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MICHAEL HEUSENER!

(Communicated by Julius Korbas)

ABSTRACT. The purpose of this paper is to investigate representations of palin-
dromically presented groups onto finite subgroups of SO3(R).

Let G be a group. Assume that G is generated by two elements which are
conjugate in G. The equivalence classes of homomorphisms of G onto the alter-
nating group As are classified by R. Riley (see [10]). However, the method
of finding such a homomorphism is just trial and error.

The aim of this note is to use the SOj3(R)-representation polynomial, in-
troduced in [2], in order to give a useful algorithm to prove the existence or
non-existence of homomorphisms of palindromically presented groups onto fi-
nite subgroups of SO3(R).

1. SO3(R)-representations

Given two groups G and H, a representation of G into H is a homomor-
phism ¢: G — H. Two representations ¢ and g’ are equivalent (conjugate) if
and only if they differ by an (inner) automorphism of H . Given a knot group G,
we call a representation po: G — H abelian if its image is abelian; then it must
be cyclic. For a finite H, we define the order of a homomorphism ¢: G — H
to be the order of the element o(m) € H, where m € G is represented by a
meridian.

We are interested in studying SO3(R)-representations of palindromically pre-
sented groups. A group G = G(e1,...,€q—1) is called palindromically presented
if there is a presentation

G =(S,T| LsS=TLs)
AMS Subject Classification (1991): Primary 57M25, 57M05.
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MICHAEL HEUSENER

such that
Ls = 8°1T%2 .. S¢a-2Ta-1
a=1mod?2, ¢ €{£l}, ei=¢€4-i, 1<i<a-1.
1.1. Remark. If there is an odd integer 3, —a < 8 < «, relatively prime
to a, such that ¢; = (—1)[i§] , then G(ey,...,eq-1) =: G(a, ) is the group
of the two-bridge knot b(a, ). (For every real z, [z] is the greatest integer n
such that n < z.)
1.2. Remark. Knots and links with two bridges are classified by
H. Schubert (see[11]).
1.3. THEOREM. (Schubert) b(a, ) and b(ca/, ) are equivalent as oriented
knots (or links) if and only if
a=ao and Bt = 8 mod 2a.
For more information about 2-bridge knots see also [3; Chapter 12].

The three-dimensional sphere S® can be viewed as the set of the unit quater-
nions
(Pyp) = cos(%go) + sin(%go) P,
where 0 < ¢ < 27 and P is a pure unit quaternion satisfying P? = —1; note
that the set of such P can naturally be identified with the two-sphere S?. There
is a 2-fold covering §: S® — SO3(R) = RP?, (P, ) — 6(P,¢), which is a group
homomorphism with Kernel(§) = {£1}. 6(P,¢) is a rotation through ¢ about
the axis P.

1.4. Remark. It is usual to identify the unit quaternions with the group
SU,(C) of special unitary matrices, SU(C) = {(_GB 2) ’ aa + bb = 1}.

Let G = G(ey,...,6q—1) be a palindromically presented group and ¢: G —
SO3(R) a non-abelian representation, i.e.
S — 6(P, )

{ (P#Q).
T — 6(Q, )

The equivalence class of p is determined by the parameters 7 = (P, Q) = cos,

¥ = <(P,Q), and y = cot? -<2£ Here (P,Q) denotes the scalar product in R?

(for details see [2]). There is a restriction of the parameters, and we denote by
D C R? the domain

D:{(T,y)l y>0, —1<T<1}.
In order to analyse the representations of a palindromically presented group
G = G(e1,...,€a-1), we consider the sequence (uy,...,Hun), n = a-2— y Mg =

En—itl En—it2, 1 <1< n.
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REPRESENTATIONS OF PALINDROMICALLY PRESENTED GROUPS ...

1.5. THEOREM. Given a palindromically presented group G =G(e1,...,eq-1),
there exists a polynomial z,(7,y) € Z[r,y], degzn, = n, which only depends on
the sequence (ui,...,Hn) such that a pair (70,Y0) € D determines an equiva-
lence class of SO3(R)-representations if and only if z,(70,y0) = 0.

Proof. See [2]. O

The polynomial z,(7,y) which only depends on the sequence (u;) is called
the SO3(R)-representation polynomial. There is an inductive procedure to cal-
culate this polynomial.

