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EQUIVALENT ALGORITHMS FOR ESTIMATION
IN LINEAR MODEL WITH CONDITION

LUBOMIR KUBACEK

ABSTRACT. In the mixed linear model there exist different expressions for an
estimator of a given linear function of parameters of the model. It is a welcome
possibility how to check the numerical stability of calculation mainly in such cases
where the size of the design matrix is large.

It is proved that analogous possibilities exist in the mixed linear model with
linear condition on the first order parameters. Explicit formulae are given for the
locally and uniformly best linear unbiased estimators of the first order parameters
and for minimum norm quadratic estimators of the second order parameters.

Introduction

Let Y be an n-dimensional random vector and P = {Pg g: B €V, ¥ € I}
a class of probability measures with the properties: the mean value E(Y | 3,9) =

P
X3, B €V, and the covariance matriz Var(Y | 3,8) is (9) = Y 9iV,. The

n x k matriz X and n X n symmetric matrices Vq,...,V, aré_klnown. The
notation (Y, X3, 8 € V, X(8), ¥ € 9) is used for this situation.

The set V is usually supposed to be equal to R* (k-dimensional Euclidean
space); ¥ is an open set in R? and fulfils the condition: ¥ = (9y,...,9,)" €
¥ = 3(9) is positively semidefinite (p.s.d.); here ' denotes a transposition.
In the following B is called the parameter of the first order and ¥ the parameter
of the second order.

In many situations V = {u: u € R¥, b+ Bu = 0} & R*, where B is
a ¢ X k matrix and b € M(B) (column space of the matriz B, M(B) =
{Bv: v € R*}). A model of measurement of angles in a plane triangle, i.e.
E[(Yl, Yz, Y3)’|,6] = 3, can serve as an example. Here obviously 8= (41, 32, 53)
fulfils the condition #1 + B2 + 3 — 7 =0, thus B=(1,1,1) and b= —7.

If the parameter 3 is expressed as 8 = B¢ + Kg~, where By is any solution
of the equation b+ BBy = O and Kg is the matriz of the type k x [k — R(B)]
possessing the property M(Kg) = KerB = {u: Bu = 0}, we obtain the model
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(Y — XBo, XKg7, v € RF-R(B) 3(9), ¥ € ¥). In this model, the tandard
formulae can be u ed f r e timators of ¥ and ¥ and thus no problems occur
in determining the ¥¢-LBLUE (locally best linear unbiased estimator) of in
unbiasedly estimable linear function of B and Jy-MINQUE (minim m norm
quadratic unbiased estimator) of an unbiasedly and invariantly (with respect to
the first order parameter) estimable linear function of ¥. (See Chpt. 5 in [1].)

Nevertheless several intere ting facts occur when problems connected with
an e timation of the mentioned functions are studi d in the model without
reparametrization.

The aim of the present paper is to point out these facts mainly from the point
of view of equival nce of different estimating procedure .

1. Notations and auxiliary statements

In the following PY\V denotes the projection matriz on M(A) with respect to
the norm given by the relation ||x|lyy = Vx'Wx; thus W is positively definite
(p.d.). It is easy to prove that PXV = A(A'WA)~A'W (~ denotes a general-
ized inverse [3]). This expression is well defined when either M(A) C M(W)
or M(A") ¢ M(A'WA) even if W is p.s.d. For W = | (unit matriz), the no-
tation Pp is used. The notation LM (linear model) is used for (Y, X3, 8 €
R*, £(9), 9 € 9), i.e. for the case V = R¥.

Lemma 1.1. Let A, B be n x n symmetric and p.s.d. matrices. Then
M(A+B)=M(A,B).
Proof seein (3, p. 122].

Lemma 1.2. In LM the following rules can be used:

Ri: A function h(B) = h'B, B € R*, is linearly unbi sedly estimable 1ff
he M(X").

Proof is obvious.

Ry: If ho(B) =0, B € RF, then the class of all its linear unbiased estima-
tors is Uy = {LyY: Ly € M(Mx)}, where My =1 —Px.

Proof isolv us

Rs: A statisti L'Y 1s 99-LBLUE of its me al e iff the conditr n
MxXE(9o)L = O is fulfilled.

Proof. The statem nt i a consequence of [2, (i) p. ?57] where the ¢ n
dition for the considered ca e is V{L()Y € Uo}COV(L'YqL’ Y|[9) = 0. A
Uy — {A'MxY: X € R"}, this can be rewritten as MxX(d )L — O.
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Ry: A statistic L'Y is UBLUE (uniformly — with respect to ¥ € 9 - best
linear unbiased estimator) of its mean value iff the condition

)
L€ Ker( 3 ViMxV;)
i=1
18 fulfilled (Ker(-) means nullspace).
Proof cf. [1, p. 203].
Rs: A function f(B) =f'3, B € R*, has the UBLUE iff
P
feM [x'Ker(z ViMx V)]
=1

P
(here Ker(E V.'MXV,') denotes a matriz whose columns generate the sub-
i=1

space Ker(i V,-MxV,-) ) .
i=1

Proof cf. [1, p 204].

Lemma 1.3. Let A, B, C be known matrices and AXB = C an equation
for an unknown X.

(a) This equation has a solution iff AATCB™B =C.
(b) If the condition in (a) is fulfilled, then the class of all solutions is

X ={A;CB;y +Z - AJAZBB; : Z is an arbitrary matriz},
where Ay, By are arbitrary but fized generalized inverses (g-inverses) of ma-
trices A, B.
Proof seein [3, theorem 2.3.2.].

