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ABSTRACT. Kusano, Naito and Tanaka have recently shown that
we can deduce oscillatory and asymptotic behavior of the equation

Lypu(t) + p(t)u(t) =0
from the oscillation of a set of the second order equations
2'(t) )'
+ g;(t)z(t) =0.
() + @@=
In this paper, the above-mentioned result will be extended to a class of delay
differential equations of the form

Lou(t) + p(t)u[g(t)] =0

for which asymptotic behavior is derived from the oscillation of the second order

delay equations

(flfg )I +ai(t)z[ri(t)] = 0.

Let us consider the differential equations

L,u(t) + p(t)u(t) =0, and (1)
Lau(t) + p(t)ulg(t)] =0, (2)
where n > 3, and 1,, denotes the disconjugate differential operator
1 d 1 d d 1 d -
(3)

L= < <8 - 2 -
rn(t) dt rp—1(t) dt ~ dt r1(t) dt ro(2)
It is assumed that r;(t), 0 < ¢ < n, p(t), and g(t) are continuous and positive

on [tg,0), g(t) — oo as t — oo, and
o0

/ri(s)dszoo for 1<i<n-—1. (4)
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The operator L, satisfying (4) is said to be in canonical form. It is well known
that any differential operator of the form (3) can always be represented in a
canonical form in an essentially unique way (see Trench [11]). In the sequel,
we will assume that the operator L,, is in canonical form.

We introduce the notation:

u(t)
Lou(t) @)’
1 d

Ti(t) dt
The domain D(L,) of L, is defined to be the set of all functions u: [Ty, 00) — R
such that L;u(t), 0 < i < n, exist and are continuous on [Ty, c0). A nontrivial
solution of (2) is called oscillatory if it has arbitrarily large zeros; otherwise it is
called nonoscillatory. Equation (2) is said to be oscillatory if all of its solutions
are oscillatory.

If u(t) is a nonoscillatory solution of (2), then, according to a generalization
of a lemma of Kiguradze [4; Lemma 3], there is an integer ¢, 0 < ¢ < n —1,
such that £ #n (mod 2) and

u(t)Liu(t) >0  on [ty,00), 0<i< L,
(=1)fu(t)Liu(t) >0  on [t;,00), £+1<i<n.

A function u(t) satisfying (5) is said to be a function of degree £. The set of all
nonoscillatory solutions of degree £ of (2) is denoted by N;. If we denote by N
the set of all nonoscillatory solutions of (2), then

N =N UMNU---UN,_1 if n is odd,

L,u(t) = L,-_lu(t), 1 S 1 S n.

(5)

and
N=MUMNU---UN,_1 if n is even.

It is known that equation (1) has always a nonoscillatory solution of degree
0 (Mo #0),see Hartman and Wintner [3]. Therefore, the extreme
situation described in the following definition is of a particular interest.

DEFINITION 1. Equation (2) is said to have property (A) if for n even N' =
(i.e. (2) is oscillatory), and for n odd N = Aj.

Kusano and Naito [7],and Tanaka [10] have established sufficient
conditions for equation (1) to have property (A). Their results generalize those
of Lovelady [5] for equations of the form y(™ + p(t)y = 0. Kusano,
Naito and Tanaka have compared equation (1) with the set of the second
order equations of the form

(f{_’%)l +a(t)y(t) =0,
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where §;(t) have been constructed from r;(t), 0 < i < n and p(t). For details,
see [7] and [10].
The objective of this paper is to improve the above-mentioned results. We

compare equation (1) with the set of the second order delay equations of the
form

(%), +qi(t)z[n(t)] =0,

where ¢;(t) and 7;(t) will be defined bellow, and then we extend our results to
differential equations with deviating argument (2).

We begin with formulating some preparatory results which are needed for
proofs of the main theorems.