1.6. LEMMA. For n > 3 we have:
zn(T) y) = (ﬂ'n (y_l)_ZT) (zn—l(Ta y)+p'n(y+1)zn—2(7-a y)) —(y+1)3,unzn—3 (Ta y)

starting with
ZO(T,y)Il, Zl(Tvy):y_2T_1a

and

22(1y) = y? +y(1 = 209 + (1 + 2p2) (=27 — 1)) + 472 + 27 — 1.

Proof. See [2]. a

The finite subgroups of SO3(R) are well known (see [4] or [8]); we summarize
these groups in the following table:

group order of the group | symbol
cyclic m, m>1 Lin,
dihedral 2m, m>1 D,,
tetrahedral 12 G}
octahedral 24 Q
icosahedral 60 &

Non-abelian conjugacy classes of representations of knot groups onto the
dihedral group are studied by E. Klassen (see [7]), the equivalence classes
can be found in [3; 14.8]. As a corollary, we obtain: "

1.7. COROLLARY. Let G = G(ey,...,6q-1) be a palindromically presented

group. There are exactly n = @~ 2 conjugacy classes of non-abelian represen-

2
tations G — D, but only one equivalence class of homomorphisms G — D, .

In fact, every non-abelian representation G — SO3(R) of order 2 is a dihedral
representation.
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2. Tetrahedral representations

Each orientation preserving symmetry of the tetrahedron is given by an even

permutation of its vertices. Therefore we have
O2A =2 X (2 ®Ly).

It follows immediately that © is metabelian. But every non-abelian homo-
morphism of a knot group onto a finite metabelian group factorizes through
Bn: G — Z, x Hy (C'n) (n is the order of the homomorphism, and the n-fold
cyclic branched covering of the knot is denoted by C,, see [3; 14.3]). Using
this fact, it is possible to derive a criterion for the existence of tetrahedral rep-
resentations in terms of the Alexander polynomial A(t), which was done by
Hartley.

2.1. THEOREM. (Hartley) Let G be a knot group. There exists a surjective
representation G — Ay if and only if 2| A(w)A(w?), where w is a primitive
3rd root of the unity.

Proof. See [5; Example 1.13]. O

2.2. Remark. Every non-surjective homomorphism G — A4 is abelian. On
the other hand, there is a surjective homomorphism G — A4 if and only if
A(w) =0 mod 2.

In fact, if G = G(a, B) is a 2-bridge knot group, we have:

2.3. THEOREM. (Murasugi) Let A(t) be the Alezander polynomial of a
2-bridge knot b(a, 8). Then there exists a number r € N such that

1+t+--+t"14+¢" = A(t) mod 2.
Proof. See [9] or [1]. O

2.4. Remark. A:=r+1 is the linking number of the knot b(a, 8) with the
axis of the period two symmetry (see [9]).

2.5. COROLLARY. Let G = G(a, 3) be a 2-bridge knot group. There ezists a
surjective homomorphism G — Ay if and only if A =0 mod 3.

Proof. By Theorem 2.3, we have A(w) =1+ w+ - -4+ w1 +w” mod 2,
and therefore A(w)=0mod 2 if and only if r =2mod3 <= A=0mod 3.0

Using the o-normal form of the knot b(a, 3) (see [1]), it is possible to calcu-
late 7. For that reason, let b(a, 8) = [a1,b1,--,bk,ax+1] be a o-normal form of
b(a, B). By (bj;)o<i<i we denote the odd coefficients b, in the o-normal form.

A(Ji, jirr) = Z aj, where. jo:=0 and g ,:=k+1.
Ji<i<jitr

3 (1) Ao isn) | (see (1),

=0

We obtain: A=r+1=
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REPRESENTATIONS OF PALINDROMICALLY PRESENTED GROUPS ...
2.6. Example. The o-normal form of 6(19,5) is given by [3,1,—1,—1,—1]:
A(jo,1) =3, A(j1,52) = -1, A(j2,j3)=-1 = A=3+1-1=3.
Consequently, there exists a surjective homomorphism G(19,5) —» Ay4.

Tetrahedral representations of palindromically presented groups.

Let G = G(ey,...,eq—1) be a palindromically presented group. There are at
most two equivalence classes of representations, represented by 6,,6,: G —» Ay4:

91.{5H(123) 92:{SH(123)

T — (124)° T — (142) @

The fixed axis of these symmetries is given by the following points of $? = E*NS3
(see Figure 1):

i+j+k i+j—k —i—j+k
123) & — 2= (124) & —L = (142) o —=— .
(123) v (124) Vi (142) 7
1 47 3
[
4 [ 2

Figure 1. Tetrahedron in E3.