In what follows A* denotes the Moore-Penrose g-inverse of the matriz A,
ie. it is a matrix with the following properties AATA = A, ATAAT = At
AA* = (AA*) and ATA = (ATA).

Lemma 1.4. Let A be any n x k matriz, W be any n x n p.s.d. matriz
and let M(A) C M(W). Then

W-1 - W-IAA'W-TA)"A'W-L for W p.d,,
MAWM,)F =
(MAWM,) { W+ — WHA(A'WHA)-A'W+ otherwise.
If the condition M(A) C M(W) is not fulfilled, then
(MAWMR) T = (W + AVA')* — (W + AVA')*A[A'(W + AVA')TA]
-A'(W + AVA')*,
where V is any k x k matriz with the property M(AVA') = M(A).
Proof. It is sufficient to verify the four above mentioned properties of the

Moore-Penrose g-inverse.
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Lemma 1.5. Let N be an n x n p.s.d. matriz; i.e. 3{J, n x R(N) matriz}
N = JJ'. Then Nt = KK', where JKK'J =1.

Proof is obvious.

Definition 1.6. In LM a function g(d¥) = g'?9, ¥ € 9, is unbiasedly
and invariantly estimable by a quadratic estimator if there exists a matriz U
possessing the properties

(a) unbiasedness V{B e R¥}V{® €9} E(Y'UY|B,9)=g'?,
(b) invariance V{8 € ]R,k} (Y +XB)YU(Y + XB) = Y'UY.
Lemma 1.7. In LM a function g(9) = g'd, ¥ € 9, 1s unbiasedly and
invariantly estimable by an estimator Y'UY iff UX = O, Tr(UV;) = g¢;,
i=1,...,p, ie iff g € M(KD), where (KN}, ; = Te(MxViMxV;), i,j =
1,...,p.

Proof seein [5].

Lemma 1.8. The 99 — MINQUE of the function g(-) from Lemma 1.7 is
g9 = \Y'[MxE(8)Mx] " Vi [MxZ(90)Mx] " Y,
i=1

where A = (Ay,...,A,) i3 a solution of the equation

(S[waowx]*) A=&

{S[sz(o )Mx]+}, = Tr{[MxE(ﬂo)Mx]+V; [Mx2(190)Mx]+V]~},

,7=1,...,p.

In the case of normal distributions this estimator is 99 - LMVQUIE, i.e. locally
minimum variance quadratic unbiased invariant estimator.

Proof seein [5].

2. Estimators of the first order parameters

Let a matrix Kg = Ker(B) be of the full rank in columns and M(Kg) =
Ker(B), i.e. it is of the type k x [k — R(B)] ( R(B) is the 1ank of the matrix B).
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Let V= {u: ue R} b+ Bu= 0} and By be an arbitrary but fixed solution
of the equation b+ BBy = O. Then it is obvious that models

(Y, XB, B €V, B(¥), ¥ € 9), (2.1)
(Y = XBo, XKgv, v € R* B 5(9), 9 €9) (2.2)

((_Yb>’ (g)ﬂ»ﬁev, (2(019,), 8)’196@) (2.3)

are equivalent. The symbol LMC (linear model with condition) means any of

the models (2.1), (2.2), (2.3).

and

Lemma 2.1. In LMC «a function f(B) = f'3, B € V, is unbiasedly es-
timable iff Kgf € M(KgX').

Proof As 3=B0+Kg~vy, Y€ RF-R(B) the function f(-) can be written
as f(B) = f'Bo + f'"Kg~vy. It is unbiasedly estimable iff there cxists a vector
L € R™ and a real number [ € R! with the property V {'y € Rk‘R(B)}E(L’Y+
1| Bo, v) = U'X(Bo+Kpvy)+! = f'Bo+FKgy <= Kgf =KgX'L&I=f'By—
L'XB,. Obviously 3{L: L € R", Kgf — KgX'L} <= Kgf € M(KgX') =
l=FfB,-LXBy. O

The equivalence V {y € RF"RB®}1'XKgy = FKgy = Kif = KgX'L
is a consequence of a possibility to change the vector 5 in the whole space

R*~R(B) This is impossible in LMC with respect to 8 € V & R*. Nevertheless,
the following theorem states that the rule Ry is valid in LMC (2.3.).

Theorem 2.2. In LMC a function f(B) = f'B, B € V, 1s unbiasedly
estimable iff f € M(X',B).

Proof. Itissufficient to prove f € M(X',B") <= Kgf € M(KgX') with
respect to Lemma 2.1. Let f = X'u+B'v; then Kgf = KgX'u and thus Kif €
M(KgX'). Let Kgf = KgX'u. Then f € {X'u+z—(Kg) " Kgz: ze R*} (f.
Lemma 1.3), since X'u is a particular solution to f.Further M[I-(Kg)~Kg] =
M(B'). Thus z — (Kg)"Kgz € M(B’) and f=X'u+B'v. O

Theorem 2.3. The class of all linear unbiased estimators of the function

fo(B)=0, B€V, in LMC is

U = {Lalv 4 Ly(=b)s (Lo, L)' € M(M(x))}

B
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Thua the rule Ry i valid in LMC (2.3).
Proof With respect to Lemma 1.2 (Ry), the class Uy in LMC is
{L60Y = XBo): Ly € M(Mxxg )} - Let (L, L) € M (M(x)) = X'Loi +
B
B'Ly, = 0 = KJBX;LUI =0 = L e M (MXKB): further L, Y +
L(=b)y =Ly, Y + L,BB, = Ly, Y +{—L); X)Be = Ly (Y — XBo). Let Ly €

