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ON RELATIVELY UNIFORM CONVERGENCE
OF WEIGHTED SUMS OF
B-LATTICE VALUED RANDOM ELEMENTS

RASTISLAV POTOCKY

(Communicated by Miloslav Duchon )

ABSTRACT. Relatively uniform convergence of weighted sums of random el-
ements taking values in a o-complete Banach lattice with the o-property is
studied. It is shown that the usual assumptions of independent and identically
distributed random elements can be replaced by weaker conditions to obtain a
fruitful theory. The results obtained are new even for real valued random elements.

1. Introduction

Random elements in Banach spaces have been intensively studied and many
interesting results can be found in literature. On the other hand much less at-
tention has been devoted to Banach lattices and the corresponding order con-
vergence despite that the latter is stronger than the convergence in norm in a
number of spaces, e.g. L?-spaces, 1 < p < oo. In order to get interesting results
for random elements in Banach lattices (and, more generally, in vector lattices)
the original assumption of regularity is not necessary. It is sufficient to suppose
that the lattice is o-complete with the o-property.

DEFINITION 1. Let (Z, S, P) be a probability space, B an Archimedean vec-
tor lattice. A sequence (X,,) of functions from Z to B converges to a function
X almost uniformly if for every € > 0 there exists a set A € S such that
P(A) < € and (X,,) converges relatively uniformly to X uniformly on Z — A,
i.e. there exists a sequence (a,) of real numbers converging to 0 and an element
T € B such that |X, (2) — X(2)| < a,r foreach z€ Z — A.
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DEFINITION 2. A function X: Z — B is called a random element if there
exists a sequence (X,) of countably valued random elements such that (X, )
converges to X almost uniformly.

DEFINITION 3. A vector lattice B is said to have the o -property if for every
sequence (u,,) of elements from B there exist an element « € B, u >0, and a
sequence (k,,) of positive real numbers such that |u,| < k,u for each n.

PROPOSITION 1. ([2]) Let B be an Archimedean wvector lattice with the
o -property. Then the vector lattice of all random elements is closed with re-
spect to the almost uniform convergence.

DEFINITION 4. A vector lattice with a monotone norm which is complete with
respect to it is called a Banach lattice.

PROPOSITION 2. ([2]) Let B be a Banach lattice. Then each random element
is a measurable map from Z to B.

2. Strong laws of large numbers

DEFINITION 5. A sequence (X,) of random elements satisfies the strong law
of large numbers (SLLN) with centering elements (m,,) of B and norming con-
stants (b,)), 0 < b, — oo, if there exists an element a € B* such that for every

e>0

lim P{k:ﬁn{z: lb,:l(iz::l X,(2) —mk)’ < sa}} =1.

n— oo

k
If (X,,) satisfies SLLN, then the sum (Z X;(2) - mk)/bk converges to 0
i=1
relatively uniformly almost everywhere.

DEFINITION 6. An Archimedean vector lattice B is called o -complete if every
non-empty at most countable subset of B which is bounded from above has a

supremurm.
In [2] the following theorem is proved.

THEOREM 1. Let B be a o-complete Banach lattice with the o-property. If

X,, are independent, identically distributed and symmetric random elements in

B, then the condition

ZP{Z: [Xl(z)lgna}c<oo for some a€ Bt
n=1
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is necessary and sufficient for (X,) to satisfy the strong law of large numbers
with m, =0 and b, =n for each n € N.

The aim of this paper is to prove SLLN and related results on convergence
of weighted sums under less restrictive conditions on random elements X, .

DEFINITION 7. Random elements X and Y with values in a Banach lattice B
are said to be negatively dependent if P{X <z, Y <y} < P{X <z}P{Y <y}
and P{X > -z, Y > -y} < P{X > —z}P{Y > —y} for all z,y € B*.

LEMMA 1. If X and Y are negatively dependent, so are their positive parts
X%t and Yt and negative parts X~ and Y, respectively.

LEMMA 2. ([3]) If X and Y are negatively dependent (real valued) random
variables, then cov(X,Y) < 0, provided it exists.

(e
PROPOSITION 3. ([4]) Let (A,) be a sequence of events. If ) P(A,) < oo,

n=1

then P(lim sup An) =0.If 3 P(A,) = 00 and P(A,NA_) < P(A,)P(4,)
n=1

n—oo
for all (n,m), n# m, then P(lim sup An) =1.
n—00
THEOREM 2. Let (X)) be a sequence of pairwise negatively dependent ran-
dom elements in B. Let B be a o-complete Banach lattice with the o -property
stochastically dominated by a random element X , i.e. P(|X,|< z) > P(|X| < z)
for each z € B . Let (a,,) and (b,) be sequences of positive numbers such that

n

Z a;, = O(na,), (1)
=1
b,/nt, b,/a, 1T oo, b,/na, T oo, (2)
sup b,,, /b, < co. (3)
n€EN
If
3 P(a,lX] < b,e)¢ < 00 (4)
n=1

n
for some e € Bt then Y a,X;/b, — 0 relatively uniformly almost every-

=1

n
where. Moreover, if Y a,X,;/b, — 0 relatively uniformly almost everywhere,

1=

then Y P(a,|X,| <b_ e)’ < oo for each e € B*.
n=1
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Proof. Asshown in [2; Theorem 1], we can assume that all X take values
in a separable Banach space with an order unit norm (i.e. the norm induced by
an element u € BT, e < u). It is well known that the norm convergence and
the relatively uniform convergence are equivalent in this case.

