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QUADRATIC REGRESSION MODELS!

LuBoMIiR KUBACEK

(Communicated by Anatolij Dvureéenskij )

ABSTRACT. A quadratic vector function is used as an approximation of the
mean value of the observation vector in nonlinear regression models. In the qua-
dratic model, considered explicit formulae for estimators and their covariance
matrices are given.

Introduction

Estimation procedures in nonlinear regression models, cf. [3], in compari-
son with procedures in linear models, see, e.g., [4], are relatively complicated.
However, when the effects of nonlinearity are limited up to the second power of
differences between the actual values of the parameters and a priori (by a statisti-
cian chosen) values, then the estimation procedure can be developed with similar
features as the linear procedures have, e.g., nonrecursive calculatior, the explicit
formulae for the covariance matrix of the estimator, etc.

The aim of the paper is to contribute to a development of such procedures.

1. Notations and auxiliary statements

Let Y ~ N_ (Fﬂ+%n, 2), B € R* ie., the n-dimensional random vector
Y is normelly distributed with the mean value E(Y | B8) = F3 + 1k and the
covariance matrix Var(Y | ¥) = X. Here the n X k matrix F with the rank
r(F) = k is known, k = (k,...,k,)" (' denotes the transposition), «, = 8'H,3,
i=1,...,n, the k x k matrices H,,...,H, are symmetric and they are known,
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LUBOMIR KUBACEK

and the nxn matrix ¥ is positively definite (p.d.) and also known. The unknown
vector B can attain any value from k-dimensional Euclidean space R¥ . The aim
is to estimate the value of 3 or a function of 3 on the basis of the vector Y by
a linear or by a quadratic statistic.

In the following, M(A) denotes the column space of the matrix A, and
vec(A) denotes the vector created by the columns of the matrix A. Let A be any
n X s matrix and W an n x n positively semi-definite matrix with the property
M(A) € M(W); then P¥ = A(A’'WA)~A’W (in this case, it is a projection
matrix on M(A); ~ denotes a generalized inverse, cf. [5]) and MXV =1- PXV.
The symbol | denotes the identity matrix.

If W =1, then Py = A(A’A)"A" and Mp =1 —Pp. If M(A) ¢ M(W),
then PXV = A(A'WA)*A’'W (* denotes the Moore-Penrose generalized in-
verse, cf. [5]) is correctly defined, idempotent, but it is a projection matrix on
M[A(A'WA)*]| only and not on M(A).

2. Linear and quadratic unbiased estimability

LEMMA 2.1. In the considered model, the function h(3) = W3, B € R* , is an
unbiasedly estimable by a linear statistic if and only if h € M(F’MH) , where

(vec(Hl))l
H= s
(vec(H”))l

Proof. The statistic L'Y is unbiased estimator of the function h(-) if and
only if there exists a vector L € R™ such that

V{BER'} (E(LY|B)=)LFB+ 5LHE™ =3

F h
= (FI’)L:<O> = he M(FMy).
0

COROLLARY 2.2. If M(F) C M(H), then no linear function of the parameter
B can be linearly and unbiasedly estimated.

Proof.
M(F) € M(H) <= M(My) = Ker(H’') C Ker(F')
== F/MFI =0.
0
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QUADRATIC REGRESSION MODELS

COROLLARY 2.3. If M(H) C M(F), then
M(F’Mﬂ) CM(F) & M(F'MH) # M(F'),

1.e., there erist linear unbiasedly estimable functions in the linearized model, i.e.,
Y ~ N, (F3,X), which are not linearly unbiasedly estimable in the gquadratic
model.

