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Math. Slovaca 37, 1987, No. 2, 205—208 

NOTE ON NILPOTENCY IN SEMIGROUPS 

BEDRICH PONDELiCEK 

In papers [1] and [2] three lattices belonging to every semigroup were studied 
by R. Sulka. Two of them are distributive. The aim of this note is to consider 
the distributivity of the remaining lattice. 

Let S be a semigroup. By F(S) (respectively I(S)) we denote the set of all 
periodic (respectively aperiodic) elements of S. Clearly I(S) = S\F(S). The union 
of all periodic subgroups of S is denoted by G(S). Put K(S) = F(S)\G(S). 
Terminology and notation not defined here may be found in [3]. 

By 0>(S) we denote the lattice of all subsets of a semigroup S with respect to 
the inclusion g . The symbol IV stands for the set of all positive integers. 
Following [1] we put N2(M) = {xeS; x"eM for infinitely many neN} and 
N3(M) = {xeS; x"eM for some neN} for every M <= S. Further let 
J^23(S) = {Me0>(S)\ N2(M) = N3(M)}. From the paper [1] it follows that 
<J/*23(S)> c: > is a complete lattice and a complete upper subsemilattice of 
<^(i) , £> . It need not be a lower subsemilattice of <^(S), g> . 

Using the results (Theorem 5 and Theorem 6) of [1] we obtain: 

Proposition 1. Let S be a semigroup and M £ S. Then MeJ\^23(S) if and only 
(ffor every xeM there exists a positive integer m > 1 such that xmeM. 

This implies: 

Proposition 2. Every union of subsemigroups of a semigroup S belongs to 
^2l(S). 

Proposition 3. Let S be a semigroup and MeJ^^S). If xeMnF(S), then 
there exists a positive integer m such that xmeMn G(S). 

Proposition 4. Let a be an element of a semigroup S. Then {a}eJ^23(S) if and 
only ifaeG(S). 

Proposition 5. Let S be a semigroup. Then 0>(G(S)) is a complete sublattice of 
^23(S). 

Proposition 6. Let S be a semigroup and M £ S. Then M is an atom in the 
lattice J^23(S) if and only if M = {a} for some a eG(S). 

Proof. Suppose that M is an atom in the lattice J^C 5 ) - T h e n M^ty-
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Choose aeM. It follows from Proposition 1 that there exists a sequence of 
positive integers m{ > 1 such that m, < mi+,, m\mi+ , and am,eM for all ieN. 

According to Proposition 1 we have Q = {a"7'; ieN}e„/V23(S). Since Q g M and 
M is an atom, we obtain aeM = Q and so a = a"k for some A eN. This means 
that aeG(S). By Proposition 4 we have {a}e</V23(S) and so M = {a}. 

Let M = {a} for some aeG(S). Then, by Proposition 4, we have MeJr
23(S). 

Therefore M is an atom in the lattice <sV23(S). 

Theorem 1. Let S be a semigroup. Then the lattice ^V23(S) is atomic if and only 
if S is periodic. 

Proof . Let the lattice ~V2i(S) be atomic. Assume that I(S) # 0. Choose 
xel(S) and by <x> we denote the subsemigroup of S generated by the aperiodic 
element x. By hypothesis we have A <= <x> for an atom A in A23(S). According 
to Proposition 6 there exists a periodic element aeS such that A = {a} and so 
ae<x>, which is a contradiction. Therefore the semigroup S is periodic. 

Suppose that a semigroup S is periodic. Let 0 ^ Me~V23(S). Choose xeM. 
It follows from Proposition 3 that there exists meN such that 
a = xm e M n G(S). According to Proposition 4, A = {a} in an atom in the lattice 
J^23(S). We have A g M. Therefore the lattice ~V23(S) is atomic. 

Theorem 2. Let S be a semigroup. Then the following statements are equivalent: 
(i) *Ar

23(S) is a complete sublattice of^(S). 
(ii) <Ar

23(S) is a sublattice of^(S). 
(iii) ^V23(S) is distributive. 
(iv) <Ar

23(S) is modular. 
(v) For every aeS there exists a positive integer n such that a"+ ] e{a, a"}. 

Proof , (i) => (ii) => (iii) --> (iv) is evident. 
(iv) => (v). Suppose that Jf23(S) is modular. 
First we shall show that S is periodic. Assume that I(S) # (3. Choose xel(S). 

