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QUASIUNIFORM LIMITS
OF QUASICONTINUOUS FUNCTIONSY

JAN BORSIK

ABSTRACT. It is proved that every cliquish function f: R — R is a quasiuni-
form limit of a sequence of quasicontinuous functions. -

A real function f: R — R is said to be quasicontinuous (cliquish) at z € R
if for every neighbourhood U of z and every € > 0 there is a nonempty open
set G C U such that |f(z) — f(y)| < € for each y € G (|f(y) — f(z)| < e for
each y,z € G). A function f is quasicontinuous (cliquish) if it is such at each
point of its domain [5].

A sequence (fy), fn: R = R quasiuniformly converges to f: R — R [6] if
the sequence (f.) pointwise converges to f and

Ve>0 VYmeN dpeN VzeR:
min{|fmt1(2) = f(@)]; .-, [ fmtp(z) = f(2)|} <e.

The letters R and N stand for the set of real and natural numbers, respec-
tively. If A is a subset of R and z € R, then d(z,A) = inf{|z — a|: a € A}.
If f: R > R is afunction , then Cy and Qy stand for the set of all continuity
and quasicontinuity points of f, respectively.

If f: R — R, then the function wy: R — RU {oo}, given by the formula
ws(z) = inf{sup{|f(y) — f(2)|: y,z € U}: U is a neighbourhood of z}, is said
to be oscillation of the function f. It is well known that wy is upper semi-
continuous and w¢(z) = 0 if and only if f is continuous at = [6].

If K is a family of functions f: R — R, then B(KX), U(K) and D(K) denote
the collection of all pointwise, uniform and quasiuniform limits of sequences
taken from K, respectively. Further we denote by C, @ and P the family of
all continuous , quasicontinuous and cliquish functions f: R — R, respectively.
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It is well known that U(C) = D(C) = C and B(C) is the family of Baire
1 functions. Further U(Q) = Q and U(P) = P [5]. In [3] it is shown that
B(Q) = P and B(P) is the family of all functions with Baire property. In [1]
it is shown that D(P) = P (see also [2]) and that D(Q) # Q. We shall show
that D(Q) = P. The inclusion D(Q) C D(P) = P is obvious.

THEOREM. Every cliguish function f: R — R is the quasiuniform limit of a
sequence of quasicontinuous functions.

Proof. Put 4, = {z € R: wy(z) >27"}. Then A, are closed sets with

oo
regard of the upper semi-continuity of wy and because the set R—Cy = [J A4,
n=1
is a set of the first category [2], they are nowhere dense. Moreover, 4; C A; C
- C Ap C .... Since the set Cy is dense in R we can define a function
g: R — R as follows:

limsup f(u), for z € R — Ay,
g(w) — u€C),u—z

f(z), for z € A;.

Since f is bounded on some neighbourhood of z € R — A; we have g(z) < 0o
for each z € R. The function ¢ has the following properties:

(1) g(z) = f(z) for each = € Cy,
(2) if z ¢ Ay then |f(z) —g(z)] <27% and
(3) R—A4; CQ,.

(1) is obvious.

(2): Let @ ¢ Ak. Then wy(z) < 27F and there is a neighbourhood U of
such that |f(z) — f(y)| < 27F for each y € U. There exists a sequence (u,)
of points in Cy such that (u,) converge to z and g(z) = lim f(u,). Then
17(&) — (@) = 1f(z) — im_ flun)] <27,

(3): Let z € R— Ay, U be a neighbourhood of z and ¢ > 0. Then there
is v € CyNU such that |f(u) — g(z)| < 5. Since u € Cy there is an open
neighbourhood G of u, G C U such that [g(u) — g(y)| < 5 for each y € G.
Therefore, with respect to (1), for each y € G we have

lg(z) = g(y)I < lg(=) — Fu)l +1f(u) — g(w)] + |g(u) — g(y)| <&,
which yields z € Q.
Let k£ € N. Since R—Aj isopen, R—Af = Lj(af,bf), where s € {0,00}UN
=1
and (ak,b¥) N (ak,0}) =0 for i # .

)7
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Let : € N. Let a¥ # —~co. Then a¥ € A;. If a¥ ¢ A, then af € Ay — A,
for some t € {1,2,...,k—1}. Since a¥ ¢ A, so ws(a¥) < 27*. Therefore there
is a¥ > 0 such that |f(a¥) — f(y)| <27 for each y € (af — 2ak,af + 2a8). If
af € Ay, put af = % Now put
. { min{af+%,af+af, af+%(bf—-af)}a if b¥ # oo, )

C;: =
" | min{af +{, af +af}, if bf = oo.
Further put
of = min{s € N: d(af, 4,) < % } .

Evidently q:‘ <k.If af = —o00, we put cfF=—00.

Now we define a function fax—1: R — R as follows

f(z), for z € Ay,
9(z), for z € (cf, bf),
fok—1(z) = ;—}af sin z_}a? , for z € (a¥,cf] and ¢f =1,

k .k
§ 1—gt 1 for z € (a;7,¢;] and
fla?)+2 S 7% ¢ e{2,3,...,k}.

Let i € N. Let b¥ # co. Then b¥ € Ay . If b% ¢ A, then b € A¢yy — Ay for
some t € {1,2,...,k—1} and hence there is ¥ > 0 such that IF(8%) - fly)l <
2= for each y € (bF — 28F,b¥ +28f). If bf € A, put Bf = §. Put

df =

max{bf—%,bf— f,af+%(bf—af)}, if af # —oo,
max{bf — L bf - Bf}, if af = —oo.
Let 1
k= miri{s € N: d(b, A4,) < }

If b%¥ = 0o, we put d¥ = .
Now we define a function f2r: R — R as follows:

f(a), for z € A,
g(z), for z € (af,d}),
for(z) = E}%{Sinﬁl’—? , for z € [d¥,b¥) and r¥ =1,

for z € [d¥,bF) and

LR ]

k 1-7¢ gin i —
FOD) +2770 SRS ka3 k).
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We shall show that fox—; is a quasicontinuous function. Analogically we can
prove that for is quasicontinuous.