Let i € {1,...,n—1}, 1<k <n-—1, and t,s € [ty,00). We define

Iy=1,
t

Ik(t,s;rik,...,ril) = /rik(w)Ik_l(w,s;'r,-k_l,...,7",-1) dzx.
s

It is easy to verify that for 1 <k<n-1
L(t, 8375,y 1iy) = (D)F (s, 6573y, ..., 73 )

t
(6)
I(t, 83 Tipy e yTiy) = /ril(x)lk_l(t,x;rik,...,riz) dz.
S

For simplicity of notation, we put

Ji(t,s) = ro(t)Li(t, 8571, .-y 7i) Ji(t) = Ji(t, o),
Ki(t,s) =rn(®)L;(t, 8;7n—1, -y Tn—i), K;(t) = K;(t,t0) .

LEMMA 1. Let £ be an integer such that 1 <€ <n —1 and £ # n (mod 2).
Equation (2) has a solution of degree £ if and only if the differential inequality

{Lny(t) +p()y[g(t)] } seny[g(t)] <O (7)
has a solution of degree £.

This lemma exhibits an important relationship between differential equa-
tion (2) and differential inequality (7). For a proof, see Kusano and Naito

[8].
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LEMMA 2. If u € D(L,), then for 0 <i<k<n-—1 and t,s € [T,,00), one
has:

k
Liu(t) = Z (=1)7 " Liju(s)lj_i(s,t;75, - - -, Tig1)
” (8)

S

+ (—l)lc_iJrl /Ik_i(:r, Tk, Tir1)Th41(2) Lierru(z) do.
t

This lemma is a generalization of Taylor’s formula. The proof is immediate.
The following theorem is an extension of a result of Trench [12].

THEOREM 1. Let

/Kn_i_l(t)Ji_l(t)p(t) dt = 0 (9)

fori=2,4,...,n—1 if n is odd, and for i =1,3,...,n—1 if n is even. Then
equation (1) has property (A).

The proof immediately follows from [7; Theorem A] and [10; Theorem 1].
The following theorem covers the case when condition (9) is violated. For
convenience, we introduce the following notations:

qi(t) = m+1(t)/Kn_i_g(x,t)Ji_l(m,Ti(t))p(x) dz, (10)
1=1,2,...,n—3;

Gn-1(t) = r(t)Jn—2(t, Ta-1(t))p(t) ; (11)

Gno1(£) = rn_s(t) / Tn_s(s, ) Ko(s, )p(s) ds; (12)

where 7;(t): [tg,00) = R, 1 <i<n—1, are continuous and satisfy

Ti(t) > 00 as t - 00, Ti(t)<t, for 1=1,2,...,n—1; (13)
Tn—-1(t) £t on any [t;,00), t1 >to.

THEOREM 2. Suppose that the integrals in (9) converge. Assume that the sec-
ond order delay equations

(£8) +aslr0] =0 (k)
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are oscillatory for 1 = 2,4,...,n—3 if n is odd, and for i =1,3,...,n—3 if n
is even, and further suppose that either the second order delay equation

<ri(1t()t)) + qn-1(t)z [Tn—l(t)] =0 (En_1)

is oscillatory, or the second order equation

20\ . _ ;
(Z15) + st =0 ()
is oscillatory. Then equation (1) has property (A).

Proof. Without loss of generality, we may assume that u(t) is a positive
solution of (1). Then there exists an integer £ € {0,1,...,n—1}, £ #n (mod 2),
and a number ¢; such that (5) holds for ¢ > t;. We claim that ¢ must be equal
to 0 (if n is odd). Assume that 1 < ¢ < n — 3. By Lemma 2, with i = £+ 1,

k=n-—1,and s >t >tp, taking (1) into account and then letting s — oo, we
obtain for ¢t > t;

—Lgyqu(t) > /rn(x)In_g_g(a:,t;rn_l, ooy Tep2)p(z)u(z) de, (14)

and if £ > 2, then putting 1 =0, k=¢—-2,and t > s =1t;
t

Lou(t) > / Tooa(t,zim1, . re_2)re-1(2) Le_ru(z) dz. (15)

ty

For details the reader is referred to [7] or to [10]. Combining (14) with (15) we
have

~Lepiu(t) > / P (@) Inte2(@, 6 Tnsy -y res2)p(@)ro0(2) -
t

-/Ig_z(:c, 8571,y Te—2)Te—1(8)Le—1u(s) dsdz

t1

> / rn(@)In—t2(@, ;s .y Tes2)P(@)0(2) -
t

/ Ip—o(z, 8571, ... Te—2)Te—1(8) Le—1u(s) dsdz,

Te(t)
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for all ¢t > t5, where t2 > t1 is chosen so that 74(t) > t; for t > t;. Since
Ly—_qu(t) is increasing, we conclude from above that

