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0. INTRODUCTION

Let By be a real matrix of the type N x N (N > 3) depending continuously on a
real parameter A\, G: R¥*! — RY a continuous mapping satisfying the conditions

G U

(@) wimo U]

=0 uniformly on compact A-intervals,

L for any A > 0, R > 0 there exists C' > 0 such that
|G(/\,U1) - G(/\,U2)| < C|U1 - U2| for all |)\I < A, |U1|, |U2| < R.

Set F(A\,U) = B\U +G(\,U). Let K be a closed convex cone in RV with its vertex
at the origin. We will consider a bifurcation problem for the inequality
0 U(t) € K,
(U@®) = F(\U(t), Z-U(t)) >0 forall Z€e K, aa. te[0,T).
Our aim is to show that if a Hopf bifurcation of periodic solutions to the equation

(E) U(t) = F(\U(t))

occurs at some \g and certain additional assumptions are fulfilled then there exists
a bifurcation point A\; of our inequality at which periodic solutions to (I) bifurcate
from the branch of trivial solutions. The main results (Theorems 1.1, 1.2) either
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ensure the existence of such a bifurcation or explain in a certain sense why a bi-
furcation does not occur (see also Remark 1.5). A similar result illustrated by a
simple example was proved in [6] for a special case when the eigenvectors of B) are
independent of A. The basic idea is to join the inequality (I) with the corresponding
equation (E) by a certain homotopy and to show that the bifurcation point \g of
the equation is transfered to a bifurcation point of the inequality by this homotopy.
While the joining mentioned was given by a suitable deformation of the cone K in
[6], in the present paper we will join the inequality with the equation by a system of
penalty equations (see also Remark 1.2 and Theorem 2.3). Note that this approach
was used for a particular case of the linearized inequality in R® in [3]. It represents
a certain nontrivial modification of the method for the investigation of bifurcations
of stationary solutions to inequalities given in [4] (see also [5]). A certain general-
ization of the well-known Rabinowitz global bifurcation theorem [13] (Theorem 3.1)
forms a basis of the proof of existence of a branch of solutions to penalty equations
representing the joining mentioned.

Of course, the corresponding linearized problems

(LE) U(t) = ByU(t),

{ U(t) € K,
(L1) .
(U(t) = B\U(t), Z-U(t)) 20 forall Z€e K, aa.t>0
play an essential role. (Note that the problem (LI) is strongly nonlinear again.)
Main results (Theorems 1.1, 1.2) are formulated and explained in Section 1. In
Section 2, we describe basic properties of the penalty equation necessary for the proof
of main results contained in Section 3.
Notice that an elementary approach to the investigation of bifurcations of periodic
solutions to inequalities (I) in the special case N = 3 was given in [2] and developed
for the study of stability of bifurcating solutions in [7].

1. MAIN RESULTS

Remark 1.1. By a solution of (I) on [0,7") we mean an absolutely continuous
function satisfying (I) for a.a. t € [0,T). It follows from general results [12] that such
a solution is right differentiable and its right derivative is right continuous at any
te[0,T).
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Notation 1.1. Let Wi()\),...,Wx()) be a basis of CN composed of the ele-
ments of the chains corresponding to the eigenvalues of B (i.e. of the corresponding
eigenvectors if By has N eigenvalues for some A, see e.g. [8]). Suppose that

( there is a couple of simple eigenvalues u; 2(A) = a(A) £iB(N)
where «, # are continuous real functions, B(A) > Gy > 0 for all A € R,
(1) < a(X) <0for A < Ag, a(Ag) =0, a(A) >0 for A > Ao,

the other eigenvalues of B) have negative real parts for all A € R,

[ W;()\) depend continuously on .

In particular, the chains corresponding to p;(\) and u2 () contain only eigenvectors
Wi(A) and W2 (), respectively. We can write W;(\) = U;(A) +1Uj41(A), Wit (A) =
U;(A)=iUj41(X) for j such that W;(X), W;41 () is a pair of complex adjoint elements
of some chain, W;(\) = U;(A) for j such that W;()) is real. Then Uj(A),...,Un(X)
is a basis of RN depending continuously on ), see e.g. [8].

Notatioan.Z. We will write
(U, V) =3 ww;, [U|? = (U,U) for U = [ug,...,un], V = [v1,...,vn],

L), = Lini{:[}1()\),U2(>\)}’
S}\ = LID{U3(/\), . ,UN(/\)}7

N
Vi ={VeRN; V=4U(\)+ ¥ y;U;j(N), y; € R},
Jj=3
N
Pr,V =yiUi(X) + y2U2(N) for V = 3~ y;U;(N) (projection onto L),
Jj=1

N
PpV = —yp2Ur(A) + 11U2(A) for V = ‘21 y;U;(N),
]:

U, (z)—the ball with the radius r centered at z,

Un(, V), Uoa( V), UL V), UGG V), UR(L V), UgS(r, V)—the solutions of
(E), (LE), (PE), (LPE), (I), (LI), respectively, with the initial condition V at t =0,

0%(t, V), ¢3(t, V) — polar coordinates of Pr, U] (t,V) with the angle ¢ measured
from Pr,V, i.e. continuous functions defined by ¢3(0,V) =0 and

PL U (V) = o3 (t, V) [cos(pX (2, V) + @v) - Ur(A) +sin(e}(t, V) + ¢v) - U2(N)]
for t € [0,to) if |P, U (t,V)] > 0 on [0,t0), where py satisfies
PL)‘V = 97):(01 V) [COSQOV . (]1 (/\) + sin Yy - U?(/\)]v

05, V), @5 (V) a5 V), 0x (5 V), 004 (5 V), won(, V) are defined analogously
but using Ug (-, V), Ux(-, V), Uo a(+, V'), respectively,
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t1(V) =inf{to; o(¢,V) > 0 for t € [0,t0], ¥} (to,V) = —2n} if V ¢ S)\—the time
of one circuit of Pr, U (-, V) around the origin,

to(V), ta(V), toa(V) are defined analogously (clearly tox(V) = 3,

tx = 505y (= toa(V) forall V ¢ S),

n(U)—the outer normal to I at U if it exists.

The symbol for the derivative will be understood as the right derivative if the
classical derivative does not exist (see Remark 1.1).

We will consider equations with penalty

(PE) U(t) — F(\,U(t)) + 78U(t) =0
and
(LPE) U(t) — ByU(t) + T8U(t) = 0.

Here X\ and 7 are real parameters, 8 = I — Py, where Py is the projection on I,
i.e. PgU for U € RV is the unique point from I satisfying

|PrU —U| = min |V - U]|.
VeK

Remark 1.2. We obtain (E) and (I) from (PE) for 7 = 0 and 7 — +o0, re-
spectively (precisely see Theorem 2.3). Hence, the penalty equation (PE) can be
understood in a certain sense as a homotopy joining our inequality with the corre-
sponding equation.

Remark 1.3. The operators Py, 8 = I — Py are lipschitzian and

(P) (BU,U) >0forall U ¢ I, pU =0 if and only if U € K,
(H) B(tU) =tpU for allt >0, U € RN (i.e. B is positively homogeneous),
(M) (BU — BV, U — V) >0 for all U,V € RV (i.e. # is monotone),
1 ; )
(Pt) AW = Egra.cllBWV (i.e. 3 is potential)
(see [14]).
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Remark 1.4. The assumption (u) implies that Ly, S, are invariant for the
equation (LE) (for any given \),
Go(t, V) =—B(A) < —f for any A € R,V € RV \ Sy, ¢t >0,
ity = to‘,\(V) < %T‘[ forall A\ e R,V € RN \S,\,
0
lim |Upa(t,V)| =0 for any A < Ao,V € RV,
t—+4o0
lim |Upa(t, V)| = oo for any A > Ao,V € RN \ Sy,
t—+4oco
1_122100 [Uoa(t, V)| =0for any A € R,V € Sj,
Uo,(+, V) is periodic if and only if A =X,V € L.
According to the assumption (G), the behaviour of solutions to (E) is analogous to

that of solutions to (LE) in a small neighbourhood of the origin. In particular, for
any A > 0 and tp; > 0 there are gg > 0 and 5 > 0 such that

oA(t, V) < —nfor any A| < A,V € RN\ Sy, |V| < 00, t €[0,t].

For any V € L, |V| # 0, A € R, the equation vV = Uy x(tx, V) is fulfilled with only
one v = v(A), where v(A) > 1, v(A) =1 and v(A) < 1if A > Ao, A = Ag and A < Ao,
respectively. This equation can be fulfilled also for some V' ¢ L, but then always
v < 1. Notice that V € V, N L, if and only if V = cU;(\), c € R.