For an arbitrary ieN let us put mt = 2' and nx• = 3'~ ' . It follows from Proposi­
tion 1 that A, B, CeJf23(S\ where A={xw';/eN}, B = {x"';ieN} and 
C = A\J {x}. Since x is an aperiodic element of S, we have in the lattice Jr

23(S), 
by Proposition 1, ^ V ( B A Q = A\jty = A ^ C = (AuB)nC = 
= (A v B) A C. Hence the lattice <yV23(S) is not modular, a contradiction. 
Therefore S is periodic. 

Let a be a periodic element of S. Then there exists n e N such that e = a" is 
an idempotent. If aeG(S), then ae = #. Suppose that aeK(S) = F(S)\G(S). 
Then it follows from Proposition 4 that {a}^^V23(S). We shall show that ae = e. 
Assume that b = ae ^ e. Clearly b and e belong to a periodic subgroup of S. 
This implies that e # a ^ b. According to Proposition 1 and Proposition 4, we 
have A, B, CeJr

17)(S), where A = {<?}, B = {a, b} and C = {a, e}. It follows from 
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Proposition 1 that in the lattice Jf^S) we have A v (B A Q = 
= Av(J) = A^C=(AvB)nC = (AvB)AC. Hence the lattice Jr

23(S) is 
not modular, a contradiction. Then we have ae = e. This gives in both cases 
an+ x e{a, a"}. Therefore the semigroup S satisfies the conditions (v). 

(v) => (i). Suppose that S has the property (v). To prove that J^23(S) is a 
complete sublattice of SP(S) it suffices to show that Jr

23(S) is a complete lower 
subsemilattice of SP(S). Let M}eJr2l(S) for jeJ^(J). We shall show that 

M = P) MJeJr
23(S). Let xeM. According to (v), there exists neN such that 

/ e J 

x"+ ] E {x, x"}. It is easy to show that e = x" is an idempotent of /Sand so xe F(S). 
If xeG(S), then jc"+' = xe = xeM. If xeK(S), then xe ^ x and so 
xe = x"+] = x" = e. In this case we have according to Proposition 3 
x"1 e Mfn G(S) for some nfeN, because xeMf(je J). Thus for every je J we have 
x"J = x"'e = ... = xe = e. Therefore x2" = eeM. It follows from Proposition 1 
that Mejr2£S). 

Note. If the lattice Jr
23(S) is modular, then S is a periodic semigroup and so 

Jr
23(S) is atomic. 

Theorem 3. Let S be a semigroup. Then the following statements are equivalent: 
(i) jr23(S) = 3P(S). 
(ii) Jr

23(S) is boolean. 
(iii) Every element of Jr

lh(S) is the least upper bound of some set of atoms. 
(iv) S is a union of periodic groups. 
Proof, (i) => (ii). It is clear. 
(ii) => (iv). Suppose that Jr

23(S) is boolean. Then it follows from Theorem 2 
that S is periodic. Assume that there exists an element ae K(S). According to (v) 
of Theorem 2, we have a"+ ] = a". Evidently e = a" is an idempotent of S and 
ae = e ^ a. Put E = {e}. It follows from Proposition 4 that Ee JV23(S). Then, by 
hypothesis, there exists XeJ^23(S) such that EKJ X= Ev X = S and 
E A X =ty. This implies that aeX. According to Proposition 3, there exists 
meN such that ameXr\ G(S). Thus we have am = d"e = ... = ae = e and so 
eeX. It follows from Proposition 4 that {e} £= E A X = 0, which is a contradic­
tion. Therefore K(S) = (3 and so S = G(S). 

(iv) => (i). This follows from Proposition 5. 
• (i) <-> (iii). Apply Proposition 6. 
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З А М Е Ч А Н И Е О Н И Л Ь П О Т Е Н Т Н О С Т И В П О Л У Г Р У П П А Х 

Вес1псп Р о п с - ё П с е к 

Р е з ю м е 

Недавно Р. Шулка определил с помощью нильпотентности три структуры, элементы 
которых принадлежат булеану полугруппы. Две из этих структур являются дистри­
бутивными. В статье даются необходимые и достаточные условия для дистрибутивнос­
ти третьей структуры. 
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