M (Mxky) == KgX'ly = 0 = Xlo e M(B) < 3{ve

RIIX'Ly +B'v = 0 = (':’) € M(M X ) = L{Y — XBo)
(&)
LY +vB3, =LY +vi-b). O

The following lemma is useful before studing the rule Rs 1 LMC (2.3}

Lemima 2.4. Let W be an n x n posd. matriz and let M{X) C (W). Then
{a) :

W W F F
Py { PX = Pxocwx e for M(B) C .M(X'),
XKg — |
B W pW
Px PX[X’WX-{-B'VB)wB: otherunse,

where V18 any ¢ X g matrir widh the property M(B'VB) = M(B’).
(b)

w W _ pW W . ' ) '
PxkgPxixwx) 8 = Pxixwxy-g Pxikg =0 M(B) CMX]
and
W pW _ oW W »
PXig Pxixwx-ave) B = Pxixwxspve-gPxkg =0 otherwise
()

P&"KB —X(X'WX + B'VB)" X'W — X(X'WX + B'VB) B’
[BIX'WX + B'VB)"B" "B(X'WX + B'VB)"X'W.
Proof The first equality in (a) ean be proved direerly; as
MiKg) = M{Mg 1. P“Q’KB:: P‘,"("MB‘.—: XMpg: (Mg X'WXMg: )" Mg X'W.

Now the equality Mg iMg: X'WXMp ¥ Mg = (Mg X'WXMg. }*
and the mplication M{B’) C MX'WX) = (Mg X'WXMpg: "= (X'W"
(XWX B'B{X'WX)* B "B"IX'WXit from Lena 1.4 i 10 be s
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P&VK = X(Mg X'WXMg: )* X'W = X{XWX ) X'W - X{ XWX} FB'[BIX'WX)* -

4+t + W v
XWX[XWX} B B X'WX ¥ X'W = = Py Pxxwx n

It the ease of the seeond equality 1n fa), it s suffcient 1o prove B{X) =
H{XKB HRIX(X'WX+B'VB "B and MIXKg oy VX XWX - B'VB: B
witere Ly means the orthogonality withy zospoct S Wt oy 580 X D yyy s
< \Ny O. Lot Ay = AXY M, = .‘VHXKB} = .'L'forv"u Cansl ML

VX(X'WX 4 8'VB ;7B .-\.-; My XWX XWX +B'VB) B . Mg  X'WX
TVBHX'WX + B'VB; B’ = Mp:B' = O, M,lwMy. To prove R(X) =
iXKg )+ BIXiX'WX - B'WB B’} we procead we Sdiows
P;VKB: PiuMB,'—'-. XMg (Mg X'WXMp ) TMp X'W = XM X'WX -+ B'VB) -
Mg AT X'W = X(X'WX + B'VBI"X'W - XiX'WX + BVE;"B'BI XWX .
B’VB}"’B’}"’B{XIWX +BVBITX'W enacn b ousasdd

WXXWX + B'VBI™X'W = WP+ WM.,

whiere

My = X(IX'WX + B'VB, "B B XWX+ BVE;"B"B(XWX : BVB;" X'W,
Botl matrices WP;?‘;,(B . WM are posadl and (W’P{VKB} WHWM; = 0 (it
t= a consequence of My Ly viy ) thus wirh r(‘Hi.u_‘t'l ro Lemrun 1.1 we have
RIWX(X'WX + B'VBITX'W! = !?(WP‘,’(“KB +WM_;} efuupgﬁ\ ‘ WM;g) =
h’(WPiVKB) + RIWMy . Further IWX(IX'WX + B'VB " X'W] = R(X;.
n{wp{‘fKB) = RiXKg) and BiMy} = RIWMy) = RIX: XWX - B'VB* 8.
The last three egualitios are conwequenees of the following relation s, ef, Lennma
15 XWX +B'WB = J) . i XWX - B'VBY: - KK WIXW o v e
F{F: X'W = JF} . tla WXKK'X'W = FFYKKUF o F'F ooy RWXEX'WX -
BVB;"X'W| = RF = RF'J - RIX'WS > RIX'WW! = X the in-
equality RIWX{X'WX + B'VBY X'W] < X v alvious

Simnilarly R(WP\;(VKB) = BIWXKg !> RIWYWXKgi= RiXKg! > RIWXKg)
and R{My}> RIWM 1> RIWTWM, ) = RiM;3) (Lore the implieation M(XC
MIW) = MW — WHWT )X = X wis used )

The staternent (h) s a cousequenes of the cqualities K XWX X'WX 7B’ =
KgB' = 0 ind K X'WX(X'WX + B'VB)"B' = Kg(X' WX B'VB i X'WX +
B'VB]L B' = K"BB' = 0. respectively.

