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1. INTRODUCTION

Let X be a commutative BCK-algebra and A an ideal of X. To any subset B of X
we associate the set (4: B) ={z € X:tAB C A}, where tAB={zAy:y€ B}.
We show that (A : B) is an ideal of X and define it as the generalized annihilator of
B (relative to A). If A = {0}, then (A : B) coincides with the usual annihilator of
B (see for instance [4]). These and some other properties of generalized annihilators
are contained in Section 3 of this paper. Section 4 contains some applications of
generalized annihilators in quotient BCI{-algebras and in the theory of prime ideals
of BCK-algebras. Using the technique of generalized annihilators, we show that the
quotient BCK-algebra of an involutory BCIK-algebra is again an involutory BCK-
algebra. We also obtain a characterization of prime ideals: A categorical ideal A
is prime if and only if (A : B) = A (see Proposition 4.9). Section 2 contains some¢
preliminary material for the development of our results.

2. PRELIMINARIES

A BCK-algebra is a system (X,#*,0,<) (denoted simply by X), satisfying
(i) (xxy)*(x*2) < zxy; (i) vx(zxy) <y; (1)) e <2 (V) 0< 25 (v) 2 < o
y < « imply that = y and (vi) z < y if and only if z xy = 0 for all z,y,z € X.
If X contains an element 1 such that z < 1 for all z € X, then X is said to be
bounded. X is said to be commutative if xt Ay = y Az for all z,y € X, where
r Ay =yx(y*z). A BCK-algebra X is called implicative if z x (y x ) = z for all
z,y € X. Every implicative BCIK-algebra is commutative and positive implicative.

* Principle author
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In any commutative BCK-algebra X the inequality (z Ay) * (z Az) < T A (y*2)
holds for all z,y,z € X (see [5, 6]). This inequality will be repeatedly used. A
proper ideal A of a BCK-algebra X is prime if Ay € A implies that z € A or
y € A (see [11]). If X is a BCK-algebra and A is an ideal of X, then we define an
equivalence relation ~ on X by ¢ ~ y if and only if x xy, y xx € A. Let C, denote
the equivalence class containing . Then one can see that Cp = A, C; = Cy if and
only if z ~ y. Let X/A denote the set of all equivalence classes C;, ¢ € X. Then
X/A is a BCK-algebra (known as the quotient BCK-algebra) with C; x Cy = Cy.y
and C; < Cyif and only if zxy € A, and Cp = A is the zero of X/A (see for instance
[13])). If X is a commutative BCK-algebra, then X /A is commutative [2]. Let X be
a commutative BCK-algebra, and let A be a subset of X. Then following [4], we
define A* = {z € X: 2 Aa=0for all a € A} and call it the annihilator of A; A* is
an ideal of X. If A = {a}, then we write (a)* instead of ({a})*. In general, for any
ideal A, AN A* = {0} and A C A** where A** = (A*)* is the double annihilator of
A. If A = A** then A is called an involutory ideal. A commutative BCIK-algebra all
of whose ideals are involutory is called an involutory BCK-algebra. For instance, any
finite commutative BCI-algebra or any implicative BCIS-algebra is an involutory
BCK-algebra (see [4]). For more information on annihilators and involutory ideals
we refer to [4]. A commutative BCK-algebra X is cancellative if £ Ay = 0 implies
z=0o0ry=0forz,y € X (see [2]), that is (z)* =0 for all z € X with z # 0. An
ideal A of a commutative BCK-algebra X is categorical if (zx A y) A z € A implies
that z A z,y A z € A (see [2]). If the zero ideal is categorical, then X is said to be
categorical. Recently, Aslam and Thaheem [5] introduced an ideal z7!4 = {y € X:
yAz € A} associated with an element € X and an ideal A. It follows from [5] that
A C z7'A. An ideal A is prime if and only if A =z7'A for all z € X — A (see [5,
6]). For an ideal A, z7'A = X if and only if z € A (see [5]). For the general theory
of the BCK-algebra we refer to [13], and for an ideal theory of the BCK-algebra we
may refer to [1, 3, 6, 7, 8, 9, 10, 11, 14].