Consider now the sequence (X;}) of pairwise negatively dependent (Lemma 1)
random elements, stochastically dominated by X. It is immediate that ||XI |
are also pairwise negatively dependent and stochastically dominated by || X]||.

Put YV = || XF|1I(]|X;}F|| <c,), where I(A) denotes the characteristic func-
tion of the set A and ¢, =b,/a,. Finally put Z, =a,Y, . As Z, are pairwise

negatively dependent, we have cov(Z,,Z,,) <0 by Lemma 2. Put S, = 3" Z,
i=1
and k(n) = 2". We have for each € >0

ZP“Sk(n) - E(Sk(n))l/bk(n) > E) < 1/62 ZE(Sk(n) - ( k(n))) /b2

n=1 n=1
0o ) k(n)
< 1/e Y (1/beiy) Z E(Z3)
n=1 j=1
<Y E(Z]) D (U/by),
j=1 n=1(j)
where [(j) = min{n: k(n) >j}.
As b,/n T, we have
S (/bym)” < (/)" (R =4/3(1/by))’
n=l n=l

and hence we obtain

ZP(ISk(n) — E(Simy)/bi(my > €)
n=1

< 4/3¢* i E(Z2) [} = 4/3¢* i()&:(yj)/cj)2

j=1 =1

ENXNIIX] < c,))/e,)”

Mg

<C

Il
-

n

!
M8

(1/e, )ZZE X121 (e—y < IXT < )

n=1 k=1

o) o0
=Y EB(IXIPI (¢ < IXI| < ) - (1/c,)?

k=1 n=k
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E(IX1P1(cx—y < IXI| < ¢))/ch

NE

<K

>
I

IA
=

kP(cp_; < IX]| < ¢)

P(a,[|X1| > by)

I
=

Il
=
e TMe TV

P(a,]|X]| < be) < o0.

>
Il
-

Hence (Sk(n) - E(Sk(n)))/bk(n) — 0 almost everywhere.

As for each natural k there exists a natural number n such that k(n) < k <
k(n 4+ 1), using the inequalities

(Skiny = E(Skny)) i1y = (B(Skins1)) = E(Skiny)) /brnsn)
< (S — E(Sy))/by
< (Skns1) = E(Skins1))) iny + (B(Sknr1)) = E(Skmy)) /Ok(n

and (3) it suffices to prove that (E(Sy(,11)) = E(Sk(n)))/bk(ny = O in order to
obtain that (S, — E(S,))/b, — 0. To prove this, we observe that because of (3)
it suffices to prove that E(Sk(n))/bk(n) — 0. We have

)
a; (B(IXI(IXS < ¢))) /by

k(

I
’?i&a.
3£ 3

k(n)
P UIXIN > ;) /by n)+Z E(IXIIIXI < ¢;)))/brny

<.
1l
-

The first summand goes to zero by Kronecker lemma. As for the second one,
consider k(n) >m > 1. We have
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bl

2

(
a; (BIXI(I1X] < ¢;))) /Byin)

T,

1

(n)

<O (BUXII(IXI < ¢,))) /buiny
j=1

>
—~

n)

¢S a;(BUIXII (e, < IXI £ c4n)))) By
j=1

k(n) k(n)

<Cc ﬂ’k(n)Za +CZ“ > Vb EUX|I(c,_, < IX] < ¢,))

Jj=1 k=m+1

-+

k(n) Kn) k()
SCCu/bymy D a;+C Y a; > klk(Mayme, Pe,_, < |IX]| < )
j=1 Jj=1 k=m+1

which goes to zero because of (1), (2) and (4).
The inspection of the proof that E (Sk(n))/ b(n) 80es to zero reveals that it
can also be used to prove E(S,)/b, — 0. All we need to do is to replace k(n)

by n. Putting together that both (S, — E(S,))/b, and E(S,)/b, go to zero
we obtain that

