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ABSTRACT. The existence of periodic orbits for certain two-dimensional Hénon-
like maps is shown. For this purpose, critical point theorems are used.

1. Introduction

The purpose of this brief report is to show the existence of periodic orbits of
Hénon-like maps of the forms

rp(z,y) = (b-z+d-y— f(p,z), c- z) (1.1)
and

r(z,y)=(b-z+d-y—q(x),c-z), (1.2)
where b, d, c are constant satisfying ¢-d = —1.

We assume f € C?(R x R,R), f(-,0) = 0. We shall study the existence
of periodic orbits of (1.1) near ¢ = 0, y = 0 considering p as a bifurcation
parameter. Under additional conditions for f we show the existence of a closed
interval I such that for p ¢ I the point £ = 0, y = 0 is a hyperbolic fixed
point of (1.1). Hence there is no periodic orbit of (1.1) near (0,0). On the other
hand, the set of bifurcation values p of periodic orbits of (1.1) near (0,0) is
dense in I. Thus for each open neighbourhood U of (0,0) it holds: each s € I
can be approximated by a sequence {p,}523 C I, p, — s, such that the map
(1.1) with p = p, has an n-periodic nontrivial orbit in U . (The trivial orbit is
the fixed point (0,0).)
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We study the map (1.2) globally when ¢ is asymptotically linear at the
infinity. We show the existence of an infinite number of periodic orbits whose
minimal periods tend to the infinity.

We see that the orbit {(zn, yn)}iooo of (1.1) satisfies

Tni2 —brpp + 20 + f(p1 xn+l) =0 (13)

and similarly for (1.2). Hence we study the difference equation (1.3). Note
that there is a relation between (1.3) and the area preserving twist maps (see
Angenent [1]). Indeed, let us put

h(z,z) = —1/2(bz — 1/bz)2 + /f(p, s) ds — (b — b — 1/b%) 2%/2,
0

and following [1, p. 355] we define a map F' in the following way:
F(-’E,y) = (xl)yl) — Y= %h(l‘axl)’ y1 = _%h(xva’l) .
Hence
y=—b’c+z,,
y1=—z+ 21/ — f(p,z1) + (b—b* — 1/6%)zy,

and
Ty = y+b2$,

y1 = y/b* — f(p,y +b%z) + (b—b° — 1/b°) - (y + b*z).
But the orbit {(zn,yn)}iooo of (1.4) satisfies precisely the equation (1.3).

Essentially, our approach to the problem is similar to [1]. We shall define a
functional as in [1, p. 354], whose critical points are periodic orbits of (1.3) or
of a similar equation corresponding to (1.2). Then we apply theorems of [2] and
[5] to prove our results. The author of this paper has recently used the same
approach for studying discretizations of higher dimensional variational problems
[4]. We note that for b = 2 the equation (1.3) is the Euler discretization of

2"+ f(p,z) =0.

(1.4)

2. Local results

We study the existence of periodic orbits of (1.1) near (0,0). We assume
f € C}(R x R/R), f(-,0) = 0 and g(-) = g—£(~,0) satisfies ¢g’'(-) > 0,
iﬁfg< —24+b<2+b<supg.
R
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THEOREM 2.1. For each s € (g7'(b—2), g7}(b+2)), 6 > O there ezists a
sequence {pn}3>, C (97 1(b—2) — 6, g~1(b+2) + 6) with the properties:
i) pp—s as n— o0,

i) for p=p, the map (1.1) has a nontrivial n-periodic orbit {yi,...,yn}
such that max|y;| < 6.
1

We see that {z1,...,Zn41}, Tn+1 = 1 is the n-periodic orbit of (1.3) if
and only if for f(p,z) = (2 — b)z + f(p, 2) there holds:

Z2 — 2z, +zn+f(p,xl)=0’

1 — 28 + Tn1 + f(p,Ta) =0,

We put

D:R" - R*, D(zi,...,z,) = (2 +p —221,...,21 + Tp_1 — 2z,),

F(p,): R* > R*, F(p,21,...,2a) = (f(p,21),.- -, f(p,za)) -
Then the above equation has the form

Dx + F(p,x) =0, x = (T1,...,Zpn). (2.1)

Note that grad((Dx,x)/2 + §(p,z1) + - + @(p,zn)) = Dx + F(p,x), where
i0,2) = J Fp,5) ds.

LEMMA 2.2. The spectrum of D is {—4sin? %j, i=0,...,n—1}.

Proof. See [3]. O

Proof of Theorem 2.1. The linearization of (2.1) at £ =0 has the
form

A(p) =D+ (2—b+g(p)) - 1d.

Hence the matrix A(p) has eigenvalues
{—4sin2%j+2—b+g(p), j=0,...,n—1}.

If 2—b+g(p) # 4sin® —:;—j foreach j =0,...,n—1, then A(p) is invertible and
we can define the positive Morse index (see [5, pp. 53]) M(p) of A(p). Moreover,
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if p passes through the numbers g1 (4 sin? % j+b— 2) , then there is a change

of the numbers M (p). Hence by a result of Chow and Lauterbach
2] the numbers g~*(4sin’ % j +b—2) are bifurcation values of p for (2.1).