(¢} is implied hy the equality (Mg X'WXMg. 5= (Mg X'WX +B'VB ) Mg, |+
and by the last statenient of Lemma 1.4, O

Theorem 2.5. In LMC (2.3} the rule Ry 15 valid.
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Proof. With respect to Lemma 1.2, the rule R; in LMC (2.2) states: a
statistic L{(Y — XBo) + f'Bo is the ¥¢-LBLUE of the function f(8) = f'3,
B €V, where Kgf = KgX'L; ( = E[L’I(Y‘— XBo)+ '8 | B] = LY(XB —
XBo) + f'Bo = LiXKg~y + f'Bo = F(Kgy + Bo) = B, Be V) iff

MxkgZ(P0)L1 = O. (A)
The rule Rz in LMC (2.3) states: a statistic L{Y + Ly(—b) is the -

LBLUE of the same function f(8) =f'8, B € V, where f = X'L; + B'L; (cf.
Theorem 2.2) ( = E[L}Y + Ly(=b) | B]=L'XB+LBB=Ff3, BeV)iff

2(190)7 0] L, _ o
M (For 8) ()= (3) ®
B
Let (B) be valid, i.e.
I-X(X'X+B'B)"X', —X(X'X+B'B)~B’ (%), O L,
- B(X'X+B'B)"X', I-B(X'X+B'B)"B’ 0, 0] L,
(I =X(X'X+B'B) X'|ZE(W)L,\ (O
- -B(X'X+B'B)"X'X(J)L, /) \O
Let (A) be valid, i.e. (cf. Lemma 2.4 (c), where W =1, V =1) {I - X(X'X+
B'B)" X'+ X(X'X+B'B)"B'[B(X'X+B'B)"B'| B(X'X+B'B)"X'}X(¥)L;, =
O.Let O =1-X(X'X+B'B)"X', @® = X(X'X+B'B)"B'[B(X'X+B'B)"B']~-
‘B(X'X + B'B)™X’. As the matrices @ and (@ are symmetric and p.s.d., we
have:
(A) = Z[P)LIM(®+ @) = Z(J)LL LMD, D)
< (B).
The equivalence E(9)L; LM(D + @) < (V)L LM(D,(®) is a conse-
quence of Lemma 1.1 (The implication (B) = (A) is obvious.) O
The rule Ry in LMC (2.2) states: a statistic L{(Y — XB3¢) + f'Bo, where
Kgf = K;QX'LI, is the UBLUE of its mean value f(3) = f'B, B8 € V, iff
P
L, € Ker(z Vz’MXKBVi) . The corresponding statistic in LMC (2.3)is L} Y +
i=1

L,(—b), where L'X + L,B = f'.

The question is whether

P
Ll EKer(Z ViMXKBV')
=1
Ll V,', 0] via 0)
> <L2> EKer[Z ( o 0) M(é) (o, 0)}. (2.4)
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Theorem 2.6.

(a) The equivalence (2.4) is valid; thus the rule R4 holds in LMC (2.3),
i.e. LY + Ly(—b) is the UBLUE of its mean value iff

p
L, € Ker(z Vi{l - X(X'X + B'B)"X'

i=1
+ X(X'X + B'B)"B’[B(X'X + B'B)"B']"B(X'X + B'B)-x'}vi).

(b) If M(B') ¢ M(X"), then LY + Ly(—b) is the UBLUE of its mean
value iff

P P P
L e Ker<}: ViMxV; + ZViPX(x'xrB'V") C Ker(z v,»Mxv,).
i=1

=1 / i=1

(c)

P
Ker(Z V,~{I - X(X’X + B'B)_X'

i=1

+ X(X'X 4+ B'B)"B'[B(X'X + B'B)"B'| " B(X'X + B’B)‘X'}V.’)

= Ker{i’: Vil = X(X'X + B’B)‘X’]V.}.

i=1

Proof. As the matrices V,-MXKBV,- ,1=1,...,p, are p.s.d., we have

P
L, € KCI(ZVgMXKBV,') = LM (viMXKBVi> , t=1,...,p

=1
= L LM(Vi{l - X(X'X + B'B)"X' + X(X'X + B'B)"B'"
[B(X'X +B'B)"B'|"B(X'X + B'B)"X'}V,), i=1,...,p.

L,
(Lz) E Ker

P
L€ Ker{z Vil = X(X'X + B'B)—x']v.}
i=1

— LLM{V[l - X(X'X +B'B)"X|V;}, i=1,...,p.

Similarly

> (5 6)ve (o 3)]

=1
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The matrix Moox = (1= X(X'X+B'B)"X,  —X(X'X + B'B)~B’
© matnix (g) ~\ -B(X'X+B'B)"X', I-B(X'X+B'B)"B

is p.s.d., therefore
M[X(X'X +B'B)™B'] ¢ M[l - X(X'X +B'B)~X]
= M|[V;X(X'X +B'B)"B'] C M{V,‘[I - X(X'X + B'B)"X']V,-}

(the matrix | — X(X'X + B'B)~X' is p.s.d. since it is a diagonal submatrix of a
p-s.d. matrix). This inclusion implies the equivalence

Ly LM(Vi{l - X(X'X + B'B)~X’
+X(X'X + B'B)"B'[B(X'X + B'B)"B'|"B(X'X + B'B)"X'}V,)
= L LM{Vi[l - X(X'X + B'B)~X'|V;}

which proves (a) and (c).
If M(B') Cc M(X'), then, with respect to Lemma 2.4. (a),

If the relationship

P P
KGY(ZV,'M)(V,' + Z V‘PX(X'X)' B’ V,)

=1 i=1

P P 1
= [M <Z V,’Mxv,‘ + Z V,‘Px(x'x)- B"’i)

=1 i=1

14 P L
= [M (Z V:MxV;, Z ViPX(X’X)' B'V‘)]
i=1 i=1
) 4 1 ) 4
C [M (Z VngV,’)] = Ker (Z V,‘MxV,)

are taken into account, then (b) is proved. O

Lemma 2.7. In LMC
(a) M[l—X(X'X+B'B)"X'] = M(Mx) ® M[X(X'X +B'B)"B'],
(b) M(X) = M(XKg)d M[X(X'X+ B'B)~B’].