3. GENERALIZED ANNIHILATORS

Throughout this section X denotes a commutative BCK-algebra unless mentioned
otherwise explicitly. First, we give the definition of the generalized annihilator.

Definition 3.1. Let X be a commutative BCIK-algebra and let A be an ideal of
X. Suppose that B is a subset of X. Then we define the set (A : B) = {z € X:
x A B C A} as the generalized annihilator of B (relative to A). We observe that if
A = {0}, then B* = (0 : B) and (A : B) is non-empty because 0 € (A : B).
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Remark 3.2. One can observe that if z € (A : B), then z A B C A and hence
B C 7' A. This implies that (A: B) = {x € X: B C a7 1A}

Proposition 3.3. Let A be an ideal of X. If B C X, then (A : B) is an ideal of
X containing A.

Proof. Letz*xy,y € (A: B). Then (xxy) AB C A, y A B C A. This implies
that (zxy)Ab € A, yAb € Aforallb € B. Since (xAb)*(yAb) £ (zxy)Ab (cf. Section
2), (x*xy) Ab € A, and A being an ideal implies that (z A b) * (y Ab) € A. Again by
the definition of an ideal and the fact that y Ab € A, it follows that z Ab € A for all
b€ B. Thus £ A B C A and consequently z € (A : B). This proves that (4 : B) is
an ideal of X. To show that A C (A : B),leta € A. ThenaAb< aforall b€ B
and A being an ideal implies that a A b € A. This shows that a A B C A and hence
AC(A:B). O

Corollary 3.4 [4, Proposition 3.3]. Let B C X. Then B* is an ideal of X. In
the following proposition, we collect the properties of generalized annihilators.

Proposition 3.5. Let A be an ideal of X, let B and C be subsets of X. Then
the following hold:

(i) if BC C, then (A:C) C(A: B),

(i) BC (A: (4:B)),

(iii) (A:B)=(A:(A: (A: B))),

(iv) if B is an ideal of X and A C B, then (A: B)N B = A,

(V) (A: (A:B))N(A:B)=A,

(vi) (4: X) = A.

Proof. (i) Ifze(A:C),thenazACCA AsBCC,wegetzABCzAC
and consequently (A : C) C (A: B).

(ii) Let z € Band y € (A : B). Then B C y~!A (Remark 3.2) and hence
x € y~'A. This implies that tAy € A forally € (A : B) and hence zA (A : B) C A.
This proves that z € (A : (A : B)) and consequently, B C (A : (4 : B)). This
proves (ii).

(iii) By (ii), (A : B) C (A : (A : (A : B))). The opposite inclusion (A4 : (A4 :
(A : B))) C (A : B) can be obtained by combining (i) and (ii). This proves that
(A:B)=(A:(A:(A:B))).

(iv) Letz € (A: B)NB. Then B C 27'A and = € B. This implies that € A and
hence (A : B)NB C A. The opposite inclusion follows from the fact that A C (A : B)
(Proposition 3.3) and A C B. This proves that (4 : B)N B = A.

(v) The proof of (v) follows directly from (iv) and Proposition 3.3.
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(vi) Let z € X. Thenz € (A: X)ifandonly if 74 = X and only if z € 4
(cf. Section 2). This proves that (4 : X) = A. O

If we take A = {0}, then we obtain

Corollary 3.6 [4]. Let B and C be subsets of X. Then the following hold:
(i) If B C C then C* C B*,

(ii) B C B**,

(i) B* = B***,

(iv) if B is and ideal of X, then BN B* = {0},

(v) X* = {0},

(vi) B* = X if and only if B = {0}.

Proposition 3.7. Let A, B be ideals of X and let C be a subset of X. Then

(A:C)n(B:C)=(ANB:0).

Proof. Letz€ X. Thenz € (ANB:C)ifand only if zAC C AN B if and
onlyiftACCAandzAC C Bifandonlyifz € (A: C)Nn (B : C). This proves
that (A:C)N(B:C)=(ANnB:C). O

Proposition 3.8. Let A be an ideal of X, and let B,C be subsets of X. Then
(A:BUC)=(A:B)n(A:C).