Proof. :
M(H) C M(F) <= M(Py) c M(Pg).
Let Q,, Q, be matrices such that Q1Q, =1, Q|Q, =0, Q,Q, =1, P
Q,Q}, and P = Q,Q} + Q,Q5. Then M';' =1-Q,Q}, and there exists a

1) such that F = (Q,,Q,) <21 ) .
2

2

. R
regular matrix R

Thus
M(FMy) = M[(R1Q] + R,Q)(1 - Q,Q)] = M(R,Q}) = M(R)),
M(F') = [(R’ R)) ( )J M(R/,R)).
As M(R,) € M(R/,R}) & M(R,) # M(R/,R}), the proof is finished. o

COROLLARY 2.4. In the model, the whole parameter 3 is linearly unbias-
edly estimable if and only if there exist matrices X and B such that F =
(U, X +U,)B, where U, and U, are matrices with orthonormal columns such
that

U, =0, P':'=U1U'1 and U, U] + U2U’ =1

Proof. There exist matrices A and B such that F = U;A+ U,B. Then
M(F'My) = M[(A'U] + B'U,)U, U] = M(B'U,) = M(B’),

T e (§)] e

If M(F') = M(F'My), then M(A') C M(B') <= 3{X: A=XB} =

F=(U,X+U,)B.
If F = (U;X + U,)B, then

M(F') = M[B'(X'U, + U))] = [B’(X’,I) (31 )]
= M[B'(X',1)] = M(B'X,B) = M(B') = M(F'M,3)
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Remark 2.5. The statement given in Corollary 2.4 can be reformulated in the
following way.

M(F)AM(U,)={0} <= F=UXB+U,B.

Proof. Let M(F)n M(U,;) = {O}. Then there exist matrices A and B
such that F = U,;A 4+ U,B. Further

" <51> = r(F'U,) +r(U,) = r(F') + r(U))
= r(F'U,) =r(F) < r(U,F) =r(F),

r(U,F) = r(B) = r(F)

HUF) = r(a) < r(F)  MADEME) — A=XB.

Let F = U;XB + U,B. Let O # x € M(F) N M(U,). Then there exists a
vector u such that x = U XBu + U,Bu. As U,x = O = Bu, one has x = O.
that is a contradiction. O

THEOREM 2.6. If, for the function p(B) = p’'B, B € R*, it is valid p €
M(F’Mﬂ) , then the BLUE (best linear unbiased estimator) of the function p(-)

18
P[F'(Mg=Mp) FITF (M M) "y
(Mg=ME) "
H

p'B=

pCIFE M Y

b

and its dispersion s
Var(p'B | E) = p'[F (MgEMy) F] T p.

Proof. A statistic L'Y is an unbiased estimator of the function p(-) if

and only if F'L = p and H'L = O. The BLUE can be found by the Lagrange
procedure.

(L) = L'SL 2N, (F'L—p) - 2X,H'L,
10%(L)

=%L*—F\, —H\, =0 — L*=3"'FA, + Z71H),.
2 aL |;_;-

(FL*=)FZ7'FA, + FZ7'HA, =p
(HL* =) HZ7'FA, + H'S7'H'\, = O

s (M) = F2'F, FX'H ’ P)
== \a,) " \Asf, Asw) \o
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is one of the Lagrange vector multipliers A;, A, (however the estimator is
unique). The Moore-Penrose g-inverse of the p.s.d. matrix of the system gives
+ 1+
A= [F(MgZMy) F] 7 p
= C 'p+ C 'FE'H[H' (MgEMg) T H] THE'FC1p,
A, = —(H'ST'H)TH'SIF[F (Mg EMg) TF] T p
= —[H(Mg=Mg)*H] THE'FC1p,

where C™1 = (FX~1F)~1.
For (L*)'Y we thus obtain

p'B = (L)Y = p'[F(MgEMg) "FITF (M M) Y

_ p’C'lF’z:'"IM,g""FE""F)+ Y.

Further . Tt
Var(p'8 | E) = p'[F/(My=My) "F] 7 p,
since (MgEMg) ' E(MGEME) " = (MEM,) ™. =

LEMMA 2.7. A linear function h(B) = '3, B € R¥, is unbiasedly estimable
by the quadratic statistic | + L'Y + Y'AY if and only if

