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CONGRUENCES ON PRODUCTS
IN VARIETIES SATISFYING THE CEP

JAROMIR DUDA

It is known that the structure of congruences on direct products of similar
algebras is very rich. Several properties of congruences on direct products are
definable by the Mal’cev conditions; the obtained identities however, are usually
extensive and complicated. In order to reduce the Mal'cev conditions for direct
decomposability of congruences and of congruence classes the congruence exten-
sion property was applied in an earlier paper [4]. The aim of this note is to derive
reduced identities for varieties formerly investigated by J. Hagemann [9] and by
P. Gumm [8] under the same assumption.

First it will be convenient to remind the reader of the definitions. We use the
same symbol for an algebra as for its universe, and depend on the context to make
clear which is meant. From [7] we adopt the concept of factor congruence : The
kernels IT,, ITg, of the canonical projections pra: AX B— A, prg: AX B— B,
respectively, are called factor congruences on A X B. In a similar way we
introduce: A congruence ¥ on A X B is called subfactor whenever W c Il or
Y c I1g hold.

Now we can formulate the first property studied in this paper.

Definition 1. A variety V is said to have directly decomposable subfactor con-
gruences whenever the congruences O AIl, and O A Iy are uniquely determined
by their projections for every ©e Con AX B; A. Be V.

We will use the so called binary scheme, see [3], to describe the principal
congruences:

Proposition 1. Let A be an algebra, a, b, ¢, d € A. The following conditions are
equivalent :

(1) (c,d)e®O(a,b);

(2) there exist a positive integer n and binary algebraic functions g,, ..., ¢, over
A such that

c=qi(a, b),
@u(b, a)=@yii(a, b), 1<k<n,
d=q,(b, a).
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Proof. See [3; Thm 1].

Then the characterizing identities for direct decomposability of subfactor con-
gruences can be expressed as follows:

Proposition 2. For a variety V the following conditions are equivalent:

(1) V has directly decomposable subfactor congruences;

(2) there exist positive integers m, n, binary polynomials py, ..., Pm, q1, -, qm,
and (1+ m)-ary polynomials r,, ..., r, such that

y=rix, pi(x,y), ..., Pm(x,y)), 1<i<n,
x =ri(ar, qi(x, y), ..., Gm(x, y))
re(be, gi(x, ¥), ..oy Gm(X, )= ricr(@isr, gi(x, )5 -y Gm(x, y)), 1Sk <,
y =ra(ba, qi(x, y), ..., Gm(x, y))

hold in V where {a,, by} ={x,y)} for 1<k=n;
(3) there exist positive integers m, n, binary polynomials s, ..., Sm, t1, ..., tn, and
(2 + m)-ary polynomials ry, ..., r, such that

y=ri(x, x,s:(x, y), ..., sm(x, y)), 1<i<n,
X = "1()’» X, tl(xv )’), ceey t'"(x’ Y))
(X, y, (X, ¥)s oo tn(X, ¥)) = 1 (v, X, (X, y), oo ta(x, y)), 1<k<n,

y=ra(x, y, i(x, y), ..y talx, y))
hold in V.

Outline of proof. Part (2) is the original characterization from [9].

The binary scheme applied to the subfactor congruence @((x, y), (x, x)) on
the square Fy(x, y) X Fy(x, y) of the free algebra Fy(x, y) yields the identities (3).

Furthermore, the following property of congruences on direct products was
studied in [9]:

Definition 2. A variety V is said to be factor permutable whenever every
congruence on the product A X Be V permutes with the factor congruences IT,
and Ilg.

Factor permutable varieties have been investigated lately in [8], namely the term
,.factor permutable variety* is due to H. Peter Gumm. The characterizing identities
for factor permutable varieties are exhibited in

Proposition 3. For a variety V the following conditions are equivalent:

(1) Vs factor permutable;

(2) there exist positive integers m, n, binary polynomials q, ..., ., ternary
polynomials s, py, ..., pm, and (1+ m)-ary polynomials ry, ..., r, such that

s(x,y, z2)=nrlay, pi(x,y,2), ..., pm(x, ¥, 7))
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x=ri(ai, qi(x, y), ---» Gm(x, y))
re(bi, pi(x, ¥, 2)s ..., Pm(X, ¥, 2)) = ress(@irr, Pr(X, Y, 2), ...y Pu(x, ¥, 2))
Te(bis qi(x, ), -5 Gu(x, ¥)) = Fesr(@xer, G(X, ¥)s oo Gum(x, y)), 1<k<n,
2=1,(ba, Pi(x, ¥, 2)s -+ Pm(X, ¥, 2))
y=ru(ba, qi(x, y), -, gm(x, ¥))

hold in V where {ax, b} ={x,y} for 1<k=<n;

(3) there exist positive integers m, n, a map l: {1, ..., n}—{0, 1}, binary
polynomials r;, ternary polynomials s; (1<i<n, 1<j<m), and (1+ m)-ary
polynomials p;, ..., p. such that

x0=p|(x,(1), r“(xo, xl), veey rlm(x09 xl))