Proof.
(a) M =M[l-X(X'X+B'B)™X'] ={[I = X(X'X +B'B)~X'|(Xu + ky:):
u € R*, ky: € Ker(X")} since M(X)®Ker(X') = R". Thus M = {Xu+ky —
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X(X'X + B'B)~(X'X + B'B — B'B)u: u € R*, ky € Ker(X')} = Ker(X') @
M[X(X'X + B'B)"B'B] = M(Mx) & M[X(X'X + B'B)~B’]. The equality
M[X(X'X + B'B)"B'B] = M[X(X'X + B'B)"B'] is implied by the follow-
ing relations: M[X(X'X + B'B)"B'] > M[X(X'X + B'B)"B'B] D M[X(X'X +
B'B)"B'B(X'X + B'B)~X'] = M[X(X'X + B'B)~B'] since for any matrix A we
have M(A) = M(AA").

(b) Let T = X(X'X +B'B)~X' and U = X(X'X + B'B)~B'[B(X'X + B'B)~

B']"B(X'X + B'B)~X'. Then PXKB = T —-U (cf Lemma 24 for W =
and V=1)and T = Pxkg + U. Both matrices Pxkg, U are p.s.d. and
Mg X'X(X'X + B'B)"B' = 0 = M(Pxpm,, ) LM[X(X'X + B'B)"B'| =
M(PxKB)J_M(U) < M(XKg)1lM(U).
Thus M(PXKB + u) = M(PXKB,U) = M(XKg) & M(U) = M(T). The
equality M(T) = M(X) is implied by the following: M(X') C M(X'X +
B'B) = M[(X'X + B'B)*]|, where (X'X + B'B)t can be expressed as JJ';
thus 3{F: X' = JF} = M(X) = M(F'J') = M(F'JJF) Cc M(F'J)) =
M(F'YIVIF) = M[X(X'X+B'B)~X'] € M(F'J') = M(X). The equality M(U)
= M[X(X'X + B'B)~B’] can be proved by an analogous consideration from the
inclusion M[B(X'X + B'B)~X'] C M[B(X'X + B'B)~B'] (<= M(BJJ'X') C
M(BJ) = M(BJJ'B')) .

Remark 2.8. Lemma 2.7 (a) and Theorem 2.6 show that the conditions
on UBLUE are stronger in LMC than in LM. It is implied by the inclusion
Ker{ 2 Vill = X(XX + B'B) "XV, } C Ker(z V;MyV; ) When M(B') C

M(X’) then the statement is obvious dxrectly from Theorem 2.6 (b); further
from Lemma 2.4 (a)

Mxkg = Mx +Pxx'x+8'B)-8’
P
Sl ./Vi(Zl ViMXKBVi>

P P
=M (Z V:MxV,; + ViPX(X'x+B'B)‘B'Vi) oM (Z V.’Mxv,')

i=1 i=1

14
— Ker(ZV MXKBV.») C Ker<}: V,Mxv,-).
=1

Theorem 2.9. In LMC a function f(B) = f'8, B €V, can be estimated
by UBLUE iff f € M (X’Ker{ S Vi1 - XXX + B'B)-x']v,}, B') .
=1
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Proof As f(-) is unbiasedly estimable f € M(X',B')*(cf. Theorem 2.2),
ie. 3{L; e R™, L, e RY} f=X'L, +B'L; and LY + L,(—b) is an unbiased

estimator. It is UBLUE with respect to Theorem 2.6 iff L, € Ker{ SVl -

=1

P

X(X'X + B’B)‘X']Vi} — f=XL, +B'LeM (X'Ker{ T Vil = X(X'X +
=1

B'B)—x']v,-}, B') . O

Remark 2.10. In LMC, the condition b+ BB = O enlarges the class of
the linear functions of 8 which are uniformly best linearly estimable by adding
M(B') but simultaneously it reduces this class with respect to Remark 2.8.
Compare Rs in Lemma 1.2.

Lemma 2.11. Letin (Y, XB,B € R¥, (39),9 € 9), h(B) = W3, B €

, be a function with the property h € M(X'). Then the 9o -LBLUE of 1t

can be calculated by the following equivalent (i.e. the same with probability one)
ezpressions.

!
! n—
(1) WA _h[(x) (=) £
(2) WB=H(X'MX)"X'MY,

where M = (£(9¢) + XUX')* + K, R(X'MX) = R(X'),
U, K are arbitrary matrices with properties M(X (), X) = M(E(F,)+XU'X")
= M(Z(F) + XUX') and E(9))K'X =0, X’KX =0,

(3) WB=hCyY =hCLY
Cla C2
C31 _C4 ’

where
2(d), X\ _
(% 5) -
(4) BB = W [X'(Z(0) + XX')~X] " X'(£(F) + XX')~

(a, special choice of (X')” m((9, )])

(5) BB = {(2(F) + XX)~"X[XX'(E() + XX")"X] " X}'Y

(a special choice of (X')~ n (20, )])

Proof. Seein [4] and [1, p. 161].