Proof. Letz € X. Thenxz € (A: BUC) if and only if BUC C 27! A if and
onlyif BCz '!Aand C Cz!'Aifandonlyif x € (A: B)U (A : C). This proves
that (A: C)N(A:C)=(A:BUC). O

If we choose A = {0}. then we obtain

Corollary 3.9 [4, Proposition 3.5]. Let B and C be subsets of X. Then (BUC)* =
B*NnC*.

Proposition 3.10. If A is a categorical ideal of X and B is any subset of X, then
(A : B) is a prime ideal of X .

Proof. Assume that z,y € X and 2 Ay ¢ (A: B). Then B Z (z Ay)~'A and
hence there exists b € B such that b ¢ (x Ay)~'A. This means that bA (z Ay) ¢ A.
Since A is categorical (cf. Section 2), we have bA a2 ¢ A and bAy ¢ A. Thus
BZz 'Aand BZ y~'A. Consequently x ¢ (A: B) and y ¢ (4 : B). This proves
that (A : B) is a prime ideal of X. O
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The following example shows that the converse of Proposition 3.10 is not true in
general.

Example 3.11. Let X = {0,a,b,c,d,e, f,1}. Define the binary operation * in
X as in the following table:

*x 10 a b ¢ d e f 1
0|0 0 O O O O O O
ala 0 a a 0 0 a O
blb b 0 b 0 b 0 O
cilc ¢ ¢ 0 ¢ 0 0 O
dld b a d 0 b a O
ele ¢c e a c¢c 0 a O
flf f ¢ b ¢ b 0 O
111 f e d ¢ b a 0
Table 1

Then X is a bounded commutative BCK-algebra, and (¢)* = {0,a,b,d}, (f)* =
{0,a} areideals of X. Let A = {0,a} and B = {c}. Then A is not a categorical ideal
becausef A (dAc) =0€ Abut fAd=b¢ A, fAc=c¢ A. Also(A:B)={z € X:
BCz 'A}={z€ X:zvAce A} ={0,a,b,d} (see Table 2), which is a prime ideal.

A0 a b ¢ d e f 1
0j0 0O O O O O O O
al0 a 0 0 a a 0 a
b0 0 b 0O b 0 b b
cl{0 0 0 ¢ 0 ¢ ¢ ¢
d|0 a b 0 d a b d
e|l0 a 0 ¢ a e c¢ e
f10 0 b ¢ b ¢ f f
110 a b ¢ d e f 1
Table 2

4. SOME APPLICATIONS

This section is devoted to some applications of generalized annihilators. We prove
some properties of the involutory BCK-algebra. We also obtain a characterization
for a categorical ideal to be prime.
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Let A be an ideal of a BCK-algebra X. Consider the quotient BCK-algebra X/A.
If J/A is a subset of X/A, then we have

(JJA)* ={Cr: Co AN J/A = A} (cf. Section 2)
={C;:C: ACy=A forall C,e J/A}
={C.: Copny=A forall C,e J/A}
={C;:xAy€eA forall yeJ}
={Co:aNJCA}={Cr:z€(A:])}
={C,: JCa'A} (by Remark 3.2).

Now we discuss the annihilator of an element of X/A. Let C, € X/A. Then

(Ce)'={Cy: C: ACy = A} = {Cy: Copy = A}
={Cy:zAy€e A} ={C,:ye a4}

If r € A, then 271 A = X (cf. Section 2) and hence (C,)* = X/A. If A is a prime
ideal of X and C; is a non-zero element of J/A, then v ¢ A and hence z714 = 4
(cf. Section 2). This implies that (C;)* = A (the zero element of X/A). All these
observations lead to

Proposition 4.1. Let A be an ideal of a BCK-algebra X, let J/A be a subset of
X/A and C, an element of X/A. Then the following statements hold:

() (JJA)* = {Cai € (A: )} = {Ca: J C a1 A),

(i) (Co)* = {Cy: y € 2714},

(iii) if A is a prime ideal of X and C, # A (non-zero element of X/A), then
(Ce)* = A (zero of X/A),

(iv) (JJA)* ={Cr:z € (A: (A:J))}.

Part (iii) of the above proposition can be reformulated as

Corollary 4.2 (3, Proposition 3.2]. If A is a prime ideal of a BCK-algebra X,
then X /A is cancellative.