Further, the trivial solution of (E) is stable or unstable for A < Ag or A > Ao,
respectively. If, moreover, &(\g) > 0 then the Hopf bifurcation of periodic solutions
to (E) occurs at Ag (see e.g. [10]).

We will suppose that

1) {for any V € 9K NV, \ {0}, A € R, there is 7 > 0 such that

the normal n(U) to K exists and is continuous on 0K NU.(V),

i.e. O is smooth near V) with the exception of the vertex of I{. We could consider
this condition with general

Vi={VeR", P,V ~c(a(/\)Ul(/\) + b()\)Uz(/\)),c € R}

where a()\), b(A\) are given continuous functions. For formal simplification, we will
consider the special V), introduced in Notation 1.2.
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For the proof of our bifurcation result, the following assumption (1.2) concerning
the linearized penalty equation (LPE) and the linearized inequality (LI) is essential:

if AW, T] € R x V3 x [0,+00], W # 0, W =U{,(t,W)
(1.2) for some ¢ > 0
then || <A, W ¢S, t5,(W) <tm, o515\ (W), W) <0

(with some A > 0, tps > 0 fixed). The Bifurcation Theorem 1.1 will be a conse-
quence of Theorem 1.2 guaranteeing the existence of a branch of solutions of penalty
equations satisfying a convenient norm condition. The assumption (1.2) will exclude
certain unconvenient possibilities of the behaviour of this branch and will ensure that
this branch must be unbounded in the parameter 7. (See also Remark 1.5.) This
will be essential for obtaining small periodic solutions to (I) by the limiting process
7 — oo along this branch. We will study some concrete examples where the con-
dition (1.2) can be verified, in a forthcoming paper. Let us mention here only that
the assumption Pr, I{ = L for all A € R seems to be necessary (but not sufficient)
for the validity of (1.2). Note that in the case N = 3, P, K = L, is fulfilled if
Us(\) € int IS.

Theorem 1.1. Let (1), (G), (L), (1.1) be fulfilled. Suppose that there exist A > 0,
tpr > 0 such that (1.2) holds. Then there exists A\; € [—A,A] at which periodic
solutions of (I) bifurcate from the branch of trivial solutions. More precisely, for any
0 € (0,00) (with some go > 0 small enough) there exist A\, € [=A,A], V, € V), such
that UR° (-, V,) is periodic, 0 < |V,|* < o and there exists at least one accumulation
point Ar of A\, for p = 04.

Theorem 1.2. Let (u), (G), (L), (1.1) be fulfilled. Then there exist go > 0,
7o > 0 such that for any p € (0,00) there is a closed connected set C, of triplets
AV, 7] € Rx V) x [0, +00) containing [Ag,0,0] and having the following properties:

N

if [NV, 1) €Cp. V = 3 y;U;(N), Y = [y1,...,yn] then |Y|* = £&

(13) ji=1 b
and UJ(-,V) is periodic provided 7 > 0,
(1.4) for any T € [0,79) there are A,V such that [\, V. 7] € C,.

Moreover, if (1.2) holds with some A > 0, tp; > 0 then (1.4) holds with 19 = +0o0
and |A| < A, t3(V) < tp for all [N\, V,7] € C,, 0 € (0, 00).

Proof of Theorems 1.1, 1.2 will be given in Section 3. O
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Remark 1.5. It follows from Theorem 1.2 that the problem (PE) with 7 small
enough has a bifurcation point even if (1.2) is not fulfilled. However, in this case
it can happen that the branches C, have no continuation for 7 > 79 because either
[A] = +oo along these branches or the circulation of Pr, UJ(t, V) around the origin
in Ly is damped too strongly by the penalty term for 7 — 7. See the proof of
Theorem 1.2 for details.

Remark 1.6. A solution U(t) of (PE) is simultaneously a solution of (E) on any
interval (t1,t2) such that U(t) € K for t € (t1,t2) (see (P) from Remark 1.3). A
solution U(t) of (I) is simultaneously a solution of (E) on any interval (¢;,¢2) such
that U(t) € int K for t € (¢1,12).

2. PROPERTIES OF THE PENALTY EQUATIONS

In this section, we will collect some basic assertions necessary for the proof of
main results. Lemma 2.1 and Theorems 2.1, 2.2 follow from the theory of ordinary
differential equations (see e.g. [8]), Theorem 2.3 can by obtained by the penalty
method technique (cf. e.g. [9]) and Theorem 2.4 follows by elementary considera-
tions (cf. also [6]). Only the proof of Theorem 2.5 contains new ideas. For the
completeness, all proofs are given in Appendix.

We will always suppose automatically that the conditions (G), (L), (u), (1.1) are
fulfilled.

Remark 2.1. The solution UJ(-, V) (for a fixed A € R, 7 € [0,+00], V € RY)
is unique and exists at least on some interval [0,Tp), Ty > 0. Further, if 7> 0 and
U (-, V) is bounded on any subinterval of [0,T) on which it is defined then it exists
on [0,T). (For 7 € [0, +00) see e.g. [8], for T = +0o0 see [1].) In particular, Ug (-, V)
always exists on [0,+00) for all A € R, 7 € [0,4+0c0], V € RN. For 7 finite, the
boundedness on any finite interval follows from estimates analogous to those from
the proof of Lemma 2.1 in Appendix which becomes simpler in the case G = 0. For
T = +oo cf. [6], Lemma 2.1.

Lemma 2.1. Let A > 0, tp; > 0. Then there exist o9 > 0, 7 > 0, C > 0 such
that
U (-, V) exists on [0,tr + 1),
(2.1) UL (6 V)P < VI, JUF (6 V)P < (C + 7V e
forall V. € RN, |V| < 0o, |A| € A, 7 €[0,400), t € [0,tr + 1).




Remark 2.2. It follows from (Pt) (Remark 1.3) that if U € C*([0,t0]), U(0) =
U(to) then

to . 1 [t (g
/ (BUU)dt = - —|BU > dt =
o dt

2 J, (18U(t0) 2 - 18UO)) =0

1
2

Remark 2.3. Let A > 0, tp > 0, let g be from Lemma 2.1. Then there exist
C1,C9 > 0 such that

U@ V)<Cy, [FNU(R V)L C
) {m <O IFAUR (V)] < Ca

for |\| <A, |V| <00, 720, t €0,tn)

Suppose that a solution U(t) = UJ(t, V) is periodic with a period to < tar, |A| < A
|V| < 0o, 7 > 0. Multiply (PE) by U and integrate over (0, o). We obtain by using
Remark 2.2 that

to | to . to | 1 to | %
(2.3) / U2 dt=/ (F(/\,U),U) dt <c2/ [U]dt < cgtg(/ |U|2dt)
0 0 0 0

Setting k,, = max{k € N; kto < tp} and using the periodicity we obtain
tm
(2.4) / |U(@)[2dt € (km + 1)toC: < 2tpC3 for [N <A, [V]| < 00, T2 0.
0

Theorem 2.1. Let A > 0, tpy > 0, let go be from Lemma 2.1. If |A\,| < A
Vp € RN V| < 00, T € [0,+00) and [An, Va, ] = [A\, V. 7], 7 € [0, +00) then

(2:5) U (Vo) = UL, V) in CY([0,tum]).
If, moreover, V =0, " =W, = W then
U;\-"(" V"l) . 1
(2.6) T!— = Ug (W) in C([0,T)) for any T > 0.

Consequence 2.1. Let the assumptions of Theorem 2.1 be fulfilled. If
05 (t,V) = for all t € [0,T) with somen >0, T € [0, ]
then

(27) Q)‘ ( ‘/n _> QK(* ‘/Y)v L,O;"" (" "{n.) - W;(ﬂ ‘,) in C' ([Ow T])
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IfV =0, i = W and

00 (t,W) > n for all t € [0,T) with somen >0, T >0

then

o (Ve

(2.8) T 060 W95 (,Va) = (W) in C(0,T)).

Theorem 2.2. Let A > 0, tp > 0, let go be from Lemma 2.1, |A\,| < A, V,, € RN
[Val € 00, T € [0, +00) and [An, Vo, 7] = [\, V, 7], T € [0,+00). Let Us»(+,Va) be
periodic solutions of (PE) with periods t, — 0. Then U] (-, V) is a stationary solution
of (PE). Moreover, if V = 0, I“;ul = W, — W then Ug , (-, W) is a stationary solution
of (LPE).

