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TOPOLOGY OF THE SPACE
OF ALL 2-DIMENSIONAL LIE SUBALGEBRAS
OF THE LIE ALGEBRA gl(2; R)

IVAN KULICH

The aim of the present paper is to give a global topological characterization of
the space o of all 2-dimensional Lie subalgebras of the Lie algebra gl(2; R)
regarded as a topological subspace of the Grassmannian G.(gl(2; R)). We shall use
the standard symbols T?>=S'Xx S' and RP? for a 2-dimensional torus and a real
projective plane, respectively.

The following theorem will be proved:

Theorem. Let f: S'— T? and g: S'— RP? be injective and continuous maps
such that f(S')={a} X S* for some point a € S* and g(S") is contractible in RP?.
Further let  be an equivalence relation on the disjoint union T>U RP? defined by
xwy<x=yv(IzeS': x=f(z)Ay = g(z)). Then o is homeomorphic to the factor

space T*URP?*/w.
Proof. Asusually, gl(2; R) is a Lie algebra of all real matrices of type 2 X 2 with
the standard bracket operation [U, V]=U - V— V- U. The matrix

u' u?
U= (u’ u‘)

will be written also as a row-vector (u', u?, u®, u*), a subspace (U, V') spanned by
U=(u', u? u?, u*) and V= (v, v? v? v*) will be denoted by

(TR TR TR T
(v’ v? ? v‘)'
For linearly independent vectors U, Vegl(2; R) let us consider the subspace .
A = (U, V). There holds
[U, V] = (ng, Dlz + D24, —Dla - D34, —Dzz)

where

i J
D; =det (u,- ui).
v v



Therefore A € o if and only if there exists a solution (a, b) of

au'+ bv'= D

au’+ bv* =D+ D24
au3+ b'U3= —Dls - D34
au*+ bv*= —Dy;.

(1)

There is a decomposition of = ofru on, where or(n) denotes the space of
algebras of o with a trivial (a nontrivial) bracket. An easy calculation gives

_[(* B v Oy, 2}
yﬁr_{(l - 1), (a, B, v) € RP?),
hence or= RP>.

Let now (U, V) e &x, i. e. (1) has a nontrivial solution. Then, regarding the
nullity of the numbers D, the investigation of (1) falls into the following five cases:

1. D #0

2. D23=D14=0, D12¢0

3. Dy3s=D1ww=D;=0, Dss#0

4. Dy3s=Dyw=D12=D3=0 Dy;3#0

5- D23=D14=D12=D34=D13=0, Dza#O.

Corresponding to these cases we obtain five systems of subalgebras

u' 1 0 ut
y]={(u4 0 (u4_u1)2 ul); u4# ul}

Here each of the sets &1, &> and ¥ is described in some parametrization-form and
the system {4, ..., Ss} is a disjoint decomposition of sfn. The sets S, ¥, and &5
will be re-parametrized by the substitutions

1. u'=af, u*=p(a—-1), B+0

2. u‘=g-(1—1, a#l



3. vl:a_(i—l’ a¥1

respectively into a new form

$1={Mi(a, B); B+0}
Fi={Mi(a); a#¥1} for i=2,3,

where
(a—-1)
)

a

0) and
0

a— 1)'

In this notation %2, &s and ¥, can be regarded as subsets of “‘extended %, (= H%)
or “extended ¥;” (= «\) as follows

Mi(a, )= (7

o—

OO ™o

1
1 0

a—1 0

Ma(a) =( 0 1
1
0

M;(a) =(g 0

F2={Mi(a, B); B=0,a#1}
Fs={Mi(a, B); B=0,a=1}
Fo=(Ms(a); a=1)

where

-9¢§l= {Ml(a’ B); a, B ER}
b= {Ms(a); aeR}.

Thus, we have obtained the most convenient parametrization of #n for our
requirements.
The following analysis of s¢ makes use of the Pliicker coordinates (see, €. g., [1])
7: G2(gl(2; R))—> Qs3< RP?,
JT(( U, V)) = (Dlz, D3, Dy, Dss, Dy, ng).
There holds that

(4 ={(1-a, of? BRa~-1), -p*(a—-1), —a, B); a, BeR}
a(4y={0,a,0,1-a,0,0); aeR}.

Now the CW-complex of the closure of m(sn) in Q33 will be described by the use

of the functions o =tg ¢, B =tg . Let us denote I = < —g, g> In the CW-comp-
lex there is one 2-cell e;, two 1-cells e, es and one 0-cell e,:



er=n(AR)

€2=ﬂ(dqu)

€= {(_1’ ﬂ27 28, -p% -1,0); B eR}
es={(0,-1,0,1,0, 0)}.

The characteristic maps are
(D1: IX I—)ﬂ(dN)
‘pz, d)3 - JT(&fN)

D,(@, )= (cos® y(cos @ —sin @), sin @ sin® y, sin ¢ cos (2 sin @ — cos @),
—sin® y(sin @ —cos @), —sin @ cos® Y, cos @ sin Y cos )

D,(p) =(0,sin @, 0, cos @ —sin ¢, 0, 0)

®5(yp) =(—cos® y, sin’ 1, sin2 ¢, —sin®>y, —cos’> ¥, 0).

From the above CW-complex there immediately follows that 7 (x) is homeomor-
phic to the square I X I on the boundary of which there is a gluing map described by

4’1(% ig) = @:(9)
‘pl("—'g, 1/’) = d;(y)

(pz(tlzj):(pg i%t)=€4.
A

k4

MR

///

Z

Fig. 1

\
\

Thus v~ n(sn)= T> Finally, esUe, is a m-image of

(T o 0 D perief 0 0 D)

which is a circle, contractible in r.
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TOITIOJIOIUA MPOCTPAHCTBA BCEX NBYXMEPHBIX
TMMOJANTEBP JIU AJITEBPHI JIU gl(2; R)

Ivan Kulich
Pe3ome

B craThe maHa rno6GanbHas TOMOAOrHYECKas XapaKTepH3alusA NMPOCTPaHCTBa A BCEX ABYXMEPHBIX
nopanre6p JIn anre6psi JIu gl(2 ; R), paccMaTpuBaeMOro Kak MOANPOCTPAHCTBO MHOroo6Gpasus I'pacc-
manHa G:(gl(2; R)). O6o3naunm uepes T>=S'XS' u RP? COOTBETCTBEHHO, ABYXMEDHBLI TOp
M BEIECTBEHHYIO NPOEKTUBHYIO IIOCKOCTh. JloKa3biBaeTcs clefyiomas teopema: [lycrs f: S'— T u
g: S' > RP? — unbexkTHBHbIE U HENpPepLIBHLIE O0TOOpaxeHusd, Takue, uro f(S')={a} X S' mna xa-
KO#-HHOYRL Touku a € S' u g(S') crarusaemo B RP2. IlycTs Aanblie @ — OTHOUIEHHE IKBHBAJICHT-
HOCTH Ha M3bIOHKTHOM o6benunennn T>U RP?, onpefeneHHoe Kak

xwy<>x=yv(3zeS': x=f(z)Ay =g(2)).

Torna sf romeomopdHo ¢axTop-npocrpanctey (T>URP?)/w.
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