F, o p
sH, FoF L _|o
0, F®H vec(A)) | O
0, AoR o
Proof.
V{3 € R*}

E(l+L'Y+Y'AY |DB)
=1+ UFA+ U'YAB* + Te(As) + (FB + 1AG®) ‘A (F6+ 3Rp®)
=1+ Tr(AX) + L'FB + {L’%Fl + (vec(A)) (F® F)}ﬁ2®
+ (vec(A))'(F @ H)B*® + 1 (vec(A))'(H @ H)B3*®
=p'B
= 1=-Ti(A%) & LF=p & LHL+(F®F)vec(A)=0
& (FoH)vec(A)=0 & (H ®@H')vec(A)=0.
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COROLLARY 2.8. The function h(8) = W'3, B € R¥, is unbiasedly estimable
by a quadratic statistic [+ L'Y + Y'AY if and only if

he M{(F', O)Ker[—%ﬂ’, F’@(F’MH)} }

Proof. By Lemma 2.6, the function A(-) is unbiasedly estimable by a qua-
dratic statistic [ + L'Y + Y’AY if and only if
I=—Tr(AY) & LF=p & %H’L + (F @ F)vec(A) = O
& (FoH)vec(A)=0 & (H ®@H)vec(A)=0.
The last two conditions are satisfied by the matrix A of the form
A=2Z,— (H) HZpF,H)(FH)".

Thus the condition %I:l’L+ (F'&F’) vec(A) = O can be equivalently reformulated
as —tH'L = F'MZAF, since (F, Hj)(FLH’)_F =F, and the matrix (H)~ can
be chosen in such a form that | — (H')"H’ = M. Thus

(5 eo@my) (law) (o)

— he M{(F’,O) Ker{%ﬂc Fﬂx(F/MH)} } .

O
e'H,

COROLLARY 2.9. Let H = ,it=1,...,k, where e, = (0,...., 0, 4.
eH,

1;,0,41,.--,0,)" . The function h(B) = W' B, B € RF, is unbiasedly estimable by

a quadratic statistic |+ L'Y + Y'AY if and only if

he M(FMg), R= (H;MF,MH, o H;MF,MH> .

Cc

Proof. By Lemma 3.2 in [1], for any matrices B, ,,

Mgp/
Ker(B,C)zM( BMC) .
B

Regarding Corollary 2.8 let B = %I:l',

t,u

C=F ® (F'My); thus
1 1
B'Mc = 3H(1- PF’®(F’MH)) = sH(le1-Pp PF,MH) ‘
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Since
1Q1 — P @ Preipg. =M @ Peigg . +1Q Meipg
F FMy F FMy, FMy
and
M(F)=RF = Mg =0,
we obtain
B/Mc -

H(le MF/MH) = %(H;MF,MH,.. , H;MF,MH) .

N[ =

Thus :
M(B'Mc) = M(H;MF,MH,...,H;MF,MH) = M(R)

and M{(Fl, 0) Ker{%—ﬂla F'®(F’Mﬂ)}} = M(FMg).
O

LEMMA 2.10. If M(F) C M(H), then there does not exist a linear function
of the parameter 3 which can be unbiasedly esttmated by a quadratic statistic
I+ LU'Y +Y'AY.

Proof.
M(F) © M(H) < 3{E: F = HE}
= M{(F,0)Ker[5H, Fa(FM)|}
- M{(E’Fl’,O)Ker[%FI, E’FI’®(E’FI’MH)]}
= m{(EW,0) Ker(%l:l',O)} - {0}.
d

LEMMA 2.11. The BLUE of the mean value of the observation vector Y 1is

— MM )" 1 (MgEML) T
E<Y|ﬂ>=(P§ M) + Py M) )Y
+ . (MesMg )Tt

Proof. Let L, € R™ be arbitrary, and f(8) = LiFB+ L)1k, 3 € RF. An
unbiased linear estimator LY of the function f(-) must fulfil the conditions

LF=LF & HL=HL,.
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The vector L which minimizes the quantity L'3L under these conditions can
be obtained by the standard Lagrange procedure; the auxiliary function is
(L) = L'SL— 2N (FL-FL,)—2X,(H'L-H'L,).
The equation
oP(L)
oL

implies the following solution for the Lagrange vector coefficients A, and A,:

A\ _ (FETF, EIE—IFJ ! F L
A, T \HXZ'F, H'S-'H H’ 0

Thus, we obtain the estimator of the function f(:) in the form

(i (FEF FSTHNT (RN o e
Lo(F’H)<H2-1F H'Z'H )= Y = LPegnY

Now it is sufficient to express the projection matrix P(F M)
matrices given in the statement and to realize that the vector L is arbitrary.

a

=0,

via the projection

Let

P\~ s (FEF OFEURHNT
<ﬂ,> —(UV) =% (F,H><n/>y1r, ﬂlen>

. + + =1t

ie., U= (MREM) F[F (MaEM,) TF] T

THEOREM 2.12. Let a function p(3) = p’'B, B € R, be unbiasedly estimable
by a quadratic statistic — Tr(AX) + L'Y + Y'AY | i.e.,

p e M{(F',0) Ker| ', Fa(FMg)| }.
Then, at the point 3=0, 3, the best unbiased estimator is
— -1 7-1
75— o[ (5+ 1sum) ¥ (5 + Jsum)
Tr{ [F (Mg =My) "FTH,} - (8°)'H, B°

-1

Y+ - :
Tr{ [F'(MgSMg) "F]TH, L — (8°)H, 3°
where
U'SU = [F(MEM) TF) T,
{Susuli,; = Ti(HUSUHU'SY), i j=1.. k.
and
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B = [F(MyEM,) Fl ' (MyEM,) Y.

n
Proof. Let Hp = ) L H,. The matrix A satisfying the equality

i=1

(Fwen (e 8

can be expressed as
A=—2UH,U +Z, — (UF + VH')ZA(FU' + AV').

Now we shall proceed by the standard Lagrange method. The auxiliary function

1S
®(L,Zp)
=U'sL+2Tr{ [~%UHLU’ +Zp — (UF'+ VH')ZA(FU' + AV')]

5> ‘-‘%UHLU/ +Zp — (UF + VA Z, (FU' + HV')J 2} —aN(F'L—p),

Lz
_”_8(1)(8’1. a) _owi—oFa+ Su'sul
Tr{[EZ5X - Z(UF' + VH")Z ,(FU’ + HV')Z]UH, U’}
Tr{[EZp% — Z(UF' + VH')Z5(FU’ + HV')Z]UH, U’}
OP(L,Zp)

o®(L,Z
9Zy T %Diag< éiA A)>
= —4XUH, U'S + 4(FU’ + HV')ZUH U'S(UF’ + VH')
+8XZ,% — 8(HV' + FU')SZ, Z(UF' + VH')
— 8X(UF + VH')Z5(FU' + HV)E
+8(FU’ + HV)S(UF’ + VH)Z5 (FU’ + HV')S(UF' + VH').

od(L,Z
From the equation —% = 0, we obtain
1
(=+3Susu)t
Tr{[£Zp% — S(UF' + VH')Z (FU' + HV')S]UH, U’}
=F\+ : ;

Tr{[EZp% — Z(UF' + VH')Z,(FU’ + HV")S|UH U’}
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d(L,Z
and, from the equation O%(L, Zp) +1 Diag 9%(L,Zp) = 0, we obtain
9Zy 2 9z,

e o (U F\ o
A=% 1(F,H)(V,)2AE(U,V)<H,)2 L

“on (B g (¥),

thus
A=-2UHU".
Since ; 3
A+ ZUH U =Z, - (UF + H)Zp(FU' + AV) =0,
we obtain

L=(z+ %SU/EU)_lF[F’(E + %SUIEU)_IF] “p.

Now it is easy to find

Te{[F/ (Mg EM) "F] " H, }
~ Tr(AX) = %L’ :
Tr{[F' (Mg =My) "F]7H, }
and
(IB*)/Hlﬁ*
YAY = U : :
(ﬁ*)lHnﬂ*
and to finish the proof. a

Remark 2.13. From Corollary 2.8 and Theorem 2.11, it can be seen that we
have a relatively simple quadratic estimator for unbiasedly estimable functions:
however the class of such functions need not be sufficiently large. Therefore, in
the next section, another approach to the estimation is chosen.