Theorem 2.3. Let A > 0, tpr > 0, let go be from Lemma 2.1, |\, < A, V;, € RV,
|V | < 00, T € [0,+00). Let U"(:,V,) be periodic solutions of (PE) with periods
tn. Let T, & 400, A\, =2 A\, V, =V, t, <trm, tn = to. Then

U7 (Vo) = UR(, V) in C([0,tn]) and weakly in W3 (0, t).

Ifto > 0 then Ug°(-, V) is a periodic solution of (I) with the period to. Ifto = 0 then
Us°(-, V) is a stationary solution of (I).
If, moreover, V =0, W, = 1—“;—-' — W, t, <ty then

A — Uga (-, W) in C([0,tr]) and weakly in W;(O,tM), tn — to € [0,p]-

If to > 0 then Ugs (-, W) is a periodic solution of (LI) with the period to, if to = 0
then UgS\ (-, W) is a stationary solution of (LI).

Theorem 2.4. Let A > 0, tpr > 0, let oo be from Lemma 2.1, |\,| < A, V,, € V),
[Val < 00, Tn € [0,400), [An, Vo, 7] = [\, V, 7], T € [0,4+00). IfV ¢ Sy, t1(V) < tm,
PR3 (V),V) <0 then t}" (Vo) = t3(V).

IV =0, Wn =2 = W & Sy, t5,(W) < 00, 95,5 \(W),W) < 0 then
t (V) = tg A (W).

Theorem 2.5. Let A > 0, tp > 0, |Au| S A, Vi, € Vo, 0 < tn <ty A = A
V, =0, ,L‘jh = W & Sx, 7o = +00, UT" (tn, Vi) = Vi, $(0, W) < 0. Then

limsup ¢} (0,V,,) <0
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3. PROOF OF MAIN RESULTS

Remark 3.1. For a brief explanation of main ideas of the proof, let us suppose
first that U; = Uj;(\) are independent of A. Hence, also V = V,, § = S, are
independent of A. Our aim is to define a mapping R: D -V, D C Rx V x R such
that its fixed points (in V for given A, 7) are initial conditions of periodic solutions
of (PE). We would like to obtain the branches C, in Theorem 1.2 as branches of
nontrivial solutions of the equation V = R(\, V, 7) supplemented by a suitable norm
condition. For the proof of existence of such a global branch on the basis of the
degree theory, we need R to be continuous on a domain of definition D which is
open, contains [Ag,0,0] and is maximal in a certain sense. We intend to define R
as a Poincaré map on a part of V' \ S on which this is possible and prolong it
continuously onto .S. Unfortunately, this can be done directly only if N =3, G = 0,

3
Us €int K, K C {V =3 y;U;, y3 > 0}. In this special case we can set
j=1

D={\V,7]e RxV xR;
either V€ Sor V¢S, t1(V) < 400, ¢5(t5(V),V) < 0},
RO\ V,7) = UL(tL(V),V) for [\,V,7] €D, V ¢ S,

2n

U (22 V) for [\ V,7] €D, V€S.

’\(ﬂ(/\) )or[ 7] € €

(See also Remark 3.2.) Notice that for the proof of continuity of R at given A;,
Vi, i1 with V; ¢ S it is necessary to know that t{(V) continuously depends on
all parameters at \;, Vi, 7, and this is ensured only if go;‘l (tf\“(Vl), V1) < 0. See
Theorem 2.4.

In the general case the following complications arise.

1. If G # 0 then the existence of solutions is ensured on a given time interval
and for A from a given compact only for sufficiently small initial conditions (see
Lemma 2.1). Therefore we will consider fixed tp; > 0, A > 0 and study solutions
with initial conditions V' € U,,(0) (with the corresponding go small enough) and
satisfying t1 (V) < tm, || < A.

2. The second complication is that even if the Poincaré map is already defined
on some U.(V)NV \ S, V € S, then it need not have a continuous prolongation
to U,(V) NV NS. (The only exception is the case N = 3, see Remark 3.2.) This
will be solved by an artificial definition of R in a “sector S, around S” introduced
in Notation 3.2. The fixed points of R = R. on S, will have nothing common with
periodic solutions of (PE) but it will be shown that the branch C, will not touch S,
(with the exception of [A\g,0,0]) in the situation of our interest.
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3. Another difficulty arises in the moment when Uj;()), i.e. also V), depend on
A. We need to work with a mapping R on a domain of definition in a fixed space.

N
Therefore for any A, we will associate points V' = 3 y;U;(A). € V) with the vectors
i=1

of coordinates Y = [y1,...,yn] € V, V = {X = [z1,...,zn] € RN ; 72 = 0}. This
is the reason for Notation 3.1 which enables us to study our problem in this new
setting.

All these considerations togetlier lead to a formally complicated definition of D,
and R, (Definition 3.1 below).

Remark 3.2. Consider the case N =3, Uz e int K, I{ C {V = E y;Uj, y3 >

0}, U;(A) = U; independent of A again. Denote by K+ = {Z € RN, (Z,V) <

for all V € K} the dual cone to K (see e.g. [14]). Then int I{*+ # @ and S\ {0} C
int {Uint K. If V € int K is sufficiently close to S then Up (¢, V) € K for t € [0, t,].
Hence, the condition (P) in Remark 1.3 implies that Ug , (¢, V) = Up,A(t, V) on [0, ],
to.n(V) = tx for all 7 > 0. It follows that the mapping R defined in Remark 3.1 for
the case N = 3, G = 0, Uz € int I{ is continuous on SN . Further, we have PxU = 0
for all U € K+ and it follows that the penalty term 7BU{ A (t,V) in (PE) influences
neither the tendency of the solution to leave I{* nor its circulation around the axis
S if U(t,V) € K+. If V € int K is sufficiently close to S then Upx(t,V) € K+
for t € [0,¢,] and therefore also Ug ,(t,V) € K for t € [0,t5], t§ (V) = ty for all
7 > 0. It follows that the mapping R mentioned in Remark 3.1 is continuous on
S N K+. Of course, the continuity of R in V' \ S follows from Theorems 2.1, 2.4.
However, in the case N > 3 we have (S\ {0}) N 9K # 0 in general and the situation
is essentially more complicated.

Notation 3.1.
yJ‘-/(/\) (j =1,...,N)—the coordinates of V € RN with respect to {U;(\)},i.e. V =

N
> ) (05N,

W= £ U0 for ¥ = [l
L={XeRN;z;=0,j=3,...,N},
S={X¢ RN;III1=$2=0},

V ={X € R¥; 2, = 0},

PrLX = [21,22,0,...,0] (projection onto L),
P X = [-z2,2,0,...,0],
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U,\(-,Y), (:[O,A('wy) ( )
ordinatesofUA(-,V,\ ), Uoa(s, V
respectively,

6%(t,Y), ¢%(t,Y) — polar coordinates of PrUJ(t,Y) with the angle ¢ measured
from PrY, i.e. continuous functions defined by ¢3(0,Y) = 0 and

Uz AY), Uge(-,Y), gf’/\(',Y)——the vectors of co-
) ( VAY)’ U()T‘)\( yV,\Y)7 U,(\X)('av,\y)? U(?,o)\(',v,\y)a

PLUI(t,Y) =
05(t,Y) {cos(@3(t,Y) + ¢y) - [1,0,...,0] +sin(@3(¢,Y) + ¢y) - [0,1,0,...,0]}

for t € [0,t0) if |PLU] (¢,Y)| > 0 on [0, o), where @y satisfies
Pp,Y = §5(0,Y) {cos @y - [1,0,...,0] +sin gy - [0,1,0,...,0]},

éa,\('vy)v (156,)\('7 )i)’ é)\(vy)l @A(»Y)_v éO,A('aY), ¢O,A('7y) are defined analo-
gously but by using U7 ,(-,Y), Ur(-,Y), Uoa(+,Y), respectively,

() =),

o, /\(Y) tA(Y), to,A(Y) are defined analogously (clearly o, (Y) = ﬁz&) ),

th = ﬁ(,\) (=tor(Y) =t forall Y ¢ S, see also Notation 1.2).

Of course, all our former assertions could be reformulated in terms of this new
notation. In the following we will have on mind such reformulations automatically if
necessary.

Further, we will consider fixed A > |Aol, tar > ﬁ and the corresponding gy from
Lemma 2.1.