Pe(X1-109s Ter(Xo, X1)5 - Tim (X0, X1)) =
= Prr1(Xik+1), Frera(Xo, X1)s - Fies1, m(Xo, X1))

pk(xl—l(k)a Su(xo» X1, xz), cees skm(x09 X1, Xz)) =
= Pr+1(Xik+1), Sk+11(X0, X1, X2),5 s Sk+1,m(Xo, X1, X2)), 1<k<n.
X1 =p’l(x1-l(n), rnl(x09 xl), ceey rnm(x09 xl))
X2 =pn(x1—l(n), snl(an X1y xZ), seey snm(xm X1, Xz))
hold in V; .
(4) there exist positive integers m, n, binary polynomials t,, ..., t,, ternary
polynomials s, ..., Sm, and (2+ m)-ary polynomials r,, ..., r, such that

p(x,y,2)=nr(x,y,s:(x, y, 2), ..., sm(x, y, 2))
X =rl(x’ Yy, tl(x’ y)’ Y} t,,.(x, .Y))

n(ys x, (X, Y, 2),s e Sm(X5 Y5 2)) = eaa (X, Y, 51(x, ¥, 2), o sl(x, 3, 2))

re(y, X, 1(x, ), ooy ta(X, ¥)) = Fiir(X, ¥, 1(x, ¥), ..y ta(x, y)), 1<k<n,
= rn(_Yy X, S](x, y’ Z), ooy sm(x’ y’ Z))
y=fn(y, X, tl(xv )’), cees trn(x’ .Y))

hold in V.

Outline of proof. Conditions (2), (3) are quoted from [9], [8], respectively.
To obtain (4) apply the binary scheme to the congruence O({x, x), (y, y))oIlz =
IIz.O({(x, x), (y, y)) on the product A X B= Fy(x, y, z) X Fy(x, y).
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Now let us turn our attention to varieties satisfying the congruence extension
property. We repeat the definition here:

Definition 3. A variety V is said to have the congruence extension property
(briefly the CEP) if every congruence on an arbitrary subalgebra of AeV is
a restriction of some congruence on A.

An important characterization of varieties satisfying the CEP was found by

A. Day, [2]. The symbol {a, b, ¢, d} denotes the subalgebra generated by ele-
ments a, b, ¢, d.

Proposition 4. For a variety V the following conditions are equivalent:

(1) V has the CEP;

(2) for any a, b, c,de A€V, (c,d)eBOs(a,b) iff (¢c,d)eOzs=a(a,b).

Proposition 4 and binary scheme together yield the following description of
principal congruences on varieties satisfying the CEP:

Proposition 5. Let V be a variety satisfying the CEP, a, b, c, de A€ V. The
following conditions are equivalent:

(@) (c,d)eO(a,b);

(2) there exist a positive integer n and 6-ary polynomials p,, ..., p, such that

C=p1(a9 b, a, b, c, d)
pk(b’ a, a, ba ¢, d)=pk+l(a’ b’ a, b9 c, d)a 1Sk<n’
d=p.(b,a,a,b,c,d).

Proof. The implication (2) = (1) is evident.
(1) > (2). Applying the binary scheme to (1) we find that

c=@i(a, b)
(b, a)=@i1(a, b), 1<k<n,
d=@a(b, a)
for some positive integer n and binary algebraic functions ¢, ..., ¢, over A. By

Proposition 4, these functions can be taken over the subalgebra {a, b, c, d} only.
The definition of the algebraic function completes the proof.

We are ready to prove our first result:

Theorem 1. Let V be a variety satisfying the CEP. The following conditions are
equivalent :

(1) V has directly decomposable subfactor congruences ;

(2) there exist a positive integer n and 6-ary polynomials ry, ..., r, such that

y=r{x,x,x,x,y,y), 1<i<n,
x=r(y,x,y,x,x,y)
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r“(xs y,y, X, x, y)=rk+l(y’ X, ¥, X, X, y)’ 1Sk<n9
y=r.(x,y,y,x,x,y)

hold in V.

Proof. (1) (2). Take A=B=Fy(x,y) the free algebra in V on free
generators x and y. Evidently, ©({x, y), (x, x))=0((x, y), (x, x))AIl,, i.e.
O((x,y), (x,x)) is a subfactor congruence. By hypothesis, this congruance is
directly decomposable hence ((y, x), (y,y))€e©O((x,y), (x,x)). Applying
Proposition 5 to the last statement we get that

<y’x>=rl(<xv y>’ <xvx>’ <x’ )’>, <xvx)’ <)’, x)r <y’ )’))

ne({x, x), (x, ), (x, ¥), (x, %), (¥, X), (y, y)) =
=rk+l((xv Y>’ <x’x>9 (x7 )’>, <x’x>’ <y’x>’ <y’ )’)), 12k<n’

(y, y)=r({x,x), (x,y), (x,¥), {(x, %), {y, x), (y, ¥))

for some positive integer n and 6-ary polynomials ry, ..., 7, . Writing this separately
in each variable the identities (2) follow.