Observe that if X is a cancellative involutory BCI-algebra, then it is simple.
Indeed, if A is an ideal of X, then
A=A = ﬂ x(x)".
TE€EA
Since X is cancellative, therefore (x)* = {0} for all non-zero elements z € X and

hence A = {0} or A = X. This proves that X is simple. In fact, we have
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Proposition 4.3. Let X be an involutory BCK-algebra. Then X is cancellative
if and only if X is simple.

If A and B are ideals of a BCK-algebra X, then we have seen that B C (A :
(A : B)) (Proposition 3.5 (ii)). The following theorem says that for certain classes
of BCK-algebras the equality may occur.

Theorem 4.4. Let X be an involutory BCI-algebra, and let A, B be ideals in X
such that A C B. Then B = (A: (A: B)).

Proof. B C (A : (A : B)) follows from Proposition 3.5 (part (ii)). To prove
that (A : (A: B)) C B, assume that z ¢ B. If we show that ¢ (A : (A : B)), then
the proof is complete. Since X is an involutory BCK-algebra, therefore B = B**
(cf. [5]). This implies that x Ay # 0 for some y € B* and hence z Ay € B*, because
B* is an ideal of X (cf. Section 2). Since B N B* = {0}, therefore z Ay ¢ B and
consequently z Ay ¢ A(A C B). The expression (z Ay) A B = {0} C A follows from
the fact that t Ay € B*. This implies that B C (xAy)~'A and hence zAy € (A : B).
Since (A : (A: B))N(A4 : B) = A (Proposition 3.5 (v)), therefore zAy ¢ (A : (A : B))
because t Ay ¢ A and t Ay € (A: B). It follows that « ¢ (A : (A : B)), because if
x € (A:(A: B)), then (A: (A : B)) being an ideal implies that zAy € (4 : (A : B)),
a contradiction. Thus we have shown that ¢ B implies that z ¢ (A: (4: B)). In
other words, (A : (A : B)) C B and hence (A : (4 : B)) = B.

It is well-known that the quotient algebra of a commutative BCK-algebra is com-
mutative [3]. If A is an ideal of X then there is a one to one correspondence between
ideals of X containing A and ideals of X/A (see [3, Theorem 2.3]). Thus an ideal
X /A is of the form B/A for an ideal B of X and such that A C B. By Proposition 4.1
(iv), we have (B/A)** = (B : (B : A))/A. This observation and the above theorem
lead to O

Corollary 4.5. If X is an involutory BCIK-algebra, then every quotient BCK-
algebra of X is an involutory BCI -algebra.

The following proposition gives a characterization of the prime ideal.

Corollary 4.6. Let A be an ideal of involutory BCIK-algebra X. Then X/A is
simple if and only if A is prime.

Proof. Let A bea primeideal of X. Then X/A is a cancellative (Corollary 4.2)
and involutory BCIK-algebra (Proposition 4.5). This implies that X/A is simple
(Proposition 4.3). Conversely, assume that X /A is simple. This implies that X/A is
cancellative (Proposition 4.3). Let Ay € A. Then Cypy = A, C, AC, = A. Since
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X/A is cancellative, therefore C, = A or C, = A. Consequently, z € Aory € A
and this implies that A is prime. This completes the proof. O

Now, we obtain another characterization of prime ideals by using the notion of
generalized annihilators. First, we prove

Proposition 4.7. Let X be a BCK-algebra, let A be an ideal in X and B C X.
Then (A: B) = X if and only if B C A.

Proof. Let B C A. Since A is an ideal of X, therefore tAB C Aforallz € X.
This proves that X C (A : B) and consequently (A : B) = X. Conversely, assume
that (A : B) = X. We will show that B C A. Suppose that B ¢ A. Then there
exists b € B such that b ¢ A. Since (A: B) = X, therefore tAB C Aforall z € X.
In particular, b A B C A. This implies that b Ab = b € A, which is a contradiction,
and hence B C A. O

Proposition 4.8. If A is a prime ideal and (A : B) is a proper ideal of a BCK-
algebra X, then (A : B) = A.