Notation 3.2. For any ¢ >0 and X = [z1,...,7,] € RV we will denote

P°X =[0,0,x3,...,2n],

S. ={X € V;|z;| <e|P°X|},

SO={X eV, |z <elP°X|},

PX = [e sign z; - |P°X|,0,23,...,zn] for X € S.\ S,

PeX=XforXeV\S,,

do = inf{|Y|; |V)Y| = 00, A € [-A, A]} where g is from Lemma 2.1,

d(L) = deg(I — L,0,U,(0))—the Leray-Schauder degree of I — L with respect
to 0, U,.(0)—for any linear completely continuous mapping L in a Banach space
satisfying Ker(I — L) = {0}. (Note that for such L, deg(I — L, 0,U,(0)) exists and is
independent of r > 0, see e.g. [11].)

Remark 3.3. According to Remark 3.1 our mapping will be defined naturally
as a Poincaré map at points Y € V \ S. such that £5(Y) < tur, ng\(fT(Y),Y) <
0. Then it will be prolonged to Y € V such that Y € S.\ S, t;(P¢Y) < tu,
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{ZJT\(ZR(PE Y), P°Y) < 0. (Recall that P°Y ¢ S and therefore t;(P¢Y) is well defined.)
It follows from Theorem 2.4 and Consequence 2.1 that for such A\, Y, 7

1) there is r > 0 such that & (P¢Z) < tu, (8 (P*2), P°Z) < 0
' for any (i, Z,€) € U,(\,Y,7) such that Z€V, Z ¢ S.

Of course, Z ¢ S automatically for all [u, Z,&] € U,(\,Y,7) if Y € S and r is small
enough. If Y € S then ¢} (P°Y) is not determined but our mapping can be defined
at such points provided (3.1) is fulfilled, as we will see below.

Definition 3.1. Let A > |Xo], tm > 5 , let gp be from Notation 3.2. For any
e > 0 set

={[\,Y,7] € (-A,A) x V x R; |Y| < 8o, (3.1) holds}
and define a mapping R.: D, — V as follows:

R.(\Y,7) =U{({#5(Y),Y) for \,Y,7]€ D, Y ¢ S, 7> 0

b

||I?3/(1)|Y|U)‘ (t)\(P Y) PEY) + (1 - 'géli/|>00’>‘(£>"POY)

for [\,Y,7] € D¢, Y =[y1,...,yn] € Se\ S, 720
=Uoa(tr,Y) for [\, Y, 7] €D, Y €S, 720
= R.(\,Y,|7]) for [\,Y,7] € D, T <0.

Lemma 3.1. Let A > |Xo|, tp > . Then for any € > 0 there are . >0, 7. > 0
such that

£3(Y) <ty forany |\ <A, Y € V\S,, |[Y| <o, |T| < Te.

Proof. Suppose the contrary. Then there are [\,, Yy, 7,] such that |\,| < A,
M= N SAYa €VAS, Yo =0, Zy = 2 = Z, 70 = 0, 87 (Ya) 2 tur
Clearly Z ¢ S. We have 0, (2) = t\ < tu, <p0,/\(t,\,Z) < 0 by Remark 1.4 (and
our agreement from the end of Notation 3.1). Hence, Theorem 2.4 (together with

Notation 3.1) implies £}’ *(Ya) = to.x(Z), which is the contradiction. (]

Remark 3.4. IfY € S, \ S then
|PeY |2 = 2| PPY |2 + |PY )P < (1 + £2)|Y )2
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Remark 3.5. Let U(t) = U[(t,Y), a(t) = &5(t,Y), @(t) = @5(t,Y) for some
ANER, Y€V, T€[0,+00] and |PLUL(t,Y)| > 0 for t € [0,T). Then

PLO(E) = 8(t){~ sin(@(0) + 3 )$D[1,0, ..., 0] + cos(@(t) + $v)B(1)[0, 1, -, 0]}
+ 8(t){cos(3(t) + @y)[1,0,...,0] + sin(@(t) + Gy )[0,1, . ..,0]},
PLU(t) = 8(t){=sin(@(t) + $v)[1,0,...,0] + cos((t) + $v)[0,1,...,0]}
for a.a. t € (0,7).

Hence . i .
(), PLU) _ (PLU®), PLU) _ - i
\PLOOE PO =p(t) for all te€ (0,7T).

Lemma 3.2. Let A > |Ao, tm > , let 9o be from l\otatwn 3.2. Then for any
€> 0,6 € (0,80) there exists ¥ > 0 such that if |\| < <|Y| <0, Y eV\S?,
7 €[0,400), U (-,Y) is periodic then {5 (Y) > v

Proof. Suppose by contradiction that [An, Y, 7.] = [N, Y, 7] with |Y,]| < do
Y ¢ S°, Y] >0, 7 € [0, +00], T (Ya) — 0. Set Un(t) = U (t,Yn), @u(t) =
Y (8, Yn), tn = 13" (Vo). It follows from Theorems 2.2, 2.3 that

(3.2) CUI(t,Y)=Y foralt>0

-

Theorems 2.1, 2.3 ensure lPLffn(t,Y)| > 0 for all ¢ > 0, n large enough. We shall
show that there exists C' > 0 such that

(3.3) 16, (t)] < C|U (t)| for all n, a.a.t € [0,tn].

Suppose that (3.3) is not satisfied: for any C > 0 there exist nc > 0 and E¢ C [0, ¢as],
meas(E¢) > 0 such that

(3.4) |G (8)] > C|Ung ()] for aa. t € Ec.
Remark 3.5 implies that

U e (0)]

= for a.a. t € [0,tpm].
|PLUnc (1)

|6ne (D] <
This together with (3.4) implies that

|PLU,..(t)| < for a.a. t € Ec.

1
c
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It follows by using Theorem 2.1 that there is to € [0,4 M| such that
PLU] (to,Y) = 0.

This is a contradiction with the assumption Y € V' \ S?, |Y| > 0, and (3.2). The
estimate (3.3) is proved.

It follows from (2.3) (or (2.4)) in Remark 2.3 and from (3.3) that there is Co > 0
such that

t" .
(3.5) [ eapd <
0

From the periodicity of U,, we have

t." .
/ Bn(t) dt
0

This is a contradiction and our assertion is proved. O

i T
2% = 0 (0) = Bulln) < <ii. ( [ ie0r dt) <t ¢y 0.
0

Lemma 3.3. Let A > |Xo|, tar > %, let 9o be from Notation 3.2. Then for any
e >0, D, is open (in R x V x R) and there is ¢0 > 0 such that [\, Y,0] € D, if
Al < A, Y| < @°. The mapping R, is continuous on D..

Proof. It follows directly from Definition 3.1 that D, is open. Lemma 3.1 and
Remark 3.4 imply that

tE(P°Z) <t if lu <A, Z¢8S, |2 <?=0.1+)7%, || <7,

where g, is the number from Lemma 3.1. Clearly, for any |A] < A, [Y| < 2 there
is 7 > 0 such that |u| < A, [¢] < 7., |Z] < @° for any [u, Z,£&] € U,(A,Y,0). Hence,
[A\,Y,0] € D, by Definition 3.1 and Consequence 2.1. The continuity of R, follows
from Definition 3.1, Theorems 2.1, 2.4 and the choice of gg. O

Definition 3.2. Let A > |Xo|, tmr > %, let 9o be from Notation 3.2. Set

E ={[Y,7] € V x R}. For any ¢ € (0, d0), € > 0 introduce a mapping 7¢: D, —+ E
by '
(3.6) muxp{&mxﬂﬁwigq for any [\, Y, 7] = [\, X] € D.,.

Set
IX|| = |Y| + || for any X = [Y,7].

Lemma 3.4. Let [A\,Y,7] € D, ¥ = T2(\,X) =0, X =[Y,7]. Then |Y|2 = £=.
If, moreover, Y ¢ 8% and 7 > 0 then Y = U] (#5(Y),Y) and {{(Y) < ta,.

Proof follows directly from Definitions 3.1, 3.2. O
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Definition 3.3. For any A € R introduce a linear mapping L(\): E = E by
LOE = [Up (82, Y),0] for all X =[Y,7] € E.
Lemma 3.5. If 6 > 0 then

3.7) d(L(Xo +6)) # d(L(Xo - 9)).

