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CERTAIN CUBIC MULTIGRAPHS
AND THEIR UPPER EMBEDDABILITY

LADISLAV NEBESKY, Praha
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Let G be a connected cubic multigraph such that each edge of G belongs to a cycle
of length < 5. We shall find a global property of G (Theorem 1). Then we shall
show that G is upper embeddable (Theorem 2).

1. Let G be a multigraph (in the sense of [1], for example) with a vertex set
V(G) and an edge set E(G). (Note that G is a graph if and only if it has no multiple
edges; and G is a path if and only if it is a tree with no vertex of degree > 3.) If
u,v € V(G), e € E(G), u # v and e is the only edge of G incident with u and v,
then we shall write e = wv. Let U be a nonempty subset of V(G); we denote by (U)
the multigraph F' defined as follows: V(F) = U,

E(F) = {e € E(G); e is incident with no vertex in V(G) — U},

and e and u are incident in F' if and only if they are incident in G, for any e € E(F)
and u € V(F).

Let G be a multigraph, and let & be a partition of V(G). If Z C £, then we
denote by E# the set of all edges e of G with the property that the vertices incident
with e belong to distinct elements of #Z. We shall say that &2 is a D-partition of G
if (&) is a connected multigraph different from a path for each P € &.

One of the two main results of the present paper is given by the next theorem:

Theorem 1. Let G be a connected cubic multigraph. Assume that each edge of
G belongs to a cycle of length < 5. Then

(1) Es|>2(2|-1)
for every D-partition & of G.
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The proof of Theorem 1 depends on the following lemma:

Lemma 1. Let G be a connected cubic multigraph, and let & be a D-partition of
G such that |&?| > 2. Assume that each edge of G belongs to a cycle of length < 5.
Then there exists # C £ such that

(2) |Z| > 2, < U R> is connected and |Eg| > 2(|%| - 1).
Rex

Proof. If there exist distinct P*, P** € & such that |E(p. p..y
put Z = {P*, P**} and (2) holds.
Thus, we will assume that

> 2, then we

(3) |E{P’,P"}I <1 for any distinct PI,P” € X

We denote by € the set of all cycles C in G such that E(C)NEg # 0 and |E(C)| < 5.
If C € €, then, as follows from (3), 3 < |E(C)N Ex|. Let A C E». We denote by
Z (A) and Z(A) the sets of all P € & with the property that at least one vertex
in P is incident with an edge in A and with the property that exactly one vertex in
P is incident with an edge in A, respectively. If P € % (A), then the vertex in P
incident with an edge in A will be denoted by w(P, A). Finally, we denote by % (A)
the set of all P € Z°(A) such that w(P, A) is incident with exactly two edges in A.

We shall construct infinite sequences Fy, Ei, ... and fo, f1, ...such that F; C E»
and f; € {0,1} for every i =0,1,....

We put fo = 0. Consider an arbitrary C° € € and put Ey = E(C°) N Ew.
Certainly, # (Ey) = Z(Eo). It follows from (3) that # (Ey) # 0.

Let ¢ > 1 and suppose that we have already constructed E;_; and f;_,. If
% (E;—1) =0 and f;_; = 0, then we put E; = E;_; and f; = 0.

We shall assume that either (a) # (E;—;) # 0 and f;—; = 0or (b) fi_; = 1. We
first discuss (a). Consider an arbitrary S; € #(E;_;). Put F; = (S;). Since F; is
connected and different from a path, we see that there exist an integer g; > 1 and
mutually distinct vertices uqo, ..., uiy € V(F;) such that

uio = w(S;, Ei—y), degp, uig, = 3, degp, u;; =2 for each j,

1<7<g, and uiouq, - - - y Wig, —1Uiqg; € E(Fl)

(note that degp, v denotes the degree of u in F;). Since G is cubic, we see that
[V(C) N V(F;)| > 3 for every cycle C' in G such that wu;y,—1u;y, € E(C). We put
h.i =1.
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We now discuss (b), i.e. the case when f;_3 = 1. We put S; = S;_1, g;: = gi—1,
and wu;; = u(j—y); for each j, 0 < j < gi. Moreover, we put h; = h;—1 + 1.

In the sequel, we will not distinguish between (a) and (b). Consider an arbitrary
C' € ¢ such that wp,—1uin, € E(C?). Put E; = E;_; U (E(C*) N Eg). Clearly,
|V(C?) N V(F;)| > 2. Moreover, if h; = g;, then |V(C*) NV (F;)| > 3. If [V(C*)n
V(F;)| > 3, then we put f; = 0. If |V(C*) NV (F;)| = 2, then we put f; = 1.