3. Estimability of the second order

DEFINITION 3.1. A statistic { + L'Y + Y'AY is a (2)-unbiased estimator of
a function h(B) = W3, B € RF  if

I=-Tr(A®), Fl=h and L'LA+ [vec(A)](FOF) =0,
i.e., the bias caused by the third and fourth powers of the components of the

parameter 3 is neglected.
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LEMMA 3.2. In the model considered here, the whole vector parameter 3 is
(2)-unbiasedly estimable.

Proof. As r(F) = k, for any h € R* there exists L € R" such that
F'L = h. Now, it will be shown that for any L € R™ there exists a symmetric
n X n-matrix A such that % > {L},H, = F'AF.

i=1

Let H be an arbitrary k£ X k symmetric matrix. Then there exist two p.s.d.
matrices H™ and H™ such that H =H* —H~. Let H* = J,J] be the full rank
factorization, and, similarly, H™ = J,J,. Then

M(F)=R* = M(J,)c M(F), i=1,2
< 3{S,: J,=F'S,, i=1,2}
= H=F'(8,S] — S,S,)F.
Thus A =S,S] —S,S5. O
THEOREM 3.3. The (2)-unbiased estimator of the vector parameter 3 which

has the minimal (in the Loewner sense) variance matriz among all (2)-unbiased
estimators at the point (3=0,X) is

p=[F(=+ %SC~1)_1F]_1F’(E + -;—sc_l)_1
Tr(H,C™%) —B,Hllé
Y + 2
Te(H,C1) — FH,
where
{Sc-1}

The covariance matriz of this estimator at the point (3=0,X) is

Var(3|8=0,%) = [F' (2 + %scml)”lF]

=Tr(H,C'H,CY), dj=1,...,n, PB=C'FEly.

1,3

-1

Proof. (2)-unbiased estimator of the function h(3) = h'B, B € R*, is
—Tr(AX) + L'Y + Y'AY, where

FL=h & 1H +FAF=0,
(Hy = Y_{L},H,). In the following, the symbol =(,) denotes the equivalence
i=1
up to the second power of the components of the parameter 3. Thus

Var(L'Y + Y'AY | 3, %)
=(2) L'SL+4L'SAFB + 2L'SAk + 2 Tr(AZAX) + 43'F AXAF3
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and

Var(L'Y + Y'AY | 3=0,%) = L'SL + 2Tr(AXAY).
The last quantity must be minimized under the conditions X'L = h. -‘_E'HL +
F'AF = O. The Lagrange procedure gives

B(L,A) = L'SL+2Tr(ASAS) — 2XN'(F'L — h) — Tr {n'(%HL + F’AF” .

P (L, A) Tr(EYH,)
1
———= =23L - 2F\ — - :
oL 2 : ’
Tr(2'H,)
0P(L,A
—éA’—) = 8%AY - F(Q + Q')F' — [4Diag(XAX) — Diag(FQF')] .
Thus, the following system of equations must be solved
) Tr(2'H,)
EL-FA~Z : =0, 8XAY -F(Q+Q)F =0,
Tr(Q'H,)
FL=0, FAF+.H =0
Obviously,
Tr(2'H,)
L=%"'FA+1x : . A=LRTFQ+Q)FE
Tr(2'H,)

FAF+1H, =0 = lc@+a)c+iH, =0

= L@+9)=-2cHC !

Thus _
A=—L37'FCT'H CTIF'E
and
- 1 - 1 -1
L=S""FA+ ;37 (=28c )L = L= (T+£Sc) FA.
Further,

-1 1-1
Fl=h — A= [F'(2+%sc_1) F} h
= L= (z+ %sc_l)_lF{F’(z + lscfl)"lF} “n.
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As B =C 'F'£71Y, we obtain

A'H,B
Y’AYz—%ﬁ’HLB:—L’% :
B'H,B
and
Tr(H,C™1)
—Tr(AY) = L'% :
Tr(H,C™1)

Thus
~Tr(AX) + L'Y + Y'AY
-1 7-—1
~H[F(S+4Sc) F| F(D+35¢)
Tr(H,C~') - B'H, 3
Y + E
Tr(H,C™ 1)~ B'H 3

Since the vector h € R¥ was arbitrary, the first statement is proved.

