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BOUNDS FOR THE SPECTRAL RADIUS 
OF NONNEGATIVE MATRICES 

ZHOU B O 

(Communicated by Michal Zajac ) 

ABSTRACT. We propose lower and upper bounds for the spectral radius of 
nonnegative matrices, and necessary and sufficient conditions to achieve these 
bounds for irreducible nonnegative matrices. 

1. Introduction 

Let A be an n x n nonnegative matrix. Denote by p(A) the spectral radius 
of A. Due to Perron-Frobenius theorem, the spectral radius of a nonnegative 
matrix is the largest eigenvalue of this matrix. The algebraic and combinatorial 
properties of nonnegative matrices have been the focus of a good deal of work 
(see [4], for example). 

THEOREM 1 (FROBENIUS). ([1]) Let A be an nxn nonnegative matrix and 
x = (xl) x 2 , . . . , xnY be a positive vector. Then 

(Ax). , ,x (Ax)4 , x min -̂  -• < p(A) < max - '-•. (1) 
l < i < n X{ l < i < n X{ 

Moreover, if A is irreducible, then any equality holds in (1) if and only if x is 
an eigenvector corresponding to p(A). 

We call an n x n nonnegative matrix A = (a-•), all of whose row sums dx, 
d 2 , . . . , dn are positive, almost regular, if there is a positive number r such that, if 
a • • > 0, dtd • = r2 . Note that [2] and [3] deal with only symmetric matrices, while 
we consider general nonnegative matrices which are not necessarily symmetric. 

We will prove the following theorem. 
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THEOREM 2. Let A = (a{j) be an nxn nonnegative matrix with positive row 
sums dx, d 2 , . . . , dn . Then 

J = l v d-
min —, * < min -==— < p(A) 

!<<<« f»^~-l<i<n Jd. -'K 

V . = - d> 

7 = 1 V 
< max — < max A > a- -d- . (2) 
~~ i<i<n yJdi ~1< i<n\ \ £ - f J J 

Moreover, if A is irreducible, then p(A) is equal to any of the four items in (2) 
if and only if A is almost regular. 

Let D = (V, E) be a digraph with vertex set V = {1, 2 , . . . , n} and arc set 
E. Loops are permitted but no multiple arcs. For each u e V, the outdegree of 
u is du = \{v : (u,v) £ E}\. The adjacency matrix of D is the nxn matrix 
A(D) = (at- •), where a-• -= 1 if (i, j) £ E and 0 otherwise. It is well known that 
D is strongly connected if and only if A(D) is irreducible. The spectral radius 
of D, denoted by p(D), is defined to be the spectral radius of A(D). 

An immediate corollary of Theorem 2 is given as follows. 

COROLLARY 1. Let D be a digraph of order n with positive outdegree sequence 
dx,d2,... ->dn. Then 

2- A 
"i ^ • J:(1>J)€E / m 

mm —. l = < mm -= < p(D) 
\<i<n / y ^ i ~~ \<i<n yjd- ~~ di 

J:(iJ)ЄE 

J:(iJ)ЄE V 

< max - - — ! — - = < max / > d •. (3) 
- \<i<n x/d. ~ I < Í < M / , X r. 

Moreover, if D is strongly connected, then p(D) is equal to any of the four items 
in (3) if and only if there is a positive number r such that whenever (i,j) £ E, 
d.d^r*. 
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2. Proof of Theorem 2 

Setting x = (y/d^, y/d^,. • •, y/d^) in (1), we obtain 

Ţ.*iìJďj 
.7 = 1 v 

min 
1=1 v 

.— < p(A) < max . 
i<i<n Җ ~ľX ~ l<i<n ^ß. 

(4) 

Observe that, for positive z, p- is a strictly convex function. Hence, if 
a1,a2,...,at are positive numbers summing to 1, and z1,z2,...,zt are pos
itive numbers, 

/ Y 

v £ akzk i 
\ fc=i / 

ť i 

* = 1 * * 

I.Є., 

, f c = l 
***) ^ T (5) 

-Ca*å 
fc=i 

with equality if and only if all zk are equal. For a.. > 0, let ak = -jf, zfc = 

Jd{d-; from (5) we have 

'Ţ.*ІJJ*Ą 
i=i v d? 

/ i = i ' 

(6) 

Similarly, note that z2 is a strictly convex function. Then, if a 1 ? a 2 , . . . , at 

are positive numbers summing to 1, and zv z2,..., zt are positive numbers, 

( Y,akzk) <Y.akzl> (?) 
\k=i / k=i 

with equality if and only if all zh are equal. For a^ > 0, let ak = - j^, zfc = 

Jd{d'; from (7) we have 

/ n / \ 2 

/ Y" a-.Jd-d. \ 

V У 
<УaJ;. 

i=i 

(8) 
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Combining (4), (6) and (8), we have (2). 

In the following, we suppose A is irreducible. To prove the second part of 
Theorem 2, note that by the stipulation of the equality cases in (5) and (7), we 
need prove that any equality in (4) holds if and only if A is almost regular. 

If A is almost regular, then for some r > 0, d{d- = r 2 for every (i,j) such 
that a- > 0 . Then for any i = 1, 2 , . . . , n we have 

n n J 2 n 

E%V^ = -S aij\ J = -7T E % = -JTdi = r V 7 ^ ' 
J = l j = l , a o > 0 V ^ V ^ j - l . a ^ O V ^ i 

-4(\/^,V^,...,^) = (̂\Z ?̂\Z ,̂-..,\/ )̂ • 

It follows that (y/a\, y/a\,..., y/d^) is a positive eigenvector of A correspond
ing the eigenvalue r . Note that for any positive eigenvector of a nonnegative ma
trix, the corresponding eigenvalue is the spectral radius of that matrix. Hence 
p(A) = r and the equality in (4) holds. 

Conversely, suppose some equality in (4) holds. Then 

A[y/a\, y/a\,..., y/a\) = p(A) ( y ^ , y/a\,..., y/Tn) , 

i.e., 
n 

p(-4)V^ = £ % 7 ^ fora11 l' <9) 
j=i 

We are going to show A is almost regular. If all di are equal, we are done. 
Otherwise, let S = min d- and A = max d,. Choose A: and / such that 

l<i<n x l<i<n % 

dk = S and d{ = A . 

CLAIM 1. If akm > 0, then dm = A . 

P r o o f . Otherwise suppose dm < A; from (9) we have 
71 [d~- n [~K 

j = i V fe j = i 
However, from (9) we also have 

^)=è%Vf-è%VI=v^' 
j=i V . j = i 

which is a contradiction. Thus Claim 1 holds. 

By similar argument as in Claim 1, we have 
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CLAIM 2. If alm > 0, then dm = 5. 

Note that A is irreducible. For any (i,j) with a-- > 0, there exist ix,i2, 
such that a-

гiг2 

> 0 with i, = k and it = i for some 

Фг г-fl 

a- a-. 
it-iU ^J 

for 1 < r < t — 1. Then Claims 1 and 2 imply 
1 < t < n, where 
that whenever a^ > 0, then di = 5 and d. = A or vice versa. Hence whenever 
aij > o , di^. 5A, and .4 is almost regular. 
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