Interpreting 6; as representations into SO3(R) converts (1) into:

S — 6<coq<3) +sin(%) ﬁ—%)
91:
__TH&(cos + sin 3>}——+—]\/§——k)
E 1 i+jtk
) SHé(cos 3 3> 3 )
2 .
1 1 —i—jgtk
Tv—>§(cos 3 3) 73 )
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2.7. Remark. 6; and 0y are represented in the (7,%)-plane by the points
1

Y= % and 7, = %, resp. 2 = —3-

By Theorem 1.5, (7,y) € D represents a SO3(R)-representation of G(e1,. .-

...,€a1) if and only if z,(7,y) = 0. Defining 2z := z,(£3,1), an application
of Lemma 1.6 leads to

=1, zf=—%(1il), = A (1 et (14 3m)),

9
and 3
Z?l: = :F%(l + pn) (21;1:_1 + ﬂn%zqf—z) - (%) anr:i:—s )

where f1; = €p—i—4+16n—it2, ¢ = 1,...,n. In order to make all formulas as simple
as possible, we introduce t := (%)nsz and obtain:

te=1, tf=-(1£1), t2i=i(1—H23F(1+3/l2))a (2)
and

t = F(1 % pn)(ty_1 + 21nti_s) — Bnty_s (3)

2.8. LEMMA. Let n > 3. Then we have:

+ '—Sll’nti:—ii(p’l’ cey IJ'n—3) Zf Hn = ¥l,
tn(/"fla-"nu'n): + .
2unty_1 (M1, -y Bn—2y, —Hn—1) if o =%1.

Proof. If pu, = F1, the lemma is a direct consequence of (3). For that
reason, we assume that p, = +1. Hence

tr = F2(th_1 £ 2t5_5) F 8t5_5.
By (3), we earn:
tE = F2(FA £ pno1) (g + 2pn_1ti ) — Bun_1ti_, £2t5 ,) F 8ty 5

= (201 £ pne1) = 4)tE_o + (no1(1 £ pn1) F8)tE_5 £ 16001854

= —2(1 F pn-1)tp_g + 41 (LF pn1)tn_g £ 16pn_1tn 4 -
In the same way, we obtain:

2pntE_ (M1, -+ fne2, —Hn—1)
== 2(:F(1 F ﬂn—l)(ti—z - 2Nn—1t:-3) + 8/~Ln—1t7j:_.4)

= 2(1 + Nn—l)t:—z + 4[’%—1(1 + lffn—l)t',j,:_.g + 16Nn~1t$_4 .
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2.9. THEOREM. Given a palindromically presented group G = G(e1,...,€a-1),
a = 1 mod 2, then there is at most one equivalence class of representations of
G onto © represented by 0,. Moreover, 03: G — A4 defines a representation

Zf and only Zf tr—z (,u'la s Hun) = 0’ where n = 2 ; and Hi = En—it+1 * En—i+2,
1=1,...,n.
Proof. We have to show that ¢t} # 0. Applying Lemma 2.8, we obtain

tt = Ct}. for 0 < n* < 2, where C # 0. Formulas (2) lead to t}. # 0 if
0 < n* <2, and the corollary is proved. O

2.10. Remark. Itis possible to define palindromically presented groups G =
G(e1,.--,€a-1) even if @ = 0 mod 2 (see [2]). There may exist representations
conjugate to 61, although we assume that the generators S and T of G are
mapped onto elements which are conjugate (see also Remark 4.13).

2.11. Example. G(4,1) = (S,T | LsT = TLg), where Lg = STS.
A homomorphism is defined by S +— (123) and T +— (124) because Lg —
(123)(124)(123) = (142).

Given the sequence (p1,...,H,) associated to the group G(ey,...,en), @ =
1 mod 2, Lemma 2.8 leads to an algorithm to decide whether or not there exists
a surjective homomorphism onto A4.

2.12. Example.

G(19,5) = G(1,1,1,~1,-1,—1,-1,1,1,1,1,~1,~1,-1,~1,1,1,1)
= (l‘l’l) = (1717_1a1,171»—1,171) .