-1

The relations

cov(Y,B8'H,8|8,%)
= cov(Y,Y'S'FCT'HCTIF'E 'Y | 8, %)
— 258 'FC'H,CF/E! (Fﬂ + %n) ,
and
cov(B'H,3,8H,3| B, %)
-~—1 -1 -1t -1 ! -1 1/ 1
=2Tr(H,CT'H,C™) +4(B+CTIFE"Le) H,CT'H, (B+ C FE™1k)

are necessary for the proof of the second statement. If we use them for 3 = O,
then we finish the proof easily. O

Remark 3.4. The estimator
Tr(H,C~ ') - B'H,8
B=B+—;—C_]'F'E_l f
Tr(H,C') - 3'H B

is also a (2)-unbiased estimator of the parameter 3.
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Its variance matrix at the point =0, X is

Var(B | 8=0,%) = C™' + LCIF'B7IS ETIFCT!

Proof. It can be done in an analogous way as in Theorem 3.3. O
Remark 3.5. It may be of some interest to know something on the difference
Var(B | B=0, ) — Var(B | 8=0, %),

even we know that it is p.s.d.

Let %Sc—1 = JJ’ be the full rank factorization of the matrix %Sc—l . Then
it can be easily proved

—1 -
[F(=+3Sc) F| LT FE I (MeEME) ] SR

-
Let Y A, ff/ be the spectral decomposition of the matrix J/(MgEMg)*J.
=1
where 7 is the rank of this matrix and obviously A, >0, ¢ =1,...,r. Then

Var(8| 8=0,%) — Var(3 | 8=0,3)
—CTIFES IS TIFCT - CTIFE U1+ V(Mg EM) ] T IS IFCT!
=CT'FE I - 1+ Y (MEM) TS TFC!

by
=C'F'x- 1J(Z T Q’)J’Z“lFC_l <L c—lr'z—léscflz-lrc—l.

i=1
)‘ / r__ 1
since Z 1+)\ f.f! <,land JJ' = 5Sc-1.

Remark 3.6. Let a quadratic model arise from the Taylor series of the mean
value of an observation vector Y, i.e.,

of(B) 1 e
B(Y |8)=f(BY) + 55 |y_pwB+ 25(B),
where
of(B) _ _3_30
o5 ﬁ:ﬂm)—" 58=p8-p80,
82
K(68) = (5, ..., 5,), — (68)’ ngg)(ﬁzwaﬂ, i=1,...,n,

and B(® is a value chosen by a statistician. Then the problem, if 3(%) is chosen
properly, i.e., if the third and higher powers of the components of §3 can be
neglected, can be solved on the basis of the following consideration.
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Let a function h(683) = h'63, 63 € R* | be considered, and let

-1

-1 7-1

h=H[F(Z+5Sc) F| F(S+5Sca) =nT.
Then, from Theorem '3.3, we obtain

E(HB| B +53)

- 1 1
=63 + Z_;{Lh}i [—En’(éﬂ)T’Hiéﬁ - gn’(éﬂ)T’HiTn(éﬁ)] .
Let us choose, in the parameter space, an arbitrary vector s with the Eu-
clidean norm one, i.e., s's =1, and let 3 = st, t € R'. Then
—LK/(68)T'H,68 = C, (i, )t

and

— 5K/ (88)T'H,Tr(8B) = C, (i, )t

Let ¢, be a constant such that the value cb\/h’[F’(E + %Sc—l)alF]WIh is

tolerable in the bias of the estimator of the function h(-). Now, if ¢ is increasing
from t = 0, then, in t = tg, the quantity

Z{Lh}i (Ca(i’ S)ti + C, (3, s)ti) )

attains the value cb\/h’ [F’ (Z+ %Scﬁl)_lF] “1h.

If a statistician is sure that the actual value of 3 is located in the set
(*) = {BY +st,: seRF},

then the approximation E(Y | 8) = f; + F68 + 1k(68) of the model E(Y | 3)
= f(B) can be used.

The quadratic approach gives a chance to obtain the set (x) larger than the
analogous set in case of a linearization of the model (in more detail, cf. [2]).
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