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NOTE ON NILPOTENCY IN SEMIGROUPS
BEDRICH PONDELICEK

In papers [1] and [2] three lattices belonging to every semigroup were studied
by R. Sulka. Two of them are distributive. The aim of this note is to consider
the distributivity of the remaining lattice.

Let S be a semigroup. By F(S) (respectively I(S)) we denote the set of all
periodic (respectively aperiodic) elements of S. Clearly I(S) = S\F(S). The union
of all periodic subgroups of S is denoted by G(S). Put K(S) = F(S)\G(S).
Terminology and notation not defined here may be found in [3].

By 2(S) we denote the lattice of all subsets of a semigroup .S with respect to
the inclusion <. The symbol N stands for the set of all positive integers.
Following [1] we put N,(M) = {xeS; x"e M for infinitely many ne N} and
Ny(M) = {xeS;x"eM for some neN} for every M < S. Further let
N p5(S) = {MeP(S); NAM)= Ny(M)}. From the paper [1] it follows that
(AN 5(S), ) is a complete lattice and a complete upper subsemilattice of
(2(S), ). It need not be a lower subsemilattice of {(2(S), < ).

Using the results (Theorem 5 and Theorem 6) of [1] we obtain:

Proposition 1. Let S be a semigroup and M = S. Then M € N ,;(S) if and only
if for every xe M there exists a positive integer m > 1 such that x"e M.
This implies:

Proposition 2. Every union of subsemigroups of a semigroup S belongs to
N 5(S).

Proposition 3. Let S be a semigroup and M e N ,(S). If xe M n F(S), then
there exists a positive integer m such that x" e M 0 G(S).

Proposition 4. Let a be an element of a semigroup S. Then {a} e N 5(S) if and
only if ae G(S).

Proposition 5. Let S be a semigroup. Then P(G(S)) is a complete sublattice of
N 5(S).

Proposition 6. Let S be a semigroup and M < S. Then M is an atom in the
lattice N »(S) if and only if M = {a} for some a € G(S).
Proof. Suppose that M is an atom in the lattice 4 ,5(S). Then M # 0.
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Choose ae M. It follows from Proposition 1 that there exists a sequence of
positive integers m, > 1 such that m, < m,, ,, mim;, , and a" € M for all ie N.
According to Proposition 1 we have Q = {a"; ie N}e A" ,(S). Since Q < M and
M is an atom, we obtain ae M = Q and so a = a"* for some A € N. This means
that ae G(S). By Proposition 4 we have {a} e A4",;(S) and so M = {a}.

Let M = {a} for some ae G(S). Then, by Proposition 4, we have M € A4",,(S).
Therefore M is an atom in the lattice A4 ,;(S).

Theorem 1. Let S be a semigroup. Then the lattice A" ,(S) is atomic if and only
if S is periodic.

Proof. Let the lattice A4 5(S) be atomic. Assume that /(S) # 0. Choose
xe I(S) and by {x) we denote the subsemigroup of S generated by the aperiodic
element x. By hypothesis we have 4 < (x) for an atom 4 in 4 ",;(S). According
to Proposition 6 there exists a periodic element a€ S such that 4 = {a} and so
ae{x), which is a contradiction. Therefore the semigroup S is periodic.

Suppose that a semigroup .S is periodic. Let § # M e . ",;(S). Choose xe M.
It follows from Proposition 3 that there exists meN such that
a = x"eM n G(S). According to Proposition 4, 4 = {a} in an atom in the lattice
N 23(S). We have 4 = M. Therefore the lattice .4,;(S) is atomic.

Theorem 2. Let S be a semigroup. Then the following statements are equivalent:
(1) A 53(S) is a complete sublattice of P(S).

(1) A"5(S) is a sublattice of #(S).

(i) A 55(S) is distributive.

(iv) A 55(S) is modular.

(v) For every ae S there exists a positive integer n such that a"* '€ {a, a"}.

Proof. (i) = (ii) = (iii) = (iv) is evident.

(iv) = (v). Suppose that A4 ,;(S) is modular.