Applying Lemma 2.8 we come up with:

ty(1,1,-1,1,1,1,—-1,1,1) = =85 (1,1,—1,1,1,1)
= 64t5 (1,1,—1)
= —128t; (1,—1)
=0.

Therefore, a surjective homomorphism of G(19,5) onto A4 is given by S — (123)
and T +— (142).

2.13. COROLLARY. Let a = 1 mod 2, and let G(a,3) be the group of the
knot b(a, B).
G(a,1) has a non-abelian tetrahedral representation <= a =0 mod 3;
G(a,3) has a non-abelian tetrahedral representation <= o = £5 mod 18;
G(a,a—2) has a non-abelian tetrahedral representation <= « = +3 mod 8.
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Proof. The following sequences (i;) are associated to the knot b(c,f),
Be€{1,3,a—2}:

blo,1) = (i) =(1,...,1), where n=9=1.
N—— 2
-1
b(e,3) = (ui)=(1,...,1,—-1,1,...,1),  where n=2%
(e, 3) (i) = ( ) 5
k n—k-—1
and k= [%]+1 :
2 )
b(a’a_2) = (}Li):(l,—l,...,—l), where n:a_l .
~————— 2
n—1

There is a non-abelian tetrahedral representation G(a, ) — A4 if and only
if t (p1y---ypn) =0.

b(a,1): Now Lemma 2.8 yields: ¢, (1,...,1) = —8t, _5(1,...,1).

Using formula (2), we get:

t,(1,...,1)=0 <= n=1mod 3 <= a=0mod 3.

n
b(c,3): First, by Lemma 2.8, we have:
tipr (Lo, 1, —1) = (=2)F %5 (1,-1) = 0.

If I =0 mod 3, we gain:

t 1,...,1,-1,1,...,1) = (=8)"3%;,,(1,...,1,-1) = 0.

mai1( ) = (=8)" 144 ( )

k l

On the other hand, if [ % 0 mod 3, it follows that

tiipr(L,.31,-1,1,...,1) =0 <= k+1+1=1mod3.
—— ——
k l

If n =1 mod 3, we have @ = 0 mod 3, but this contradicts @ = +1 mod 6;
remember ged(a, ) =1 and a@ = 1 mod 2. As a result, there is a non-abelian
representation G(«,3) - A if and only if l=n—k —1=0mod 3.

Let @ = £1 mod 6. Then, by definition, &k = g—g:—l, and therefore | =

N
G(a,3) if and only if

. There is a non-abelian tetrahedral representation of

n—k—1=0mod 3 = 2a =48 mod 18.

200



REPRESENTATIONS OF PALINDROMICALLY PRESENTED GROUPS ...

But a = +£1 mod 6 and 2a = £8 mod 18 =— a = F5 mod 18.
b(a,aa —2): An application of Lemma 1.6 procures the formulas:

t,(1,-1,...,-1)=-2¢,_,(1,-1,...,-1,1)
=16t, ,(1,-1,...,-1).
Now (2) gives:
t,(1,—-1,...,—-1)=0 <= n=1,2mod 4 <= a =+3 mod 8.
This proves the corollary. O

2.14. Remar k. Without giving a proof, we remark that there is a surjective
representation G(a,5) —» A4 if and only if @ = +3 mod 30 or @ = £11 mod 30.

3. Octahedral representations

Reviewing the fact that the octahedron and the cube are dual, it can be
easily seen that each orientation preserving symmetry of the octahedron is an
orientation preserving symmetry of the cube and vice versa. But each orienta-
tion preserving symmetry of the cube is given by the permutation of the four
diagonals of the cube, therefore € is isomorphic to the permutation group Sy
(see [4] or [8]).

3.1. THEOREM. Let G be a knot group. There is a surjective homomorphism
G — 8 if and only if A(—1) = 0 mod 3, where A(t) denotes the Alexander
polynomial of the knot.

Proof. Each homomorphism A: G — 84 is the lift of a homomorphism
G — 83 (see [6]). By [15; 1.11] there exists a surjective homomorphism G — S
if and only if A(—1) =0 mod 3. O

3.2. Remark. For every special symmetric group G(ey,...,€q-1), a =
1 mod 2, there is at most one conjugacy class of octahedral representations.
This class is associated to the point 7 =0 and y =1 in the (7,y)-plane, and it
exists if and only if @ = 0 mod 3.