(2) > (1). This part is straightforward since the assumed identities are exactly
those of Proposition 2 (3) when m=4, s,=s,=x,5:3=s4=y, t,=y, b=t;=x, and
ti=y. |

Example 1. It is well known that the variety of distributive lattices or any variety
of pseudocomplemented distributive lattices, see [1] or [6], satisfy the CEP.
Furthermore, the mentioned varieties have directly decomposable subfactor con-
gruences; this fact follows, e.g., from our Theorem 1 since for n=1,
ri(x1, ...y X6) = (x2Ax5) v (x2AX6) vV (x5 A X6) there hold

rn(x, x,x,x,y,y)=(xAy)v(xay)v(yay)=y
rl(y’ X, Y, X, X, y)=(XAx)V(XAy)v(xAY)=x
’l(x’ Y,y X, X, Y)=(y/\x)v(y/\y)v(x’\)')=)’-

Simultaneously, the answer to the natural question whether the CEP follows
from the identities exhibited in Theorem 1 (2) is negative:

Counterexample 1. The variety of all lattices evidently satisfies the condition (2)
of Theorem 1 but not the CEP.

The reduction of the second Mal’cev condition (see Proposition 3 (4)) is given in

Theorem 2. Let V be a variety satisfying the CEP. The following conditions are
equivalent:

(1) V s factor permutable;

(2) there exist a positive integer n, a ternary polynomial p and 6-ary polyno-
mials r,, ..., r, such that

p(x.y,2)=r(x,y, x,y, p(x,y,2),2)

x=r(x,y, x,y,x,y)
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re(y, x, x, y, p(x, ¥, 2), 2) = rear(%, ¥, X, ¥, p(x, ¥, 2), 2)
re(y, X, X, ¥, X, Y)=Teer(X, ¥, X, ¥, X, ), 1sk<n,
z=r.(y, x,x, ¥, p(x,y,2), 2)
y=ra(y, x, X, y, X, y)

hold in V.

Proof. (1)=>(2). Take A =Fy(x,y, z), B=Fy(x, y), and the principal con-
gruence O((x, x), (y,y)) on AxB. Then ({x,x),(z,y))e®O((x, x),
(v, y))ells since evidently ((x,x),(y,y))€O((x,x),(y,y)) and ({y,y),
(z,y))ellz. By hypothesis, we have also ((x,x), (z,y))ellzoO((x, x),

(v, y)).i-e.((x,x),(p, q)) €My and ((p, q), (2, y)) € O(x, x), (y, y)) for
suitable (p, q) € A x B. The first statement yields q = x ; the second one implies

p=p(x,y,z) and
(p(x,y,2), x)=n({x,x), (y, ¥}, (x, x), (¥, ¥), {p(x, ¥, 2), x), (2, ¥))
n((y, )5 (x, x), (x, x), (y, ), (p(x, ¥, 2), x), (2, y)) =
=ria({x, x), (¥, ¥), (x, %), (¥, ¥), (P(x, ¥, 2), x), (2, ¥)), 1<k<n,
(z,y)=r((y, ), (x, x), {x, x), {y, ), {P(x, ¥, 2), x}, (2, ¥))

for some positive integer n, a ternary polynomial p, and 6-ary polynomials
ry, ..., I, (see Proposition 5). Writing this componentwisely, the desired identities
readily follow.

(2) > (1). Apply Proposition 3 with m =4, s,=x, s;=y, s3=p(x, y, 2), $4= 2,
h=X, L=y, =X, =Y.

Example 2. Any variety of Abelian groups or any variety of rings in which the
identity (xy)"=xy holds for some n>1 satisfy the CEP, see [1; Thm 2.2 or
Thm 3.3]. Trivially, these varieties have also factor permutable congruences. The
following concrete identities illustrate part (2) of Theorem 2:

Take n=1, p(x,y,2)=x—y+z and r(x,, ..., X¢) =x1—x3+ xs. Then

nx,y,x,y,p(x,y,2),2)=x—x+x—y+z=x—y—z=p(x,y,2)
n(x,y,x,y,x,y)=x—x+x=x
rn(y,x,x,y,p(x,y,2),2)=y—x+x—-y+z=z
r(y,x,x,y, x,y)=y—x+x=y.
Similarly as in the first case the identities of Theorem 2 (2) do not suffice for the
CEP:
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Counterexample 2. The variety of all groups evidently satisfies the condition (2)
of Theorem 2 but not the CEP, (see again [1]).
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KOHIPY3HUUU IMTPOU3BEIEHUI B MHOTOOBPA3HMAX
OBJIAJIAIOIIVX CBOVICTBOM LI

Jaromir Duda

Pesiome

B craTbe HalieHbI CXXaTble TOXAECTBA /11 MHOroo6pasuii anre6p paHblLie U3ydyeHHbIX B paboTax [1.
'ymma u Y. Xaremanna. [Tpeanonaraem cBoicTBO pacuumpenust Kourpyauumii (LIDIT).
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