First we shall show that S is periodic. Assume that /(S) # 0. Choose x € I(S).
For an arbitrary ie N let us put m; = 2" and n, = 3'~'. It follows from Proposi-
tion 1 that A, B, Ce N ,(S), where A ={x";ieN}, B={x";ie N} and
C = A U {x}. Since x is an aperiodic element of S, we have in the lattice .1",;(S),
by Proposition 1, AV(BAC) = Aupd = A#C = (AUBNC =
= (A v B) A C. Hence the lattice .#"(S) is not modular, a contradiction.
Therefore S is periodic.

Let a be a periodic element of S. Then there exists ne N such that ¢ = a” is
an idempotent. If ae G(S), then ae = a. Suppose that ae K(S) = F(S)\G(S).
Then it follows from Proposition 4 that {a} ¢ 4",;(S). We shall show that ae = e.
Assume that b = ae # e. Clearly b and e belong to a periodic subgroup of S.
This implies that e # a # b. According to Proposition 1 and Proposition 4, we
have 4, B, Ce A »(S), where A = {e}, B = {a, b} and C = {a, e}. It follows from
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Proposition 1 that in the lattice 4 ,(S) we have A v (BAC)=
=AuP=A#C=(AuUB)nC=(AvV B) A C. Hence the lattice A 5(S) is
not modular, a contradiction. Then we have ae = e. This gives in both cases
a"*'e{a, a"}. Therefore the semigroup S satisfies the conditions (v).

(v) = (i). Suppose that S has the property (v). To prove that A4 ,(S) is a
complete sublattice of 2(S) it suffices to show that 4 5(S) is a complete lower
subsemilattice of 2(S). Let M;e A 5(S) for jeJ # 0. We shall show that

M = () M;e ¥/ 5(S). Let xe M. According to (v), there exists ne N such that

Xt ele{;c, x"}. It is easy to show that e = x" is an idempotent of S and so x € F(S).
If xeG(S), then x"*'=xe=xeM. If xeK(S), then xe# x and so
xe=x"""=x"=e. In this case we have according to Proposition 3
x" e M;n G(S) for some n,€ N, because x € M,(je J). Thus for every je J we have
x" = x"e = ... = xe = e. Therefore x = ee M. It follows from Proposition 1

that Me A,5(S).

Note. If the lattice 4",3(S) is modular, then S is a periodic semigroup and so
A755(S) is atomic.

Theorem 3. Let S be a semigroup. Then the following statements are equivalent:

(1) A 55(S) = 2(S).

(i1) A 5(S) is boolean.

(iii) Every element of N 5(S) is the least upper bound of some set of atoms.

(iv) S is a union of periodic groups.

Proof. (i) = (ii). It is clear.

(if) = (iv). Suppose that A4",;(.S) is boolean. Then it follows from Theorem 2
that S is periodic. Assume that there exists an element a e K(S). According to (v)
of Theorem 2, we have a"*' = ¢". Evidently e = " is an idempotent of S and
ae = e # a. Put E = {e}. It follows from Proposition 4 that E e A4 5(S). Then, by
hypothesis, there exists Xe A4 (S) such that FUX=Ev X=S§ and
E A X =0. This implies that ae X. According to Proposition 3, there exists
me N such that a"e X n G(S). Thus we have @” = g"e = ... = ae = e and so
ee X. It follows from Proposition 4 that {e} < E A X = 0, which is a contradic-
tion. Therefore K(S) = 0 and so S = G(S).

(iv) = (i). This follows from Proposition 5.

e (i) < (iii). Apply Proposition 6.
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3AMEYAHHUE O HUJIBIMOTEHTHOCTHU B INOJIVIPYIIIAX
Bedrich Pondélicek

Pe3ome

Hepasno P. lllysnka onpeaenui ¢ noMoLUbi0 HUILHOTEHTHOCTH TPH CTPYKTYPbI, 2.IEMEHTbI
KOTOPBIX NpHHALNEXAT OyneaHy monyrpynnsl. J[Be U3 3THX CTPYKTYp SABISIOTCS QHCTPH-

OyTuBHBIMH. B cTaThe maroTcs HEOOXOAMMBIE M JOCTATOYHBIC YCIIOBHUS ATl JUCTPUOYTHBHOC-
TH TPEThEH CTPYKTYPBI.
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