Proof. Recall that
(38) d(L) = (-1)=™

where the sum is taken over all eigenvalues v; > 1 of the operator L, n; is the algebraic
multiplicity of v;. (This holds for any linear completely continuous operator L in
a real Banach space, see e.g. [11].) It follows from (u) (see also Remark 1.4) and
Notation 3.1 that for any A > A there is precisely one v = v(A) > 1 such that

vY = 00,,\(5)\, Y)

has a nontrivial solution Y € V and this solution is of the form [c,0,...,0]. If
A < Ao then the last equation can have a nontrivial solution only with v < 1. This
means that if A > A¢ then L(\) has precisely one eigenvalue v;(\) > 1 with the
only corresponding (normed) eigenvector X; = [1,0,...,0], and if A < Ag then L())
has no eigenvalue greater than 1. Let us show that the eigenvalue mentioned is
algebraically simple, i.e.

dim D Ker(ry(\)I = L) = 1.

k=1

If Y € V\Lin{[1,0,...,0]} then P°Y # 0 and vP°Y — Uy (i, P°Y) = vP°Y —
POUy A(fx,Y) # 0 for any v > 1, A € R by Remark 1.4. This means

vY —Upa(tr,Y) ¢ Lin{[1,0,...,0]} for all Y € V'\ Lin{[1,0,...,0]}, v > 1, A € R,
ie.
vX¥ — L(\)X ¢ Lin{%,;} forall X ¢ Lin{%X;}, v>1, A€ R.

If (v i( NI — L(A)*% = (ri(M\)I — L)) (1 (A) = L(A)*1X = 0 then we obtain
(r1(A)I — L(N\))?X € Lin{X,} successively for j = k — 1,...,1,0 because X, is the
only eigenvector of L(\) corresponding to v;(A). This means X € Lin{%;} and the
simplicity of our eigenvalue is proved. Now the assertion of Lemma 3.5 follows from
(3.8). O
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Remark 3.6. IfY, »0,Y,eV\S, Z, = 1‘5‘3 S Z€V\S, A=\ T =0,
then L
Un(En(PYy), PEY,)
[Yal

— UO,A(E,\,PEZ)
where we write U,, = U;:, tn =1}*. Indeed, we have

PeY, PeY,  PtY, |P%Y,|
—F — P°Z, = -
Y| Yol |PYa] [Yal

and therefore PeY, Pz

Py, T PeZ] ¢5.

Of course, &) (W) = tx < tu, c,'bg’,\(ﬁ, W) < 0. Hence, Theorems 2.1 and 2.4 imply
th(PY,) = t~8’>\(W) =1, and

Upn(tn(PY,), PEY,)  Un(ta(P%Ya), P°Y,) |PCY,
|Ya] | PeYn| |Ya]
= Uoa(Er, W) - |[P2Z| = Up A (Er, PE2).

Similarly, it follows from Theorem 2.1 that

Uy, (tx,, P°Y;)

Tox(tx, P°Z).
Vol = Up,a(tx, )

Lemma 3.6. For any fixed ¢ € (0, do), € > 0 we have

3.9 m
(39 %] —0 {E3f

= 0 uniformly on compact A-intervals.

Proof. It is sufficient to show that if

Y

An = A [yl YN =Y 20, 7, 20, — = Z=[z1,...,2N], Xn = [Yn,Tn
N |Ya
then
0 _
L IR0 2 = LR _
n—0oo (15

Using Theorems 2.1, 2.4 we obtain
U3 (5 (Ya), Ya)
|Yal

Uo, (Er,, Yn)
Yzl

— Uon(tr, 2) ifY, ¢S.,
- Uoa(ix,2) ifY,€S.
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If Y, € S\ S then we obtain by using the definition of P¢, Remark 3.6 and the
linearity of (LE) that

. ( lvi] 05 (5 (P¥Ya), PYa) + (1 - i )o.r, (B, POYa) )

Y, | POY,,| €| POY,,|
|z1| - - |z1‘ - - _ -
= ————Up.\(tr,P°Z 11— ———— 07) = .
EIPOZI Ov’\( As )+ ( ElPOZI)UO’)\(t)HP Z) UO,)\(t)nZ)

Notice that P¢Z has no sense if Z € S but in this case 311’2")% - s_|l;_tl’lz_| = 0, the
terms containing P*Z can be understood as zeros and we have P°Z = Z. Hence,
the resulting expression is obtained directly.

Now, Definition 3.1 implies

IRe (/\n, Yny Tn) - UO,A,,, (f)\,. 3 Yn)l < |R€(/\na Yn’ Tn) - 00)\.. ({X" ) Yn)'

I — 0.
(Yol + |7n] [Ynl
Simultaneously
Yn 2 1 n
VPt
o([Ya] +|7al)
and our assertion follows from Definitions 3.2, 3.3. O

Lemma 3.7. Let A > |Xol, tm > %, e > 0, let po be from Notation 3.2. If
[/\naYn, Tn] € DE) Yn '_/é 0; [/\nyynyTn] — [/\0’ 0’0]; Yn = RE()‘H, YnaTn)y Zn = ])):_:l —
Z then either Z = [1,0,...,0] or Z = [-1,0,...,0]. There is r > 0 such that if

A\ Y,7] € D. NU(X0,0,0), Y = R:(\,Y,7), |Y| >0 thenY ¢ S..

Proof. Write U, = UAT‘:, tn = t;'; . First, let us realize that Definition 3.1 gives
tn(PY,) <ty for n such that Y, ¢ S.

We can suppose without loss of generality that one of the following cases (i)—(iii)
occurs:

(i) Yn ¢ S.: Then Y, = Rc(\n,Yn,7,) reads Y, — Uy (in(Yy),Ys) = 0. Dividing it
by |Y»| and letting n — oo we obtain by using Theorems 2.1 and 2.4 (precisely see
Remark 3.6)

Z = U, (trg, 2).

It follows that Z € L by the assumption (u) (see Remark 1.4) and therefore Z =
[£1,0,...,0] because Z € V.
(ii) Y, € S: Then
Y, = Uo, (Er, . Yn) =0
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and it follows that
Z —Up s (tr,Z2) =0, Z¢ L

which is impossible by the assumption (u) (see Remark 1.4).
(i) Y, € S\ S: Then

Iy?l e & 'y?l 7 g 0
- - t P n) = 0.
n €|P0Y lU (t (P ) P Y ) (1 €|P0Yn| )U(),A"( An Y. ) 0

If Z ¢ S then Theorems 2.1, 2.4 (see Remark 3.6) and the definition of P¢ yield

|21]
£|P°Z]

Do (B, PE2) = (1- 2] )To.ra(Bxas P°2) = Z = Doy (B0, 2) = 0.
e|P%Z|
If Z € S then P*Z has no sense but in this case the terms containing P¢Y,, tend
to zero, P°Z = Z and the resulting expression is obtained directly. We have Z ¢ L
and the last equality is excluded by Remark 1.4 as in (ii).
The last assertion of Lemma 3.7 is a consequence of the first because of Z =
[£1,0,...,0] ¢ S.. a

Theorem 3.1. Let E be a real Banach space with the norm || - ||, D an open set
inRx E,T,L: D — E completely continuous mappings such that L()\) is linear for
A fixed. Suppose that [Ao,0] € D and there is 6o > 0 with the following property:

(a) Ker(I — L(A)) = {0} for all A € (Mg — b0, Ao + do), A # Ao,
(b) d(L(Xo — 8)) # d(L(Ao +6))  for any 6 € (0, o),
(c) T %) — L)Xl =0 uniformly on compact A-intervals.

1] =0 [Ed]
Set

C=TINEI€D. X _—T(NE) =0,JX[£0]  (the closure in D).

Denote by Cy the component of C containing [A\g,0]. Then at least one of the
following conditions is fulfilled:

(i) there is Ay # Ao such that Ker(I — L()\1)) # {0}, [A\1,0] € Co,

(ii) Cy is not compact.

Proof can be done similarly as that of Theorem 1.3 and Corollary 1.12 in [13].
In [13], operators of the form L(A)X = ALX, T'(A\, X) = ALX+ N (A, X) are considered,
where L is linear completely continuous, NV is a small (at zero) compact perturbation.
It is supposed that Ao is a characteristic value of L of an odd multiplicity. Our
conditions (a), (b), (c) are automatically fulfilled under these assumptions. In fact,
only these conditions are used in the proof and the special form of the operators is
unnecessary. O
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Proof of Theorem 1.2. First, suppose that (1.2) is fulfilled and let A, 5 and
0o be from this assumption and from Notation 3.2, respectively. For any ¢ € (0, g0),
e > 0 denote by C; the component of the set

(VA €D X=T:(\%), X0}~ =

D.

={[)\,Y,T]eDe;YzRE(/\,Y,T), lyp=-2 ,T;éo}
1+71

(the closure in D,) containing [Ao,0], where D¢, R, T; are from Definitions 3.1,
3.2. Lemma 3.4 implies that

(3 10) { if [/\>Y7 T] € C:; then I)/I2 = ig-:_r’ if moreover Y ¢ Sg’ r # 0

then Y = UJ(f3(Y),Y), {3(Y) < tu.