[ee)

—Lopqu(t) > Lg_lu[n(t)] /Tn(l‘)In_g_g(JI,t;Tn_l, coyTog2)p(z)ro() -

t
T

. /Ig_Q(x,s;rl,...,rg_g)rg_l(s) dsdz.
Te(t)
Let y(t) be given by
y(t) = Le—qu(t).
Note that y(t) > 0, and, in view of the above inequality,

—Lopru(t) > y[re(t)] /Kn_g_z(x,t)Jg._l(z,n(t))p(x) dz. (16)

That (16) also holds for £ = 1 follows from (14) and the fact that Lou(t) >
Lou[r(t)] . Noting that

(%) =rp41(t) Legru(t),

we see from (16) that

(%) +q(t)y[me(t)] <0,  for t>tp.

Lemma 1 implies that equation (E;) has an eventually positive solution. But
this contradicts our assumption.

Let £ = n — 1. First suppose that equation (E,_;) is oscillatory. We easily
see that

—Lyu(t) = p(t)u(t) (17)
and, by Lemma 2, we have

¢
Lou(t) > /In_3(t,$€; T1yevsTn—3)Tn—2(x)Ln_ou(z) dz. (18)

t1

Combining (17) with (18) and taking (13) into account we have

—Lyu(t) > p(t)ro(t) / In_s(t,z;ry, ...y rn—3)rn_2(2) Lp_ou(z) dz.

Tn_l(t)
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Since L,—2u(t) is increasing, we obtain from the above that
t

—Lpu(t) > Ln_zu[Tn_l(t)]p(t)ro(t) /In_g(t,:c;rl, ooy Tp—3)Tn—2(z) dz
Tn-1(t)
= Lyp_ou[tn-1(t)]p(t)In-2(t, Ta-1(t)) ,
for all large t, t > t5. We see that y(t) = L,—2u(t) > 0 satisfies
) /
(Tf_(lt()t) ) — r(£) Inu(t) -
Therefore we have from (19) that

(19)

(ri{(lt()t) ) + q’;—l(t)y[Tn—l(t)] <0, for t>to.

Again, by Lemma 1, one gets that equation (E,—1) has an eventually positive
solution, contradicting the hypotheses.

Now, suppose that equation (En_l) is oscillatory. Then, by [10; Theorem 2]
and by [7; Theorem BJ, it follows that equation (1) has no nonoscillatory solution
of degree £ = n — 1. This completes the proof. O

Kusano and Naito in [7; Theorem B] and Tanaka in [10; The-
orem 2] have established comparison theorems to the effect that we can derive
property (A) of the nth order equation from the oscillation of the second order
equations. Those results are included in Theorem 2 (by putting 7;(t) = t).

Moreover, in the examples stated below, we show that we often obtain better
results if we deduce property (A) of equation (1) from the oscillation of second
order delay equations than from that of the second order ordinary equations
(without delay).

Now we are prepared to extend our results to equation (2). The main tool in
our efforts is the following result, which is due to Kusano and Naito [8].

LEMMA 3. Let

9(t) € C'([to,0)), 4¢'(t) >0, g(t) <t. (20)
Equation (2) has property (A) if the equation
Lou(t) + Flt)u(t) = 0 (21)

has property (A), where
plg™ ®)]ralg~' (1)
g [g_l(t)] "'n(t) ‘

Applying Theorems 1 and 2 to equation (21) we obtain the following two
corollaries

p(t) =
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COROLLARY 1. Let (20) hold. Further suppose that all the conditions of The-
orem 1 are satisfied with p(t) replaced by p(t). Then equation (2) has prop-
erty (A).
COROLLARY 2. Let (20) hold. Further suppose that all the conditions of The-
orem 2 are satisfied with p(t) replaced by p(t). Then equation (2) has prop-
erty (A).