4. Icosahedral representations

The group & of orientation preserving symmetries of the icosahedron is iso-
morphic to the alternating group As (see [4] or [8]). Let G be a knot group. It
is not possible to apply the theory of metabelian representations to prove the
existence of surjective representations G — Ajs because the alternating group
As is perfect. '

Let G = G(ey,...,€q~1) be a given palindromically presented group, a =
1 mod 2. There are at most two equivalence classes of surjective homomorphisms
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0: G — As of order 5, and one class of order 3; this was proved by R. Riley
(see [10; Section 2]). However, there are always pairs of classes of conjugate
representations G — As. There are exactly 6 classes of non-abelian conjugate

homomorphisms.

4.1. Example.

_{S»—»(123) ,_{Sr—»(123)
T — (145)° N T (54)°

By the very definition, ¢ and o' are equivalent, but not conjugate, as represen-
tations onto As.

In order to determine the points of the (7,y)-plane which are associated to
non-abelian surjective icosahedral representations, we consider an icosahedron
in E* (see Figure 2).

(_1) 01 a)
0 a1 /
‘ (0,a,1)
(0» —-a, _1)
(0) a, _1)

(1:0> _'a)

Figure 2. Icosahedron in E3

All 12 vertices of the icosahedron are obtained by a cyclic permutation of the

coordinates of the points (+1,0,+a), a = 1 +2\/5 (see [4]).

A homomorphism G — Aj of order 2 cannot be surjective because every non-
abelian subgroup of SO3(R) generated by two element of order 2 is a dihedral
group.

The axes of the symmetries of order § are determined by the 12 vertices of the
icosahedron. Let 1 be the angle spanned by two of those axes. All possible values

of T =cosy are r =+1 and 7 = +—2

R
1+ a? —:t\/g'

The associated homomor-
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REPRESENTATIONS OF PALINDROMICALLY PRESENTED GROUPS ...

phism is abelian if and only if 7 = £1. In order to describe homomorphisms of
order 5, the possible values of y are y = cot?(w/5) and y = cot?(2m/5).
The axes of order 3 symmetries pass through the 20 centers of the triangles

V5

of the icosahedron. 7 = £1, 7 = :}:l, and 7 = :ET are the possible values
of 7. We obtain again an abelian representation if and only if 7 = %1, and
a tetrahedral representation if and only if 7 = j:% (Ay C Ajp). For every

representation of order 3 we have y = 1

3
Altogether, we have proved the following lemma:

4.2. LEMMA. There are at most six conjugacy classes of representations
G—~S.

We denote representatives of these classes by ¢;: G - &, i = 1,...,6. We
fix the (7,y)-parameter associated to the ¢; as in the following diagram:

2 1

2 1 2
L (—\/—5,1+7§> Lo (_ﬁ’l— \/5) L3 (ﬁ’l_\Tg)
VE G
wl(~d1+ &) s (F3) |e| (83

4.3. Remark. All the coordinates correlated to ¢; are elements of Q(\/g ) .
The pairs of coordinates fixed by t2;—1 and tg; are exchanged by the Galois
automorphism 5 — —V/5, i =1,2,3.

4.4. Remark. All points in the (7,y)-plane which are related to non-abelian
representations onto finite subgroups of SO3(R) are contained in the following
list:

point group
( (_2" ) <v< D
cos| 547V ,0),1<v<n on+1
(+3.4) <
(0,1) Q
1 2 1 2 11

203



MICHAEL HEUSENER
The points of the (7, y)-plane associated to dihedral representations are elements

of the line y = 0. It-is easy to see that the remainder points are obtained as
intersection points of the lines

y=z5, y=22r+1 and y=+B+VE)r+(2+V5)

(see Figure 3).

Figure 3.

Points in the (7, ¥)-Plane associated to representations with finite image.
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Given a group G = G(e1,...,€q-1), @ = 1 mod 2, there is a representation
ti: G — As if and only if z,(79,y0) = 0, where (70,y0) are the coordinates
correlated to ¢;. With the intention to prove the existence of icosahedral rep-
resentations, we apply Lemma 1.6. Let (70,y0) be a pair of coordinates which
is associated to an icosahedral representation. We have zp«(70,y0) € Q(\/g)

if 0 < n* < 2, and, by Remark 4.3, we obtain z,(70,y0) € Q(\/g) because
zn(7,y) € Z[7,y]. Therefore, it is sufficient to consider the points (:t—\}—g, 1+ %)

and (‘/5 1).