Zajyj/bn = Z%‘”Xf”I IX+” <ec, )/b -0
J=1 j=1

almost everywhere. Since

STP(IXHI#£Y,) =S P(IXI > ¢,) <Y P(IX,Il > ¢,) < oo,
n=1 n=1 n=1

n
we obtain Y a;[|X;"||/b, — O almost everywhere. If the proof is repeated with
i=1

n

n n
X instead of X7, we get 3 a,]|X;7||/b, = 0 and consequently > a,||X,]|/b,
i=1 i=1
n
— 0 almost everywhere. It follows that ) a,X;/b, — 0 in norm and hence
i=1
n
> a,X;/b, — 0 relatively uniformly almost everywhere owing to the above
i=1
mentioned property of the order-unit norm.
Necessity can be proved as follows. We have

n n—1
aan/bn = Z aiXi/bn - bn—l/bn Z aiXi/bn—l
i=1 i=1
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and thus a, X, /b, goes to 0 in norm almost everywhere. Since || X }|| are pair-

wise negatively dependent, it follows that a,||X;||/b, — 0 implies
o0

P(limsupHX;l"l[ > 1/2cn) = 0 and thus 3 P(|XF| > 1/2¢,) < oo by
n=1

n—00
Proposition 3. Because of the inequality

S P(a X, < b,e)” < S Pla, X <1/2b,)" + Y P(a, X <1/2b,¢)°
n=1 n=1 n=1
we obtain -

3 P(a,lIX,|l < be) < 0.

n=1

O

COROLLARY 1. Let (X,) be a sequence of pairwise negatively dependent ran-
dom elements in a o-complete Banach lattice B with the o -property stochasti-
cally dominated by a random element X , i.e. P(||X,|| < z) > P(||X|| < z) for
each x € Bt . Then the condition

[e <]

ZP(HXH Sn”e)c<oo for some p>1 and e € Bt

n=1

is necessary and sufficient for (X,)) to satisfy the strong law of large numbers
with centering elements m, = 0 and norming constants b, = nP.

The following corollary can be found in the literature with the stronger as-
sumption that X are independent.

COROLLARY 2. Let (X,,) be a sequence of pairwise negatively dependent (real
valued) random variables stochastically dominated by a (real valued) random
variable X . Let (a,) and (b,) be sequences of positive numbers such that

>, a,=0(na,), b,/nt, b,/a, T, b,/na, T oo and supb,, /b, < co.
i=1 neN

o0 n
If 3 P(a,|X|>b,) <oo, then Y a,X;/b, — 0 almost everywhere.
n=1 i=1
n o0
Moreover, if 3 a;X;/b, — 0 almost everywhere, then 3 P(a,|X,| >b,)
< o00. =1 n=1
PROPOSITION 4. ([5]) Let (X,) be a sequence of random variables. If for
every n € N, E(||X,,||") < M for some r >0 and M € RT, then there ezists
a nonnegative random variable X such that E(X’) < oo forevery 0 < s<r
and (X,,) is stochastically dominated by X .
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THEOREM 3. Let (X,,) be a sequence of pairwise negatively dependent random
elements in a o -complete Banach lattice B with the o -property and let (a,) and
(b,) satisfy all the conditions of Theorem 1. Suppose that for each n € N,

S KP(IX, ) < ka)C < M
k=1

n

forsomer >1,a€ B and M € R* . Then Zl a;X,;/b, = 0 relatively uniformly
almost everywhere. -

Proof. The assumption on X, implies that

E(IXF17) < 14270 ) K P(IIXF] > k)
k=1
oo

= 1427 Y K TP(IX, ) < ka) <0y
k=1

Using Proposition 4 we have that there exists a nonnegative random variable

X such that E(X*®) < oo for every 0 < s < r and the sequence [ X}| is

stochastically dominated by X . Choose s = 1. For each natural number n, let
o0

¢, =b,/a,. Since c,, > n for n sufficiently large, we have )  P(X >¢,) < .

n=1

Then repeating the proof of Theorem 2 yields the result. O

In what follows the relatively uniform convergence of weighted sums of the
type E A, X, is studied, where the weights A, are random variables. It is

worth mentlonmg that no relationship between the random weights A, and
the random elements X is supposed and the usual assumption that AV\ are
independent is replaced by the weaker condition that they are pairwise negatively
dependent.

LEMMA 3. If V is a random element in a o-complete Banach lattice B with
the o -property and A is a (real valued) random variable, then AV is a random
element in B.

THEOREM 4. Let (X,) be a sequence of random elements in a o-complete
Banach lattice B with the o-property and A, be a sequence of (real valued)
random variables such that A, X, are pairwise negatively dependent. Suppose
that for each n € N

o0
S R/ EDP(X, | < ka)C < M
k=1
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for some ¢ > 1, a € Bt and M € R* . If moreover

(o) n

1 1
S (EIALPNIE <oo  and S (B(14;19)) = o(b,)
n=1 j=1
where (b,) is a sequence of positive numbers such that b,/n 1 oo and
supb,, /b, < oo, then Z A X, /b, — O relatively uniformly almost every-

neN
where.

Proof. Repeating the proof of Theorem 2 word for word with Z, 6 =
I(A,,X,,)T|| we find that it only needs to be proved that

)
Y E(Z})/h: < o.
n=1
We have
) 00
1/ - (¢-1)/
ZIE Z2 Z |A |2q Q( (“Xj”2q/(q 1))) q Q/b? < oo
J: =

owing to the assumptions on A, and X, , respectively. Moreover

(ZZ /P ) S (A B ) 2, 0

k=1

because of Hoelder’s inequality and the last assumption of the theorem. The rest
of the proof follows immediately. O

I suggest to compare results in this paper with those in [6].
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