We show that the conclusions of Corollaries 1 and 2 can be strengthened as
follows:

THEOREM 3. Assume that equation (2) has property (A). Then every non-

oscillatory solution u(t) of (2) satisfies
lim u(®)
t—o0 T‘O (t)

=0

if and only if

[ () Kaa 00 it =

The proof of this theorem immediately follows from [6; Theorem 1] of
Kitamura and Kusano.
For the special case of equation (2), namely, for the equation

(g (v o) ) +p(ulg(®)] =0, (22)

we have the following result:

COROLLARY 3. Let (20) hold. Further suppose that at least one of the follow-

ing conditions holds:
(i) t

r1(s) ds —p[g_l(t)] =00;

/</ h )g’[g-laﬂ 4t = oo

(ii) the equation

20N, (2 OL [ Yo -
(Tg(t)) +<g’[g_1(t)] /1( )d) [2(t)]*

T2 t)

with 72(t) defined as in (15), is oscillatory;
(iii) the equation

(288 (o 2y )0

t

/\A
\_/\/

is oscillatory.
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Then equation (22) has property (A).
Example 1. Let us consider the third order Euler equation
1/2 / a
(t/y")+my=0, t>1, a€R. (23)

We put for this equation 75(t) = t/3. Then, by Corollary 3, equation (23) has
property (A) if the second order delay equation

(/24 (1)) + 3f;2y(t/3) =0

is oscillatory. By a generalization of the well-known criterion of Hille [2], it
comes if

1
a > ——
8v3 '’

and moreover, by Theorem 3, if a > ——, then every nonoscillatory solution

y(t) of equation (23) satisfies tlim y(t) = 0. Note that we obtain a better result
—00
than Tanaka’s criterion [10] provides.

To describe better the situation in which not all second order equations (E;)
are oscillatory, we use the following definition and in the sequel we suppose that

ki,kay ... km € {1,2,...,n — 1}, where m > 1 are all mutually different such
that n £ k; (mod 2), 1 <i<m.

DEFINITION 2. We say that equation (2) has property Ag,,... k,, if

N =NoUNj, U---UN if n is odd,

and

N =N, U---UN,,

if n is even.

THEOREM 4. Assume that (20) holds. Let (9) be satisfied for i € {1,3,...,
n—1} —{ki,...,km} if n is even, and for i € {2,4,...,n— 1} — {k1,...,kn}
if n is odd. Then equation (2) has property Ak,.... k., -

THEOREM 5. Assume that (20) holds and the integrals in (9) converge. Let
qi(t) and 7;(t), 1 < i < n—1, be defined as in (10), (11) and (13). Then
equation (2) has property Ak, k. if equations (E;) are oscillatory for i €
{1,3,...,n =1} — {k1,...,km} if n is even, and for i € {2,4,...,n — 1} —
{k1,...,km} if n is odd.

The proofs of Theorem 4 and 5 follow from Corollary 1 and 2, taking
[1; Theorem 9] into account.
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Remark 1. If equation (E,_;) is replaced by equation (]:]n_l), then The-
orem 5 remains valid.

Example 2. Let us consider the fifth order delay equation
(t_ly(4)(t))l + t%y(\/i) =0, t>1, a>0. (24)

We put 73(t) = At for some A € (0,1). Then, by Theorem 2, equation (24) has
not any solution of degree £ = 2 if the second order delay equation

v+ 5 (- By =0 (25)

is oscillatory. By a generalization of the criterion of Hille [2], it sets in if

A_ 2 2) 1
a( 2 - 2N > 1 (26)
If we put A = ﬁ’ then (26) reduces to a > i’—g Note that we have obtained

better result than Tanaka’s criterion [10] provides. On the other hand, by
Theorem 2, equation (24) has no solution of degree ¢ = 4 if the second order
equation

(Y (0) + () =

is oscillatory, which, by Hille’s criterion, comes if a > (13—7 Finally, by
Theorem 2 and 5,

if a > 17 , then equation (24) has property (A),
if = 32 <a< ?g , then equation (24) has property Ay,

if a > 0, then equation (24) has property Az 4,

and moreover, by Theorem 3, if a > (157 ,

of equation (24) satisfies thm y(t) =0.
— 00

then every nonoscillatory solution y(t)
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