x o 

We consider the function /L given by 

fi(t) = sup{\x(s)\ : -r<s<t}, t e l . 

Let 6* G [—r,t] be such that fi(t) = \x(t*)\. If t* G [0,t], by the previous 
inequality we have 

^t)<MU\\ + Mb\r,\ 

+ Mb I'p(s)nAv(s) + L f m(a)[fi(a) + \x'(a)\] da+\x'(s)\ J ds , 

t e l . 
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If t* E [-T, 0] then /i(i) = ||0|| and the previous inequality holds since M > 1 . 
Denoting by w(t) the right-hand side of the above inequality we have 

u(0) = M||0|| + M % | , fi(t) < u(t), tel, 

and 

u'(t) = Mbp^)^ I ii(t) + \x'(t)\ + L f m(a) [fi(a) + \x'(a)\] da j 

<Mbp(t)nJu(t) + \x'(t)\ + L j m(a)[u(a) + \x'(a)\] da J , t el. 

^ o ' 

We set 
v(t) = sup{|x'(s)| : 5 6 [0,t]} , t e I. 

Thus, as in the previous theorem, we obtain 

\x'(t)\ <v(t) 

<M'U\\ + M\ri\ 

+ M p(s)Q11 u(s) + v(s) + L m(a) [u(a) + v(a)] da J ds , 

t e l . 

Denoting by r(t) the right-hand side in the above inequality we have 

r{0) = M'M\\ + M\ri\, v(t)<r(t), tel, 

and 

r'(t) = Mp(t)nAu(t) + v(t) + L J m(a)[u(a) + v(a)] da) 

^ o ' 

< Mp(s)ni ( u(t) + r(t) + L m(a) [u(a) + r(a)] da ) , t e l . 
^ o ' 

Let 
t 

w(t) = u(t) + r(t) + L m(a)[u(a) + r(a)] da, t e l . 
o 

Then 
w(0) =w(0) + r(0) = c, 
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and 

w'(t) = u'(t) + r'(t) + Lm(t) [u(t) + r(t)] 

< Mbp(t)nx(w(t)) +Mp(t) f t 1 (w(*)) +Lm(t)w(t) 

<p(t)[w(t) + 2ft1(w(t))] , t e l . 

This implies 

w(t) b oo 

/ T^ks) </?(s) W l T ^ T teI-
w(0) 0 c 

This inequality implies that there is a constant K such that 

w(t)<K, t e l . 

Then 

and hence 

\x(t)\ < fi(t) < u(t) < w(t) <K, t e l , 

\x'(ť)\ < v(t) < r(t) < w(t) <K, t e l , 

||x|r <K. 
Therefore the desired a priori bounds are obtained. 

The rest of the proof is similar to that of Theorem 2.2. • 

By combining Theorems 2.2 and 2.3 we obtain the following more general 
result, which contains the above Theorems as special cases. 

THEOREM 2.4. Let f: I x C x X x X ^ X be a function satisfying (Cx), 
(C 2) and (Hf — 1), g:IxCxX-*X be a continuous function satisfying 
(Hg), k: I x I —> R a measurable function satisfying (Hk) and C(t) (resp. 
S(t)), t e l be a strongly continuous cosine (resp. sine) family on X with the 
infinitesimal generator A. Assume also that (HC) holds. 

Then if 

/ m(s) ăs < 
ds 

rt(s) + 2Q1(s) 
0 c 

with fh and c as defined in Theorem 2.2. the IVP (1.1) -(1.2) has at least one 
mild solution on [—r, b]. 
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