It follows from the definition of Cj that 7 > 0 for any \Y, 7] € Cg. First, let us
show that go could be chosen such that there is € > 0 satisfying

(3.11) Y¢S, forany[\Y,7]€C;, 7#0, 0€(0,d0).

Suppose the contrary. Then it follows from the last assertion of Lemma 3.7 and the
connectedness of any Cj that there exist o, > 0,€, >0, 7, € (0,400), [An,Yn,mn] €
C:r such that gn = 0, €n = 0, Ay = X € [=AA], 7w = 7 € [0, +00], [Ya]| = 0,
Zn = ]X"T —Z,Y, €8, \S? . Consequently, Z € S. Writing U, = 0;:, tn =ty
we obtain

(3.12) Yo = Un(tn(Ya), Yn), 0<in(Ya) <twm
by (3.10). We can suppose t,(Yy) = to € [0,¢a]). Theorems 2.1, 2.4 give

Un(fn(Yn), Yn)

A - U§\(to, 2),

i.e. we obtain
(3.13) Z =U§,(to, 2)

with Z € S, which contradicts (1.2) if ¢ > 0. It follows from Theorems 2.2, 2.3
that for to = 0, U&,\(t, Z) is a stationary solution of (LPE) or of (LI) if 7 < +o00 or
T = 400, respectively. Hence Z = [75‘ ,(t,Z) for all t > 0 and this contradicts (1.2)
again. The existence of gy and ¢ satisfying (3.11) is proved.
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Further, we will consider this fixed € and an arbitrary ¢ € (0, o) and write C,
instead of C5.

We will use Theorem 3.1 for ' = T, with an arbitrary fixed o € (0,00). In this
case, Cp in Theorem 3.1 coincides with our C,.

If Ker(I — L(\)) # {0} then (3.13) holds with some Z # 0, 7 = 0, to = £ and this
is excluded for A # A¢g by Remark 1.4. In particular, the assumption (a) is fulfilled
with any dp > 0 and the case (i) in Theorem 3.1 is excluded. The other assumptions
of Theorem 3.1 follow from Lemmas 3.3, 3.5, 3.6. Hence, the case (ii) in Theorem
3.1 occurs.

Set

N
Co={\NVi7]; V=) yU;(\), \Y, 7] €C,
j=1
with Y = [y1,...,yn] and 7 € [0, +00)}.

We shall show that C, has all the properties announced in Theorem 1.2 with 75 =
+00.

First, the condition (1.3) follows from (3.10), (3.11) and Notation 3.1. It follows
from (ii) in Theorem 3.1 that there are [A,,Y,, 7] € C, such that

Ay Yo, 7a] = MY, 7] € C,, N < AY € V, 7€ [0, +00].

We will write [\,Y, 7] € C, also in the case 7 = +oo. It follows that [\,Y,7] ¢ D..
We have [A,0,0] € D, by Lemma 3.3 and therefore |Y| # 0, 7 > 0. We obtain
(3.12) by (3.10), (3.11) again. We can suppose t,(Y,) — to > 0 by Lemma 3.2. The
limiting process in (3.12) (by using Theorem 2.1 and (3.11)) gives

(3.14) Y =U](to,Y), 0 <to <tum, Y ¢ S°.

The fact that [\, Y, 7] ¢ D, (together with (3.11)) implies that at least one of the
following conditions is fulfilled:

(3.15) T = +00,
(3.16) Al = A,
(3.17) tB(Y) > tu, %)
(3.18) G (B (Y),Y) > 0.

*) In fact, it is possible to show that the sign “>” is excluded in (3.17). (First, it would
be necessary to know that Uy (t,Y) ¢ S for all ¢, i.e. that tJ(Y) < +oc0.) But this is not
important for our further considerations where (3.14) is essential.
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Hence, for any o € (0, do) there is [\,Y,7] € C, \ D, satisfying (3.14) and at least
one of the conditions (3.15)-(3.18). Our aim is to show that in fact (3.15) holds for
0 € (0,0p) if go is small enough. Suppose by contradiction that there are p, > 0,
[AnsYn, 7n] € C,, \ D¢ and 2 > 0 such that g, — 0, 7, € [0, +00),

(3.19) Y, = U, (t3,Y,), 0 <t <tar, Y & SO

and at least one of the following conditions is fulfilled:

(3.20) Anl=A, n=1,2,...,
(3.21) tha(Yn)2ty, n=12,...,
(3.22) G (Yn),Yn) 20, n=12 ...

We can suppose A\, = A, Z, = |—§,/—| — Z,Tq = 7T € [0,4+00], t§ — to. Dividing (3.19)
by |Y,| and using Theorem 2.1 or 2.3 we obtain (3.13). If t; > 0 then the assumption
(1.2) implies that |A| < A, fg,A(Z) < twm, ég‘/\(t(’,‘A(Z),Z) < 0. This together with
Theorem 2.1, Consequence 2.1, Theorems 2.4, 2.5 leads to the contradiction with
the fact that one of the conditions (3.20)—(3.22) holds. The case tg = 0 is excluded
because Ug , (-, Z) would be stationary by Theorems 2.2, 2.3 and this is impossible
by the assumption (1.2).

Hence, o could be chosen such that for any g € (0, o) thereis a point [\, Y, 7] € C—g
satisfying (3.15). The connectedness of C, implies that for any 7 € [0, 400] there
are A, Y such that [\,Y,7] € C,. The condition (1.4) with 7o = +oc0 follows.

It remains to show that the first part of the assertion of Theorem 1.2 (about the
existence of gg, 7o with the properties required) holds even if the assumption (1.2)
is omitted. In this case, choose arbitrary fixed A > |Ao|, tpr > % Let go be the
corresponding number from Notation 3.2. For any o € (0, d9), € > 0 we can introduce
C; as above.

We will show by almost the same considerations as in the proof of (3.11) above
that 99 could be chosen such that there are 7; > 0, ¢ > 0 satisfying

(3.23) Y ¢S. forany [\Y,7] € C5,7 € (0,m1],0 € (0, o).

Suppose the contrary. Then there exist g, > 0, €, > 0, [\, Yn, 0] € Cory ™ >0
such that g, = 0,6, = 0,7, = 0, A\, = A, |Y,| = 0, Z,, = |§—| —Z,Y, € 8., \S? .
(Cf. the proof of (3.11).) We have (3.12) again and the limiting process (after dividing
by |Y»| and using Theorem 2.1) gives (3.13) with to € [0,tpm], Z € S, |Z] # 0 and
7 = 0. This contradicts the behaviour of the solutions of the equation (LE) (see

Remark 1.4). (Recall that if t; = 0 then Ug z(-, Z) is stationary by Theorem 2.2.)
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Further, we consider a fixed ¢ satisfying (3.23) and denote by C, the component
of

{(AY, 7] € Gy 7 <1}

containing [Ao, 0,0] (for any o € (0, 20)). We apply Theorem 3.1 to T}, for an arbitrary
fixed o € (0, d0) again. We set

N
C, = {[/\, V,r]; V= Zijj(/\), \,Y,7] € C, with Y = [yl,...,yN]}

i=1

and show that C, has all the properties announced in Theorem 1.2. The condition
(1.3) follows from (3.10), (3.23). Suppose that gp, 7o cannot be chosen such that
(1.4) in Theorem 1.2 holds for all ¢ € (0,9). Then there are g, > 0,0 < 7, < 7
such that ¢, = 0, 7, = 0 and

(3.24) T<1, forall [\JY,7]€ C,,.