Finally, we see that the set {g'l(4sin2 %j +b— 2), j € {0,...,n -1},
n€{2,3...}},isdensein (g7 *(b—2), g~!(b+2)). Note that b—2 > infg and
supg > b+ 2. O

It is clear that for p ¢ (97'(b—2), g7'(b+2)) the fixed point (0,0) of
(1.1) is hyperbolic, i.e., the eigenvalues of Dr,(0,0) lie off the unit circle. For

p€{g71(b—2), g7 (b+2)) the eigenvalues of Dr,(0,0) lie on the unit circle.
The following theorem is the consequence of this fact.

THEOREM 2.3. For p ¢ (g7 '(b—2), g~}(b+2)) there is a 6§ > 0 such that
for each s € (p— 6, p+ 6) the map (1.1) with p = s has no nontrivial periodic
orbits {y1,...,yn} satisfying max|y;| < 6.

3. A global result
We shall study the map (1.2). For this purpose we need the following result:

THEOREM A. (see Li and Liu [5]) Let a: R™ — R be a C?-function
satisfying | grad a(x) — Axox|/|x| — 0 as |x| — oo for a symmetric nonsingular
matriz As € L(R™). Suppose that a has critical points Xi,...,%; and all
of them are nondegenerate. If M(a"(x;)) # M(As) for each i, then @ has
another critical point. Here @" is the Hessian of a, M(B) is the positive Morse
index of the symmetric matriz B.

THEOREM 3.1. Let us assume:
i) lim gq(z)/z=s,
|z|—o00
ii) q has only a finite number of roots x1,...,Tm,
i.e., Q(-'I?«L) =0, m=>1,

i) se(®—2,b+2), ¢(z;)) #b—2, s#q'(z;),
fori=1,...,m.
Then the map r has an infinite number of nontrivial periodic orbits whose min-
imal periods tend to oo, i.e., there is a sequence of natural numbers {ni}52,,
nit+1 > n;, such that r has a periodic orbit with the minimal period n; for any
i. (Here the trivial periodic orbits are fized points of r.)

Proof. We take a sequence of prime numbers {p;}$2; such that

2-b+s, 2-btaley) #dsin® Tk, p>2,
t
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for each natural number ¢ and j=1,...,m, 0 <k < p;. Then we solve (2.1)
for n = pk, f(a,z) = q(z). We shall apply Theorem A with

a(x) = (Dx,x)/2+ G(z1) + - + G(zp),

z

§(2) = (2-b)2*/2+ [ q(s) ds,
/
iz' = (:L'i,...,.’E,;),

Ao=D+((2-b+s)-1d.
In this case we have
a"(x;) =D+ (q'(wi) +2 - b) -Id,
and eigenvalues of a”(X;) and A, are the following:
{—4sin2 pikj+2—b+q/($i), 057 < pk— 1}
and
{-—4sin2lj+2—b+s, 05 §pk—1},
Pk

respectively.
By the choice of {px} we see that @”(X;), Aw are nonsingular. We can
define the positive Morse indexes M (a”(%;)) and M(As). By [3] we know that

0, —4sin® f—j, 0 < j < (pr — 1)/2 have the geometric multiplicities 1, 2 in
k
D, respectively. Hence
M(@" (%)) = 2#{0<j < (px — 1)/2, —4sin® pikj +2-b+q'(z;) >0} +1,
M(As) =2#{0<j < (pp —1)/2, —4sin® plkj+2—b+s >0} +1,

(# means the cardinality).
Using the assumption iii) we see that

M(a" (%)) # M(As), i=1,...,m,

for py large. Hence Theorem A implies the existence of a critical point, i.e.
a solution of (2.1) for our case f(-,z) = q(z), n = pi, different from z;,
¢t =1,...,m. This gives a pg-periodic nontrivial orbit of r, for k large. Since
{pe}$2, is a sequence of prime numbers, we can conclude the proof. a

361



MICHAL FECKAN

REFERENCES
[1] ANGENENT, S. B.: The periodic orbits of an area preserving twist map, Comm. Math.

Phys. 115 (1988), 353-374.

[2] CHOW, S. N.—LAUTERBACH, R.: A bifurcation theorem for critical points of varia-
tional problems, Nonlinear Anal. T.M.A. 12 (1988), 51-61.

(3] FECKAN, M.: A symmetry theorem for variational problems, Nonlinear Anal. T.M.A.
16 (1991), 499-506.

[4] FECKAN, M.: Discretization of second order variational systems, Proc. Amer. Math.
Soc. 117 (1993), 575-581.

{5] LI, S.—LIU, J. Q.: Morse theory and asymptotic linear Hamiltonian systems, J. Differ-
ential Equations 78 (1989), 53-73.

Received November 7, 1991 Mathematical Institute

Slovak Acade.my of Sciences
Stefdnikova 49

Bratislava

Slovakia

362



		webmaster@dml.cz
	2012-08-01T08:29:13+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