Proof. Assume on the contrary that (A : B) # A. Since A C (A : B)
(Proposition 3.3) therefore there exists z € (A : B) such that z ¢ A and hence
B C 271 A. A being prime ideal implies that A = 7! A (Proposition 3.4). This shows
that B C A and hence by Proposition 4.7, (A : B) = X, which is a contradiction
because (A : B) is a proper subset of X. This proves that (4 : B) = A. O

Proposition 4.9. Let A be a categorical ideal of a BCK-algebra X. Then A is
prime if and only if (A: B) = A for BC X.

Proof. Let Abe aprimeideal of X. Then (A : B) = A follows from Proposition
4.8. Conversely, assume that (A : B) = A. We shall show that A is prime. Suppose
that z,y € X and z Ay ¢ A. Since (A : B) = A, therefore t Ay ¢ (A : B). This
implies that B € (x A y) "' A and there exists b € B such that b ¢ (z Ay)~'A. This
means that b A (z Ay) ¢ A. Since A is a categorical ideal, therefore b Az ¢ A,
bAy ¢ A. AsbAzxz < zif x € A, A being an ideal implies that b Az € A, which is
not possible, and hence © ¢ A. Similarly y ¢ A and this proves that A is a prime
ideal. a

Acknowledgement. One of the authors (A. B. Thaheem) thanks to KFUPM for
providing excellent research facilities. The authors would like to thank the referee
whose valuable comments helped in shaping the paper into the present form.

734



(1]
(2]
(3]
(4]

[5]
(6]

(7]

(8]
(]
(10]

[11]
12]

(13]

[14)

ics,

References

H.A.S. Abujabal, M. Aslam and A.B. Thaheem: A Characterization of minimal prime
ideals of BCK-algebras. Math. Japonica 87 (1992), 973-978.

J. Ahsan and A.B. Thaheem: On ideals in BCK-algebras. Math. Sem. Notes 5 (1977),
167-171.

J. Ahsan, E.Y. Deeba and A.B. Thaheem: On prime ideals of BCK-algebras. Math.
Japonica 36 (1991), 875-882.

M. Aslam and A.B. Thaheem: On certain ideals of BCK-algebras. Math. Japonica 36
(1991), 895-906.

M. Aslam and A.B. Thaheem: On ideals of BCK-algebras. Math. Japonica. To appear.
M. Aslam and A.B. Thaheem: New proof of prime ideal theorem for BCK-algebras.
Math. Japonica 38 (1993), 969-972.

W.H. Cornish: On Iseki’s BCK-algebras. Algebraic Structures and Applications. Proc.
of the First Western Australian Conference on Algebra, Marcel Dekker, Inc, New York,
1982, pp. 101-122.

W.H. Cornish: Varieties generated by finite BCK-algebras. Bull. Aust. Math. Soc. 22
(1980), 411-430.

C.S. Hoo: Bounded commutative BCIK-algebras satisfying D.C.C.. Math. Japonica 32
(1987), 217-225.

C.S. Hoo and P.V. Ramana Murty: The ideals of bounded commutative BCK-algebras.
Math. Japonica 32 (1987), 723-733.

K. Iseki: On some ideals in BCK-algebra. Math. Sem. Notes & (1975), 65-70.

K. Iseki and S. Tanaka: Ideal theory of BCI-algebras. Math. Japonica 21 (1976),
351-366.

K. Iseki and S. Tanaka: An introduction to the theory of BCK-algebras. Math. Japonica
23 (1978), 1-26.

K. Iseki: On finite BCK-algebras. Math. Japonica 25 (1980), 225-229.

Authors’ addresses: H.A.S. Abujabal, M.A. Obaid: Department of Mathemat-
Faculty of Science, King Abdulaziz University, P.O. BOX 31464, Jeddah 21497, Saudi

Arabia; M. Aslam: Department of Mathematics, Quadi-Azam University, Islamabad, Pak-
istan; A.B. Thaheem: Department of Mathematical Sciences, King Fahad University ¢
Petroleum and Minerals, P.O. BOX 469, Dhahran 31261, Saudi Arabia.

735



		webmaster@dml.cz
	2020-07-03T10:34:00+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