Theorem 2.12. Letin (Y, X3,8€V,X¥),9€9), V={u:b+Bu-—
O}, f(B)=Ff'B, B €V, be a function with the property f € M(X',B’). Then
the ¥y -LBLUE of it ¢ n be calculat d by the ezpressions giv 11 Lemma 2.11,
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o ()B(> is substituted for X, (E(g:))a 8) for 3(9¢) and (_Yb) for
Y.

Proof.
(1) is a consequence of Theorem 2.2 and definition of the ¥, -LBLUE.

(2) Let M = [(2("") 8) + (g) U(X',B’)]_ +K,
R

where R((X’,B’)M (’é)) -

Y

Then the system (X',B")M ) is solvable.

Furthermore the relationship )
[(2(69:)), 8) (’é)u(x' B’)] M'(g)
(e ) (@ume)
: ({[(E(g:’)’ 8) + (’é) U(X’,B’)]—}'+ K’) (’é)

implies

(%), O (XY (X X ranaa (XY _ (X
(o,oMB"B‘BU(X’B)MB—BQ'
Hence, if Z is an arbitrary matrix such that M(Z) C Ker(X’,B'), then
(xI’BI)M (E(go): 8) Z = QI(XI’BI)Z — 0,
which means with respect to Theorem 2.3 and Theorem 2.5 that

(X',B"YM (_Yb) is the 99 - LBLUE of its mean value (X', B")M (g) B, B¢€

V; thus
' X X\ Y
w.i) () focem (§)] ocem ()
i1s the 99 -LBLUE of the function

0 =w ) (3) [cm(§)] oem(F)s
~(UX+L3B)B =B, BeV.
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(Cf. [4] and Theorem 5.3.2 in [1], where an analogous consideration in LM is

made.)
(3) is a consequence of the properties of the Pandora-Boz matriz

2(190)7 0 E x |
o, o iB| (& G
______________ C; E —-C4

cf. [4] or Theorem 5.5.6 in [1] which states that

_ I f\— " I nl\—
C.=(X',B )m[(z('ﬂo)’ O)] and C;=(X,B )m[(z(ﬁo)’ 0)] .
o, O , O
(4) and (5) can be obtained by a special choice of the matrix
(X', B’);[(E(ﬂo), O)J (in detail see in [1] Lemma 2.1.20).
o, O
Remark 2.13. An estimation of the first order parameter 3 in LMC can
be proceed with respect to Theorem 2.12, Lemma 2.1, Theorem 2.2, Theorem
2.3, Theorem 2.5, Theorem 2.6 and Theorem 2.9, in several different ways. When
a numerical calculation is large, i.e. the numbers n, k, ¢ are large, then the
possibility to obtain the same results in different ways is welcome from the point
of view of checking the numerical stability. An analogous possibility would be
welcome in the estimation of the second order parameter.

3. Estimators of the second order parameters

The simplest kind of an estimator of a function g¢g(¥) = g'¥, 9 € 9, is
Y'UY, where the matrix U fulfils conditions for unbiasedness, i.e. V{3 €
V} V{¥ € 9}E(Y'UY | 3,9) = g'? and invariance, i.e. V{8 € V} (Y +
XB)YU(Y + XB8)=Y'UY.

In LMC, two problems arise from the point of view of equivalent algorithms.
The first one is connected with an existence of the unbiased and invariant es-
timator. With respect to Lemma 1.7, the matrix KD in LMC is given by the

relations
(K"}, = TY(MXKBViMXKBVj), L,j=1,....p
and the problem is if

g € MKWy = ge MKW,
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where

{R(')}.‘,,‘ =Tr , L,j=1,...,p.

"(s) (8 0)ee) (8 o)

The other problem is connected with the expression for the estimator. With
respect to Lemma 1.8, the MINQUE or the ¥9,-LMVQUIE in the case of
normality is

Ld , + +
2 Ai(Y —XBo) (MXKBEOMXKB> Vi(MXKBEoMXKB) (Y = XBo),

where (¢ is any solution to b+BB¢ = O. The question is whether this estimator
can be calculated from the expression

) [ (36 8)meg] (& 8):
[ (%62 8)meg] (%)

Theorem 3.1. Let the matriz KV be given by the relations {KM};; =
Tr(MXKBviMXKBVj); 4,7 = 1,...,p, where X,B,Vy,...,V, are matrices

from LMC. Let the matriz KV be given by the relations

M(’é) (\c’;’» g)M(’é) (‘(’)f” 8)], ii=1,...,p.

Then M(K®D) = M(K®D).

(KO} =Tr

Proof. The (7,5)th element of the matrix KI can be rewritten as
{KD}, = Te{(1 - X(X'X + B'B)"X']Vi[l - X(X'X + B'B)~X'|V,}

and with respect to Lemma 2.4 (c) with W =1 and V=1,

{K®},; = Tr({1 = X(X'X + B'B)~ X' + X(X'X 4+ B'B)~B'[B(X'X + B'B)~B']~ -
-‘B(X'X+B'B)~ X'}V, {I-X(X'X+B'B)X+X(X'X+B'B)~B'[B(X'X+B'B)~B']
‘B(X'X + B'B)~X'}V;).

Let us denote Sy = I-X(X'X+B'B)~X’ and S; = $;+X(X'X+B'B)~B'[B(X'X+
B'B)"B'|"B(X'X+B'B)"X'.
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As M{X(X'X+B'B)"B'[B(X'X +B'B)~B'|"B(X'X +B'B)~X'} C M(S;) (cf.
Lemma 2.7 (a)) and Sz —S; is obviously p.s.d., we have with respect to Lemma
L.1: M(Sz) = M(S1+(S2—S51)) = M(S1, S2 — S1) = M(S1). Now we use the
spectral decomposition of the matrices S; and S, , respectively.