Let z € R.
Ifze (af,cf) , then fyr—q is continuous at = and hence z € Qy,,_, .
If x = cf, then f2r—; is continuous from left at = and hence = € Qy,, _, -
If 2 €(ck,b¥%), then according to (3) the function ¢ is quasicontinuous on the
open set (c¥,b¥) and hence z € Qy,,_, -
Now let = € Ax, let § > 0 and ¢ > 0. We may assume that § < %

If z € Ay, then there is i € N such that (z,z + 6) N (a¥, b)) = (v, w) # 0.
Then d(a¥, A1) < § and ¢¥ = 1. Since 2 < a} so v =a¥.Since for_1((v,w)) =
R, then with respect to the continuity of fox—1 on (v,w) thereis y € (v, w) such
that fox—1(z) = fak—1(y). Hence there is an open set G C (v,w) C (z—6,z+9)
such that |for—1(2) — fak-1(z)|] < € for each z € G. Thus z € Qyp,, _, -

Let « ¢ A;. Then thereis m € {2,3,...,k} such that z € A,, — Apm—1.
Since @ ¢ A, -1 and Ap,_; is closed there is § > 0 such that (z — 8,z 4+ 5)N
Ap—1 = 0. Since wyg(z) < 2'™™ there is a > 0 such that |f(z) — f(y)| < 2!™™

for each y € (z — a,z + ). Denote

v = min{a, 4, §} > 0.

Since z € Ay there is ¢ € N such that (z,z 4+ 7v) N (af,b¥) = (v,w) # 0. Then
v=a} and d(af, A)) < af —z <y < L. Therefore ¢f <m.
If ¢¢¥ = 1, then quasicontinuity of fox—; at z we can prove similarly as for
S A] .

Let ¢* € {2,3,...,m}. Put £ = min{y,cf}. Then for each y € (ak,&) we
have

fak—1(y) = f(a¥) + 2% sin

y—af

and for—1((af,€)) = [ f(aF) - 21—q§’f(a£c) + 21_#].
Since |z — aﬂ <vy<a,so |f(z)— f(af)| < 21-m  Thus

f(#) € (flak) = 2™, f(a) +217™) C (f(ak) = 2, f(ak) + 217")

and hence there is u € (a¥,£) such that f(z) = far—1(u). Now there is an open
set G C (a¥,€) C (z — 6,z + §) such that for each y € G we have

| fak—1(2) = far—1(¥)| = |f(2) = far—1(¥)| = | far-1(u) = far—1(¥)| < €.

Therefore z € Qy,,_, -
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Now we will prove that the sequence (f,) is quasiuniformly convergent to
the function f. First we will prove pointwise convergence.

If « ¢ Cy, then thereis k € N such that ¢ € Ax and then fn(z) = f(z)
for each n > 2k —1.
Let 2 € Cy. Then according to (1) we have f(z) = g(x). Let € > 0. Let

m € N be such that 22°™ < ¢. Since z ¢ A,, there is k£ > m such that
(z - %,x + %) N A,, = 0. Therefore

2
d(z,An) > 7 (5)
Let n > 2k and n be odd. Then n = 2 -1, where 7 € N and j > k. Since
z ¢ A; thereis ¢ € N such that ze( 167,

a) If d(a Ap) < % then z —a] > 7. Indeed, if = — a < %, then there is

2 € Ay such that o} —2| < % and hence |z—z| <l|z- a{|+|a,-—z| < %-}-% <Z,
a contradiction with (5). However, then z € (c!,b}) and fo(z) = fo2j-1(z) =
9(z) = f(z).

b) Let d(aj,Am) > t. Then q{ >m.
If z € (c;’,bf) then fn(z) = f(z).

If o € (al,c], then fu(z) = f(a]) +2'~% sin

. Since a! ¢ Ap, then for

each y € (al,c]], with respect to (4), we have |f(af) — f(y)| < 2=™ . Therefore
fal®) = £(2)] < [fa(2) = @) + 1flal) — f(@)] < 2% 4277 < 3277 < e

Similarly, for n even we can prove that |f.(z) — f(z)| < €. Therefore
nan;ofn(:c) = f(z).

Now let m € N and ¢ > 0. Let » € N be such that 27" < ¢ and let
p=m+2r.Let z € R.

a)lf £ € Apyr, then finip,1(2) = fo(mer)—1(2) = f(z) and hence
[fm4p-1(z) — f(z)] <.
B) Let ¢ ¢ Apn4r. Then thereis ¢ € N such that z € (a,-"“”,b,.r"'m .
I o€ [3(al™ 40777, 07) C (7,0, then fo(man-1(z) = g(z).
According to (2) we have
| fmtp—1(2) = f(2)] = lg(z) = f(x)] < 270" <277 <¢
If z € (a7, (a7 + b**7)), then similarly |fmip(z) — f(2)] < €.
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Therefore for each z € R we have

Illill{lfm+1($) = f@)], - | fmap(z) = f(l‘)l} <e

and the sequence (f,) quasiuniformly converges to f.

Problem. In [4] it is shown that every cliquish function f: R — R is a

pointwise limit of a sequence of Darboux quasicontinuous functions. Is it true
also for quasiuniform convergence?

(2]
(3]
(4]
(5]
(6]
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