In particular, C,, = Cj . Analogously as above we can show that the condition (i)
(for Cy replaced by C,,) from Theorem 3.1 cannot be fulfilled. Thus, the case (ii)
in Theorem 3.1 occurs, i.e. C,, are not compact. By using similar considerations
as above together with (3.24) we obtain that there exist [An,Yn,7n] € C,, \ Ch.
satisfying (3.19) and at least one of the conditions (3.20), (3.21), (3.22). (The case
T, = 71 is excluded by (3.24).) We can suppose A, = A, Z, = |—¥J—| — Z. Dividing
(3.19) by |Y| and letting n — oo we obtain (by using Theorem 2.1) (3.13) with 7 = 0.
The case to = 0 is excluded because there is no nontrivial stationary solution of (LE).
The case to > 0 is possible only for A = \g, Z = [£1,0,...,0] by Remark 1.4. We
have |Xo| < A, 18, (Z) = 5, < tu, ég)h)(t]”, Z) = @z, (Eres Z) < 0. Consequence
2.1 and Theorem 2.4 give t,(Y,) — ta,, @,(tn(Yn),Ys) < 0 for n large enough.
Hence, (3.20), (3.21), (3.22) are excluded, which is a contradiction. O

Proof of Theorem 1.1. For any given g € (0, 00) we can find § small enough
such that

N
VI<eo forallV=> yU;(\) with |[Y]|<d Y =[ys...,yn], N <A

i=1

We have 79 = 400 in (1.4) under the assumptions of Theorem 1.1 by the last assertion
of Theorem 1.2. Hence, there exists a sequence of triplets [A,,V,,7,] € C; such

N
that 7n = +00,An = Ap € [<A AL Vo > V, € Vo, Vi = 3 42U;(M), V, =
Jj=1
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Zy] Yal? = Z2 = Yl = 6, Vel < o with Yo = [y, 03], Yo =

[yl,...,yN] Uy (-, Vp) are periodic with 1" (V,,) < tum, 7" (Va) — to. Lemma 3.2
ensures top > 0 and Theorem 2.3 implies that U{" (-, V,,) — UR2(:, V) in C([0,tp]) and
U (:, Ve) is periodic. Notice that it follows from the properties of C, that US? (-, V)
is not stationary. Indeed, we have Pr, V, # 0 because V, ¢ S0 (see (3.11)). If
it were US°(t,V,) = V, for all ¢ then we would have Pr, UL"(,,Va) = P, V,
in C([0,tnm]) by Theorem 3.1 which would contradict the fact that Pr, U™ (-, V,)
circulate around the origin.

Of course, there is at least one accumulation point A; of A, for ¢ — 0. Clearly,
any such accumulation point is a bifurcation point of (I) at which periodic solutions
bifurcate from the branch of trivial solutions. a

4. APPENDIX

Proof of Lemma 2.1. Choose ¢ > 0. It follows from (G), (L) that there exists

C > 0 such that
|G\, U))|

U]
Set U(t) = U{(t,V). Multiplying (PE) by U(t) and using (M) (see Remark 1.3) we
obtain

<C forall|U| <o, | <

LUwR) = 00, U0) = (FO,UW) - 1800, U0) <
< (BU@E)+G\U(@),U®) < CU®)?
for all |A| < A, 7 >0 and a.a. ¢t such that |[U(t)| < o

N =

with some C; > 0. The Gronwall lemma implies
|U(t)|? < |V|?e™ for all t such that |U(t)| < o (with r = 2Cy).
If p2 = p?e "(tM+1) then
U@ < 0® for |V|< oo, t €[0,ta +1)

and the first estimate in (2.1) follows. In particular, Remark 2.1 ensures the existence
of our solution on [0,¢pr + 1).
Further, it follows from (PE) that there exists Cy > 0 such that

U®),U(t) < (BAU(t) + G\ U () — 7(BU (), U(t))|
< CUMU )] + r[U@U(2)]

and therefore the later estimate in (2.1) is a consequence of the former one. O
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Proof of Theorem 2.1. The convergence (2.5) follows from the standard results
on continuous dependence of solutions of ODE’s on parameters (see e.g. [8]).

Set Un(t) = U (t,Va). Let V =0, ]T‘;"[ =W, - W. Lemma 2.1 implies that
for any T > O there is ng such that (2.1) with t5 and U] replaced by T and U,
holds for all n > ng (i.e. for |V,| small enough). It follows that ]—-‘L[ is bounded
in C1([0,T)) and therefore there exists a subsequence convergent in C([0,T1]). It is
sufficient to show that any such subsequence converges in C*([0,T]) to Uga(W).
We will suppose without loss of generality that I%_I — Up in C([0,T]) and prove
Uo = Ug (-, W). 1t follows from (G) that

G, Un(®)) _ G(An, Un(t)) [Un(t)]
A U] |Val

— 0 in C([0, TY)).

Further,
Un(t) _ Br,Un(t) | GO, Un(t)) _ 12BUn(1)
Val Val Val Val

and it follows by the limiting process that %]V@\l converges in C([0,T1),

Un(t)
[Val

([0, 77),

Us(t) = BaUy(t) — 7BUs(t) for all ¢ € (0, T).
Hence, Uy = Ugy)‘(g W). Our assertion follows.‘ 0O

Proof of Theorem 2.2. Set Un(t) = Uy"(t,V,). The periodicity of U, together
with Theorem 2.1 (and the fact that ¢ = 0 is the Lebesgue point of By\U + G(\,U) —
7U) imply

0= / Ua(t) dt = / F(hs Un(8)) = 7 BU(t) dt
0= 51— / B, Un(t) + GO, Un(t)) = 72 BU (1) dt — BV + G(A,V) — 78V
n JO

If V =0 then (G) implies

1 / “ BaUn(t) GO, Un(t) _ BUA(t)
0=— + -
tn Jo |Vn|

Tn dt —» B\W — 78W.
|an ‘Vn‘

Our assertion is proved. O
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Proof of Theorem 2.3. Set U,(t) = Uy"(t,Vy,) again. Conditions (P), (M)
from Remark 1.3 and the equation (PE) give

tm . tm
/ (Un = F(An,Up),V =U,)dt = / (TaBV — 18U,V = U,)dt > 0
0 0
for all V € L*(0,txr) such that V(t) € I for a.a. t € [0,ta7].

It follows from (2.2), (2.4) in Remark 2.3 that {U,} is bounded in W}(0,t,s). Sup-
pose that U, — U weakly in W}(0,tp). Then U, — U in C([0,t5s]) according to
the compactness of the imbedding, and the limiting process in the last inequality
gives

1) MU - F(\U),V =U)dt >0
. for all V € L2(0,ta) such that V(¢) € K for a.a. t € [0,tp].

We claim to show that

4o U(t) € I for all t € [0, ],
*2) (U(t) — F(\U(®)),V =U(t)) >0for all V € K, a.a.te0,tuy].

We have

[ oo ar=5 [T S0 de = 50000 = 0 0F)

and it follows from (PE) (multiplied by U,, and integrated) and the boundedness of
U, that there exists C5 > 0 such that

o A CACRAO R e
We have 7,, & +00 and it follows by using (M) from Remark 1.3 that
(BU(t),U(t)) = Um(BUL(t),Un(t)) =0 for t € [0,trp].
Hence, (P) implies
(4.3) U(t) € K for t € [0, t].

Suppose that the inequality in (4.2) does not hold. Let E C [0,tp] and Vp € K
be such that meas(E) > 0 and (U(t) — F(\,U(t)),Vo — U(t)) < 0 for all t € E.
Introduce a function
V(t)=Vy fortekFE,
V() =U(t) forté¢FE.
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It follows from (4.3) that V(t) € K for a.a. t € [0,tx] and clearly V € L2(0,tas).
Hence

tm
/ (U—F(/\,U),V—U)dt:/(U—F(/\,U),VO—U)dt<0,
0 E

which contradicts (4.1) and (4.2) is proved.

All these considerations could be done for an arbitrary weakly convergent subse-
quence of U, (instead of U,) which implies U, — U = Us°(-,V) in C([0,tp]) and
weakly in W} ([0, 5s]). Further, it follows that to is the period of U (-, V') provided
to > 0.

Now let us show that if ¢, — to = 0, then Ug°(-, V) is a stationary solution of (I),
ie.

(F(\V),Z-V)=(F(\,U(0)),Z-U(0)) <0forall Z € K.

We have

0= Un(tn) — Vo = /Ot Un(t) dt = /Ot" FOu, Un(8)) = 72 BU(t) dt.

Multiply this equation by a fixed Z € I{. We obtain

(4.4) /O C(FOn, Un(t)), Z2) dt = 7, /0 (BUL(t), 2) dt.

Further,
tn
0=|Un(tn)|]> = |Va|?> =2 (Un(t), Un(t)) dt
0

=2 / " (F s Un(t)) = 7 BU(8), Un(2)) dt
0

and therefore

(4.5) /0 C(F O, Un()), Un(8)) dt = 72 /O " (BUN (), Un(t)) dt.

It follows from (4.4), (4.5) by using (P) and (M) that for any Z € K we have

I w [
= [ (FOUa0). Z = Un(t) dt = 2 / (BUL(t) = BZ,Z — Uy(t)) dt < 0.
n 0 2 0

The limiting process (by using the fact that ¢ = 0 is a Lebesgue point) gives

1 tn
= [ (PO, Ua0), Z = U () dt = (FOL V), Z = V) 0.
ln Jo
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The case V = 0 can be treated similarly if we divide all expressions by |V,,| and

use the fact that

G()\naUn(', Vn)) .
'—T — 0in C([O,tM])

O

Proof of Theorem 2.4. Set (¢, Va) = 3" (t, Vo), to(V) =12 (V). f V ¢ S,
ti(V) <tm, &5(t5(V), V) <0, then there is § > 0 such that

(4.6) o5 (t, V) < =2r forall t € (t5(V),t5(V) +9).