S] = Q]A] ’1, Q’1Q1 = l"y"’ r= R(S]) = R(Sz), Al is p.d.,

S2 = Q22:Q), Q3Q:=1,,, Azisp.d
Thus the matrix Kl can be expressed as \~/’(Sl ® S; )\~l = \~/'(Ql ® Q1)(A1 ®

A)(Q, ® Q))V, where V = (vec(Vh),-..,vec(V,)) and the matrix KM as

V'(S: @ S2)V = V'(Q; ® Q2)(A2 ® A2)(Q, ® Qu)V. As M(S)) = M(Qy) =
M(S2) = M(Q2) and the matrices Q; and Q2 are of the full rank in columns,
there exists a regular r X r matrix R such that Q; = Q;R. Thus

KO =V'(Q, ® Q1)(R®R)(A: ® A2)(R'®R')(Q} @ Q))V.

As the matrices Ay ® A; and (R ® R)(A2 @ A2)(R' ® R') are p.d., we have
M(KI) = M(V'(Q, ® Q1)) = M(KD). O

Theorem 3.2. Let g € M(K(N) in LMC and let
T](Y - Xﬂo)

P
=3 (Y = XBo)' Xi(Mxkg BoMxkg ) " Vi(Mxg ZoMxkg) T (Y = XBo),

i=1

where

(S(MXKBEoMXKB)+) A=s @1

T v, 0)
0, O

Let

(Y, =) ng o M) (37 0)Meg)

e (5 9)me] (%)

S(*)+A:g’ (*)+ =

where

+
3o, O
M(’é)(ov O)M(g)} . (3.2)
Then

(a) (Y —XBy) does not depend on the choice of By € V.
(b) m(Y —XBo) = m2(Y,—b) with probability one.
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Proof.
(a) Let Bo1,Bo2 €V, Bo1 # Bo2- Thefi Boz — Bo1 € M(Kg) ind X(Boz —

Bo1) € M(XKg). As (MXKBEOMXKB) = (MXK820MXKB) Mxkpg » we

have
+
(MXKBEOMXKB) [Y —XBo1 — (Y - XBo2)]
+
= (MXKBEOMXKB) Mxk g X(Boz — Bo1) = O.
(b) With respect to (a) Bo can be chosen as B~(—b) with an arbitrary

g-inverse B~ . thus Y — X3, = (I, ~XB-) (_Yb> and

, + +
t, = (Y — Xﬁo) MXK zoMXK V,' MXK EOMXK (Y — Xﬂo)
B B8 B B

08 (o) (g Bty ) V. ey Bt )

_ Y
The corresponding term of 5(Y, —b) is
' %, O +(v,- o)
— ' _b M ) M , )
= )[ (’é)(o, 0) (g)} 0. 0

- M M .
[ (8) ( 0, 0/7(%)] \-b
Let us denote O — X(X’X + B’B)‘X’, @ = —X(X’X + B'B)'B’,

=1
S = X(X'X+B'B)"X' and (+) = My SoMxx .

Th
en %, O

(3) (5 3) M(x) = ($)=00

e (5 8)my | -(8: 2)

u=v,1) (8, )vie.0) ()

Let us denote

Then
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and

b= (V=) (g S Vsl —oxen) (1)

If there exists © such that the equality

(—e i _(*)cz)XB_) = K %'> 2°(®’@)]+

is valid, then (b) will be proved.
Let © = (B7)'X'(x)*XB~. Let

E= ( g) %(®,®) and G= (_(BE;);"(*)t (B—_)g;()'ZSE;B‘)'

Then it must be proved:
(1) E=EGE, (2) G=GEG, (3) EG=G'E', (4) GE=FE'G'.
As E and G are symmetric, the property (4) is implied by the property (3).

(1)
1 ese= ( 3 ) =@@6( 3 ) =00
The term

S0(®, @)G ( )=

can be expressed as

L@ ()T OO0 — ZeD(*)TXB~@'Ep - Zo@(B7) X' (x)T Do
+ 20@(3_)'X'(*)+XB_@'20.
As MXKBXB—B = MXKBXv since M(KB) = M(I - B"B) and MXKBX(I -
B~ B) = O, we have (*)TXB=(®' = —(*)+MXKBXB"B(X'X + B'B)™X' =
——(*)'*‘X(X'X—*— B'B)"X'.
Thus
(@, ®)G ( g,) =,
=Zo[(1=S)#) (1 =S) + (1 =S)(*)*S + S(x)" (1 = S) + S(x)"S] X
= 20(*)+EO
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EGE = (@20(*)+20®1 @20(*)+20@ )
@’Eo(*)+20@, @’20(*)+20® '
Further
DSo(+)*Bo® = D[S0 — XKg(KpX'Ef XKg)*KpX]® = OE® - 1 -
X(X’X+B’B)‘X']XKB(K’BX'EE)"XKB)+K’BX'[I—X(X'X+B’B)‘X’] =0XQ@,
since
K'BX’[I - X(X'X+B'B)"X'] = K’BX’ - K'B(X'X +B'B-B'B)(X'X+B'B)"X' =
K’BB'B(X'X +B'B)"X'=0.
DZe(*)*To@ = @[Bo — XKg(KX'SFXKg)tKEX']® = ®To®, since
OXKg = [l - X(X'X + B'B)"X'|XKg = XKg — X(X'X + B'B)~"(X'X + B'B —
B'B)Kg = X(X'X + B'B)"B'BKg = 0.
@'To(1)* 2@ = @'[Zo — XKp(KpX'EF XKg)*KpX|® = @'Ee®, since
@'XKg = -B(X'X+B'B)"X'XKg = -B(X'X+B'B)~"(X'X+B'B-B'B)Kg =
-BKg + B(X'X+B'B)"B'BKg = 0. Thus EGE=E.
(2)