303
Icosahedral representations of order 5.
We fix ff .=z, (:t%, 1+ %) and 7 := 2(1 + —\/%) . Lemma 1.6 yields the

following formulas:

2 .

- if pp =1,
fo+:1; frzo) f2+(1a,u’2):{ \/'57’3
3

if M2 = —1,
4
*773 if H3 = 1a ( )
f;(lau%yﬁ): ‘\{1—5774 if N3:—1, [12:1,
0 ifl'LS:_la p2 = -1,
and . 'f .
— _ 4 _ I g =1,
=1, = 7= 1, = . .
fo fi /5 f3 (1, p2) {772 iy = —1,
5
"’ if pg=—1, (5)
f3 (1, po, pu3) = —%”72 if p3=1, pp=1,
0 if ug=1, p2=-1,
and 5
Fi= == FO0 + panfrss) = a0’ fis - (6)

V5

4.5. THEOREM. Let G = G(e1,...,eq4-1) be a palindromically presented group

and (1, ..., Mn) the associated (u;)-sequence. There are at most two equivalence
classes of surjective homomorphisms of order 5 of G onto As represented by:
{ S s (12345) { S > (12345)
: ,  Tesp. _: .
U T - (13254) P 00 7 (14523)

Additionally, o+ : G — As defines a surjective homomorphism of order 5 if and

Proof. The first part of the theorem is proved by R. Riley (see [10]).
The remainder is a result of the discussion above. O
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4.6. LEMMA. Let n > 4. Then we have:

fv:zt(.ul’ ce ,p,n)
—.unns 7:::—3(#1; ceey ,U'n—3) if Mn = %1,
= 77 n— 2(:“‘1) . uufn—-Ba'_:u'n—2) if i =F1, pp_q = F1,

—#nﬂfn_1(#1, <oy Mn—-3, —Hn-2, _/‘Ln—l) Zf Hn = :F]- y Bn—1 = +1.

Proof. If u, = £1, the lemma is a direct conclusion of (6). Therefore, we

can assume [, = F1.
Applying (6) twice we obtain:

f'r:z‘:(ulv,ﬂn)
= ?4(§(un_1 FUF %n)ﬁﬁz F (SO F st —n°) 1 gfun 1 oy

The equation E + ——4—-7) = 772 ensures that

V5
+ 2 ot 4 5.4 4 3.4 .
o, pn) =" fi g% 7" Jozs— Wk foca i pmo =1,
and
+ 4 3t 4 3.x .
fn (l“h s Hu'n) = nﬁfn—i :}:77 fn—3 + %77 fn——4 if Un—1 = £1.
An analogous application of (6) results in:
4 4
+ + + .
faca(B1, oo pin—3, —pn—2) = —fo o F -ﬁfn—B + %ﬁfﬁc—zx if pno1 =71,
and

' 4 4
+ _ + 2 rt 2 rt
- Yty =3y 7 MFn—-2y - ==+ ot n— + —
fro1(ma Pn—3, —Hn—2, —Hn—1) \/gfn 2t fiis 7" e,
if pp—;==1.
Combining these equations yields the formulas

FEWa, - omn) = 0" faz2(u1, - gy —fin—2) i pin = pp_y = F1,

and
fr:Lt(/lfla T .un) = _:u’nnfn—l(y'lv <oy -3, —Hn-2, _‘,Un—l)
if pp=—ppn_1=7F1.
This proves the desired recursion formulas. O
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4.7. Example. The sequence (y;) = (1,-1,-1,—-1,1,—-1,—1,—1) is deter-
mined by the knot b(17,13). We have:
f;_(L _1’ -1, _1’ 1a _1v _17 _1) = _nzf(‘;’(l, _1: _1, _1’ 1, 1)
= ”lsz—(L _1) _1) = 07
fs_(la '_]-a _1’ —1> 1) ~1a _1a _1) = 773f5_(1, _17 _17 _17 1)
=7'fy (1,-1,1,1) = —n°f; (1,1) = 0.

We proved that there are two non equivalent surjective representations
G(17,13) — As.

4.8. COROLLARY. Let a =1mod 2 and let G(«, ) be the group of the knot
b(e, B).
0+: G(a,1) - As defines a representation if and only if @ = 0 mod 3.
o—: G(a,1) - As defines a representation if and only if =0 mod 5.
There is no icosahedral representation of G(a,3) which is equivalent to o4 .
o—: G(a,3) - A defines a representation if and only if « = 7 mod 15.
o+: G(a,a—2) - Ay defines a representation if and only if o = £2 mod 5.
There is no icosahedral representation of G(a, o —2) which is equivalent to p_ .