Let to € (t5(V),t5(V) + 6) be fixed. Then ¢n(to,Vn) < —2r for n large by Con-
sequence 2.1. Hence, there are t!, € (0,t9) such that ¢, (t),,V,) = —2r due to the
continuity of ¢n(-,V,). This means t,(V,) < to. But to > t{(V) was arbitrarily
close to t3 (V') and therefore

(4.7) limsup ¢, (V) < 5 (V).

Let t;, be an arbitrary subsequence of t,(V,), t;, — t'. We have t;, < tpr + 1
for n large enough by (4.7) and Consequence 2.1 yields ¢, (ti,, Vi,,) = @3t V),
ie. o(t',V) = —2n. It follows that t' > 0, t](-,V) < t'. This holds for an arbitrary
converging subsequence and therefore lim inf ¢,(V;,) > t1(V) which together with
(4.7) gives t,(V,) = t1(V).

The case V =0, W,, = l—“é—l — W ¢ S, can be treated similarly using (2.8) instead
of (2.7) from Consequence 2.1. O

Remark 4.1. Denote by T (U) the contingent cone to K at a point U € K, i.e.

() =J |J mv-0.

h>0VeEK

For any U € I{, W € RY, denote by PyW the projection of W onto Tk (U), i.e. the
unique element from Ty (U) satisfying

|PyW —W|= min |Z-W|.
ZETK(U)

It is known (see [1]) that an absolutely continuous function U: [0,T) — K is a
solution of (I) if and only if

U(t) = Py (BAU(#) + G\, U(t))) foraa. t€[0,T).

In this case the last equation holds for all ¢t € [0, T) if U(#) is understood as the right
derivative in accordance with our agreement from Notation 1.2 (cf. Remark 1.1).
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Proof of Theorem 2.5. Set

N
(V.2), =30 W7 ), VI = (V)i

i=1
N N
for V=" "yY WU;(\), Z =S yZ(NU;(N).
=1 j=1

We will write Un(t), ¢n(t), Ln, U(t), ¢(t) instead of U;::(t,Vn), 80;'; (t,Vn), Ly, ,
Usa (8, W), w52 (8, W), respectively.

If W € int I{ then %AVQIZ — U(0), ¢(0) = ¢(0) by Theorem 2.1, Consequence 2.1
and Remark 1.6. If V,, € K then ¢, (0) < —1 for n large enough with some > 0 by
Remarks 1.6 and 1.4. Hence, it remains to consider the case

W eoK, V, ¢ K.

The assumption W ¢ S, and Theorem 2.1 imply the existence of 7' > 0 such that
IPL. Un(®)|lr, >0, |PL,U(t)|ln >0 on [0,T). It follows from Remarks 3.5, 4.1 that

(Un(t),Pzn Un(t)>% (FAny Un(t)) = aBUn(2), Pf, Un(t)),
1P U3, I1PL, Un(®I3, ’

<U t), P, U (t)>A _(BU(t) - (B\U(t) — Py BAU (1)), PL,U(8))

IPLU@IX IPL, U@

(4.8)  @,(t) =

(4.9) &(t) =

for t € [0,T). It follows from the assumption (1.1) that

W — Py B\W
U:n(W)—B’\ w B

(4.10) U e r 1B T IBaW = PwB\W|

The assumption (G) implies

. (F(An, Vi), Pf VTL)A" (BAW, Pf| W)A
1m 5 = 5
n—o0 I1Pr,Val3, | P, W13

It follows from (4.8) that if (BVn. Py V,1>A" > 0 then the circulation of P, UI: V)
is accelerated by the penalty term and this circulation is stronger than in the case of
the equation. In particular, there is 5 > 0 such that (, (0) < —7 (see Remark 1.4).
Hence, we can consider only the case (SV,,P; V) L < 0. Tt follows that it is
sufficient to show that

im su —Tn </B‘/11)P[*," ‘/n>,\" < _ (BAW - PVVB)\W7 PIt,\W>)\
n—-)oop “PL,, Vn”i,, h ||PL>\W”§\
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This can be written as

i Tl Wl (A Py, Valls, )
n—00 I1PL, Valln, \BVallx, IIPL, Valla.
||BAW—PWBAW||,\< B\W — PwB\W  Pf W >

— A
h |1 PL, Wi IBAW — PwBAW ||\ ||Pf, Wix

P; P W
We have ﬂp—“——vlﬁ'— = ||Pr, W], TP V,‘./||A,, - TPE. ‘7 and it follows from (4.10)

that the last inequality will be ensured if

V,
lim sup TolBValla,
nooo  ||Valla.

< |BAW — Pw BA\W||.

According (4.10), this is equivalent to

n V”l
limsup 2V2l |BAW — Py ByW|.
nooo |Vl
It is easy to see that
(4.11) |BAW — Pw BA\W| = (ByW,n(W))

under the assumption (1.1). (Note that (ByW,n(W)) > 0 because otherwise the
periodic solution U(t) would be directed into the interior of I{ in a neighbourhood
of W and U (t) could not reach W = U(0) € 9K for t — 0_.) Hence, it is sufficient
to prove that

n VTL
(4.12) lim sup TnlBVn|

n—oo |‘/n|

< (BAW,n(W)).

Suppose that (4.12) does not hold. We can suppose that there is § > 0 such that

7| BVl

(4.13) (BaW,n(W)) — TARD -

Theorem 2.3 together with (G) implies

Un(t) F(\, Uy (1))
[Val [Val

(4.14)

U(f,), — B)\U(t) in C([—f.M,tM]).

(Notice that our functions are periodic and therefore we can consider an arbitrary
time interval.) Hence, it follows from (4.13), (4.10), (4.14) and the continuity of U
that there exist ng and tg > 0 such that

<F(A...Lf..(t>) b'un(z) ) _ BVl 8
(4.15) { Vil 180 (0] V. T2

for all n > ng and t € [—to, to] such that U, (t) ¢ K.
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We shall show that also

(F(/\nyUn(t)) _TnﬂUn(t) ﬁUn(t) ) < _6

(4.16) Vol NGNS

2

holds for all n > ng and t € [—tp,0]. For any n > ng, consider the set
U, = {t € [~t,0]; Un(t) ¢ K and (4.16) holds for all ¢ € [¢,0]}.

We have 0 € U, for all n > ng because (4.16) reduces to (4.15) for t = 0. According
to (PE) and (Pt), the formula (4.16) is equivalent to

@in) S (1B0.0F) (= G.0,50.0) ) < -3BU.OlIVal.

In particular, if £ € U, then |BU,(t)| = dist(U,(t), I{) is strictly decreasing on [¢, 0]
and |3V,| < |BU.(t)| for all t € [t — 1,,0) with some 7, > 0. Thus,

(4.18) Un(t) ¢ K for all t € [t — 0y, 0].

We obtain by (4.15) that

(F(’\ann(t)) = 1aBUL() BU(H) ) — (F()‘mUn(t)) BU.(t) ) _ 7| BUA ()|
[Vl "|BUL ()] Val 7 1BUR(8)] [Vl

< <F(’\H’Un(t)) BUL(t) ) _ Tn|BVal

- Val 7 1BUL()] [Vl

0 -
< -5 for all n > ng and t € [t — 1,,0].

Hence U, is open in [—tg,0]. Simultaneously, U, is closed according to the continuity
argument. (Note that |SU,(¢)| remains nontrivial due to the monotonicity mentioned
above.) Hence,

(4.19) Uy, = [—to,0] for all n > ng.
We have U(t) € K for all t and it follows from (4.18) and (4.14) that
(4.20) U(t) € 9K for all t € [—to,0].

Now, it is easy to see that

/BUn(t)

(4.21) 18T (1)

— n(U(t)) in C([~to,0]).
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Further, (4.16) means by (PE)

() AU\ 6
(4.22) (|V| o) <
U,

Theorem 2.3 gives T\7(—l2 — U(t) weakly in W} (0,t5). Integrating (4.22) and using
(4.21), we obtain by the limiting process

/0 (U(t),n(U(t))) dt < 0.

—to

However, simultaneously (U(t),n(U(t))) > O0forall t € [—tg, 0] with respect to (4.20)
because otherwise U(t) would be directed to the interior of I{ at some t' € [—to,0],

ie. U(t) € int K for t € (t',t' + £) with some £ > 0. This contradiction completes
the proof. O
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