(ce%ier, @ere) ($) @0
(@i, @kone-) (S 9),

@ =HTOZ @) - ()T XB"@Q'Zo@D(+)T — ()T OT.@(B7)'X'(x)*
+ (*)*XB~@'Z,@(B7)X'(x)*.
As
(x*)*XB~Q@' = —(*)"’MXKBXB“B(X’X +B'B)"X' = —(x)7S,

@ can be rewritten as

()1 =8)Zo(1 =S) + S=o(1 = S) + oS + SZeS|(x)t = (¥)¥Ze(x)* = [=F -
EoZf — SFXKp(KgX' S XKg) T K X'EF B, 3¢ - XKg(Kg X'S¢ XKg)* -
KgX'ZF = (07,

@ = —(*)*OZo@(*)*XB~ + ()" XB~®'To D (+)* XB~ +(x)* O ZoG(B )"
X/(*)PXB™ = (x)TXB~@'Zo@(B~)X'(x)*XB~ = —(x)T[(1 - $)Zo (1 - S) +
SXo(1-8)+(1—S)XoS+ SXS|(¥)FXB~ = —(¥) o(*)* XB~ = —(x)*XB~.
@= (B7)X'(x)*OZo@(+)*XB~—(B~)X'(x)*XB~®'So®(*x)*XB~—(B™)"-
X'(x)TOE@(B™)X'(*)*XB~ + (B7)X'(x)*XB~@'Z,@(B~)' X'(x)*XB~
=(B7)X(x)*[(1=S)Bo(1-S)+So(1—=S) + (1 - S)XoS + SX,S](*)* XB~ =
(B7)X'(*)tEo(x)*XB~ = (B~)'X'(*)*XB~.

@ is obviously equal to —(B7)'X'(x)%.

Thus GEG =G.
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3)

® (07, —(¥)*XB~ )

(§)=@0 (Lo xiy, @rxerxe)=(S &)
© =OZoO(*)" - OZo@(B7)X'(x)*
=(1=8)Z,(1 =S)(*)* + (1 =S)ZoS(x)* = (1 = )T (x)*
=[1 - X(X'X 4+ B'B)"X'|[Z, 2 - EOE(‘,*XKB(K’BX’E[{XKB)“LK’BX’EJ]
=3EF - X(X'X +B'B)"X',
since X'EoX} = X' and
I —= X(X'X + B'B)"X'|Z, = XKg
= [X —X(X'X+B'B)"(X'X+B'B - B’B)]KB =0.
Thus €@ = @'. Further @ = ~-@QXo@Q(*)*XB~™ + ®Zo@(B™)'X'(x)*XB~
=—(1=8)Zo(1 =S)(*)*XB~ — (I - $)EeS(*x)*XB~ = —(1 = S)Z((*)*XB~;
® = @'Z@(*)" - @'To@(B)X'(x)*
=@'Zo(l = S)(x)* + @'EeS(+)* = @'o(+)*
= —B(X'X 4+ B'B)"X'E¢ [Ef - Zf XKg(KgX'E¢ XKg) K X'S¢]
—-B(X'X +B'B)"X';
"= —(B7)X(*x)* (1 - S)
—-(B7)X' [2:—EJXKB(KBX’E(}LXKB)"‘K’BX’EH’]Eo [I-X(X'X+B'B)~X']
—(B7)YX' [I - X(X'X + B’B)‘X’] =—(B7)'B'B(X'X+B'B)"X'.
If Bt is chosen for B™, then (B*)'B'B =B («=B'(B*)*B* =B'). Thus
©=e".
= —@'Bo@(+)*XB* + @'E,@(B*)'X'(x)*XB*
=-@'[Z0@ + ZoS](*)TXBt = —@'Zo(x)* XB*
=B(X'X + B'B)"X'5,[B{ — =} XKg(KgX'Sf XKg)tKpX'St]XB+
= B(X’X+B'B)'X’XB+—B(X’X+B'B)‘(X’X+B'B—B'B)KB(K'BX’E(‘,"XKB)*'-
KX'SEXB* = B(X'X+B'B)"X'XB* = B(X'X+B'B)~(X'X+B'B—B'B)B*
=BB* - B(X'X+ B'B)"B'BB* =BB* -B(X'X+B'B)"B'=@®'.
Thus EG = G'E’,i.e. GE=FE'G’.

The choice of the vector A in 71(Y — XBo) from (3.1) and in 7(Y,—b)
from (3.2), respectively, is a consequence of the unbiasedness of the estimators,
cf. Lemma 1.8. O

Ih®

Remark 3.3. With respect to Theorem 3.2 there exist different expressions
for the ¥9¢- MINQUE in LMC which gave the same estimator of the function
g(-). This is a welcome possibility to check the numerical stability of the calcu-
lation.
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