Proof. The sequences (u;) associated to the knots can be found in the
- sl+1
proof of Corollary 2.13. Fix n = aTl and k = —[—3—]—2——} There is a
representation o4 : G(a,8) — As (resp. o—: G(o,8) — As) if and only if
f:(,ula---a,u’n) =0 (resp. fn_()u’l)hu'n) :0)
b(a,1): By Lemma, 4.6, we obtain f}(1,...,1) = —n*f_4(1,...,1), and,
using (5), one obtains

fA(1,...,1)=0 <= n=1mod3 += a=0mod3,
@ D) = =0’ f (1,1, -1 = =0 f (1, 1).
Again (5) gives
fo(l,...,1)=0 <= n=2mod5 <= a=0mod5.

b(e,3): In the first step we are interested in f; 1,...,1,-1,1,...,1).
( ) ) P 1 fk+l+1(

k l
If I # 0 mod 3, we get
A ...,1,-1,1,...,1) =0 <= k+!+1=1mod3.
fk+l+1( )

k l

The assumption n = 1 mod 3 leads to o = 0 mod 3, which is impossible
because ged(a, 3) = 1. Therefore, there is no representation equivalent to o+ if
n—k—1% 0mod 3.
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In the second step, we will use again Lemma 4.6 and (5). -
If £k > 1, we obtain:

fia(1,...,1,-1) =0 <= k=0mod 3. (7)
Let I =0 mod 3. Then (7) gives

+ —
1,...,1,-1,1,...,1) =0 <= k=0mod 3.
fk+l+1( )
k l

By definition, we have a = +1 mod 6, which gives k = a;Fl and | =
%. Accordingly, we come up with two congruence equations:
k=0mod3 — a==+1mod 18,
l=0mod3 = a=+4mod18.

It is evident that there is no solution. This proves the non-existence of a
representation o4 : G(a,3) — Aj.
Next we consider the equation

fk—+l+1(,1""’17—1’1’--"1):0' (8)
k l
Applying Lemma 4.6 and (5) it is possible to derive circumstances under

which there exists a solution of (8). The results are summarized in the following
table:

l k
l=0mod5 | k=4mod5
=1mod 5 | k arbitrary
l=2mod5 | k=1mod5
[=3mod5 | k=3modb
I=4mod5 | k=2mod5

and o = +1 mod 6. There exists an o which

where k = a:Fl,lz 2a—9+1

solves these equations if and only if [ =1 mod 5.

l=1modb5 = a=+7mod15.
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b(o,a0 —2): Now Lemma 4.6 gives:

-1, =) =—n?ft,(1,-1,...,-1,1)
=-n’fi s(1,-1,...,-1).
From (4), we get:
fr@a,-1,...,-1)=0 <= n=1,3mod 5 <= a=+2mod5.
An analogous application of Lemma 4.6 and (5) results in f; (1,—1,...,—1)
” O’i“his finishes the proof of the corollary. O

Icosahedral representations of order 3.

We use the same methods as in the last Subsection in order to study icosa-
hedral representations of palindromically presented groups of order 3. Let G =
G(e1,...,€q—1) be a palindromically presented group, a = 1 mod 2. There is a
homomorphism G — Ajs of order 3 if and only if zn(%, %) = 0. In order to

n
keep formulas as simple as possible, we introduce d, := (%) Zn (%, %) The
use of Lemma 1.6 gives:
0 lf Ho2 = 1,
do=1, di=-(1+V5), do(1,p :{

0 1 ( ) 2(1, p2) (1+\/3)2 if = —1,

d3(17,u'2,“3) =0 < Mo = 13 M3 = _17
d4(1au27“3’ﬂ4) =0 ¢ pw=pu=-1, p=1,

(9)

and
dn(,ufla cey ,un) = "(l‘n + \/g)dn—l = 24n (/Ln + \/g)dn-—2 — 8undy—3 . (10)

4.9. LEMMA. Let n > 5. Then we have:

dn(;u'h e )/1'71)
—pn2°dpn 5 (1, - - . s Hn—5) if Pn = Pn-1= pin-2,
= —,u'n23dn—3(ulv ceey Mn—4, _Nn—S) Zf Hn = Un—-1 = —Hn-2,

—ptn2dn_1(p1, - oy n—3, —fin—2, Nn—l) if Pp = —Hn—1.

Proof. We apply the formula (10) three times and come up with:

dn(/"'la ceey Mn=3, Uy iy ,u) = _(;Uf + \/g)dn—l - 2/1'(/1' + \/g)dn—2 —8udp_3
= 4dn—2 + 4(/1 + \/g)dn—B + 8.“'(# + \/g)dn—4
= —32/Ldn_5.
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An analogous calculation leads to:

dn(B1, -+ s in—3, —Hy o 1) = 42 + 4 (4 V5 )dns + 8 ( + V5 ) dn—s
= 8(dn—3 + 2V5dp_4 + 4d,_5)
= _sﬂdn—3(ﬂla <oy Mn—4, —/an—3) )

and

dn(B1y- - oy b2y —ps 1) = — (1 + V5 )dn—1 — 2p(p + V5 )dp—z — 8udp—3
= —2u((—p+ \/g)dn—z + 8dp_3 +4(p+ \/g)dn—4)
= _2udn_1(u1’ ceryUn—3, —Hn-2, _/"') .

O

4.10. THEOREM. Let G = G(ey,...,€a—1) be a palindromically presented
group and (p1,...,un) the associated (u;)-sequence. There is at most one equiv-
alence class of surjective homomorphisms of order 3 of G onto Ags given by:

{ S — (123)
2\ T (145)°

In fact, o: G — Ag defines a surjective homomorphism of order 3 if and only
if dn(ula-"aﬂ'n) =0.

Proof. See proof of Theorem 4.5. O

Lemma 4.6 and Lemma 4.9 yield useful methods to find icosahedral repre-
sentations of palindromically presented groups.

4.11. Example. Let 65 =b(13,5). The (u;)-sequence (1,—-1,1,1,-1,1) is
associated to this knot.

fE(1,-1,1,1,-1,1) = =n*ff (1,-1,1) #£0,
f6_(1a_171717_1?1) = _nf;_(la—'la 17_1a1)

= ﬁsz(L —-1’ _11 1) = _TISf;-(la 1» 1) # 07
de(1,-1,1,1,—1,1) = —2ds(1,—1,1,—1, 1) = —8d(1,1) = 0.

We obtain that G(13,5) does not possess a surjective icosahedral representation

of order 5. But there are two conjugation classes (one equivalence class) of
representations of order 3.
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4.12. COROLLARY. Let a = 1 mod 2, and let G(a,3) be the group of the
knot b(a, B).

There is a surjective representation G(a, 1) — As if and only if « = 0 mod 5.
There is no surjective icosahedral representation of G(a,3) of order 3.
There is no surjective icosahedral representation of G(a, — 2) of order 3.

Proof. The corollary is proved in the same way as Corollary 4.8 by use of
Lemma 4.9 and the initial conditions (9). O

4.13. Remark. One may also consider palindromically presented groups
G =G(e1,...,6q-1) In case of a even (including links with two-bridges).

G =Gle1,...,6a-1)=(S,T| LsT =TLs), Lg= ST, Tee-25%"1

where ¢; € {£1} and &; = e4—;.

Let G = G(e1,...,€a-1) (a even). We would like to study non-abelian rep-
resentations p: G — SO3(R) which factorize through SU2(C) such that o(S)
and o(T) are conjugate in SO3(R), i.e.

:{ S~ 6(P,¢)

T 850, 0) (P#Q).

The equivalence class of such a representation is also determined by 7 =
(P,Q) and y = cot? —(g— . Moreover, Lemma 1.6 remains valid with slight changes:

a—2

Put n= =5, pi = en—iy18n-it2, 1 i <n (see [2)).

The polynomial z,(7,y) is determined by the numbers e,41, pi, 1 <7 < n.
The recursion is the same as in Lemma 1.6, but the beginning changes to:

w=¢1, 2z =2(my-7), z22=-e3(p(y—1)—27)(2uy—27+my+1)).
Therefore, Lemma 2.8 is still true; but we have to change formulas (2) to:
tat =€1, t:lt 252(,[L1:F1), tzi =——53(/J,1:§:1)(2,U,1+,U2:F1).

The same holds for Lemma 4.6 (resp. Lemma 4.9) if one changes formulas (4)
and (5) in an analogous way.
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