Obviously, Eg C E; C ... . Since Eg is finite, it is easy to see that there exists
n > 0 such that E,, # E,_ and E, = E,; for every j > 0. Consider an arbitrary
k € {1,...,n}. Since Ex = Ex_1 U (E(C*) N Ep), we see that & (Ey) = 2 (Ex).
Moreover, it is easy to see that

(4) w is incident with an edge in Ex_; if and only if u € {uko, ..., Ukhe—1}

for each u € Sy.

We define

E* = E; — By,

Tk ={Pe Z(B) - ¥ (E); Pg 2 (B},

U* = {P e Z(E) - ¥ (Ev); P (Ex), P# S}, and
@k ={Pe¥(E); P¢ Z(E-1)}.

We shall show that
(5) |E¥| 2 2|78 + |25 + 19 + 1 - fr.

Clearly, E* C E(C*). Combining (3) and (4) with the fact that G is cubic, we
sec that exactly one edge in E* is incident with a vertex in Sx. Thus, 1 < |E*| < 3.
Moreover, if fi = 0, then 1 < |E*| < 2. Consider an arbitrary P € 2 (E(C*)NEg)
such that P # Si. Clearly, exactly two edges in E(C*) N E, say edges €' and e/,
are incident with vertices in P. Without loss of generality we assume that if e’ € E*,
then ¢’ € E*. Let v' and v'' denote the vertices in P incident with e’ and with e’’,
respectively. It is easy to show that

if e',e ¢ E¥ then Pg I* Ut uak,

if e’ ¢ E* ¢ € E* and v' =", then P¢g F*u ' Fu ok,
if e’ g E* €' € E*¥ and v’ # 0", then P ¢ T* U &>,

if ' € E* and v/ =", then P ¢ T*, and

if v' #v", then fi = 1.
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It is now to see that (5) holds.
Obviously,

(6) |Eol > 2(| 2 (Eo)| - 1) = | (Eo)| - fo.
Combining (5) and (6) and using induction on m, we get
Bl > 2(]2(En)| = 1) = |# (Bn)| = fm

for each m € {0,...,n}.
It is clear that #(E,) = 0 and f,, = 0. We have

|Enl > 2(] 2 (En)| = 1)

Put # = Z (E,). Obviously, E, C Eg and 2 (E%) = %. Hence, (2) holds. The

proof of the lemma is complete. a

Proof of Theorem 1. Let & be a D-partition of G. We proceed by induction
on |2|. If | 2| =1, then & = {V(G)} and thus (1) holds. Let | 2| > 2. According
to Lemma 1, there exists # C & such that (2). Put

Po=|J R and P =(2-R)U{R}.
Rex

Clearly, &, is a D-partition of G and | #y| < |£|. The induction hypothesis implies
that |Ep,| > 2(|P0| — 1). By virtue of (2), |Ex#| > 2(|#] — 1). Combining these
facts we get (1), which completes the proof of the theorem. O

Remark 1. Let G be a connected multigraph, and let &2 be a partition of V' (G);
we say that &2 is a C-partition of G if (&) is a connected multigraph with at least
two vertices, for each P € £2. The concept of a C-partition was introduced in [7] for
graphs and in [8] for multigraphs. In [7] a class of graphs with a certain local property
was studied; it was proved that if G is a graph in that class, then (1) holds for every
C-partition & of G. The same result was obtained for a larger class of multigraphs
in [8]. On the other hand, the concept of a D-partition cannot be changed to that
of a C-partition in Theorem 1. Fig.1 shows a connected cubic graph G; such that
each edge of G bhelongs to a cycle of length < 5. Fig. 1 also shows a C-partition 2
of G;: the edges in E» are drawn by thick lines. We can see that |Ep| = 9 and
2(|2| - 1) = 10.
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Figure 1

2. A connected pseudograph G is said to be upper embeddable if there exists a
2-cell embedding of G into the closed orientable surface of genus [%ﬂ(G)], where

B(G) = |E(@G)| - |V(G)| +1.

The upper embeddability plays an important role in studying the maximum genus
of a pseudograph (cf. [10] of Chapter 5 in [1]).

If F is a pseudograph, then we denote by ¢(F) and b(F') the number of all com-
ponents of F' and the number of the components H of F such that 8(H) is odd,
respectively.

The following theorem will be useful for us:

Theorem A. Let G be a connected pseudograph. Then the statements (7), (8)
and (9) are equivalent:
(7) G is upper embeddable,
(8) there exists a spanning tree T of G with the property that at most one compo-
nent of G — E(T') has an odd number of edges,
(9) (G- A)+b(G—A)—2 < |A| for each A C E(G).

The equivalence (7) < (8) was proved in [5] and [11]; a similar result was proved
in [4]. The equivalence (8) < (9) was proved in [6]; a similar result was proved in [3].

Let GG be a pseudograph, and let & be a partition of V(G). We shall say that &£
is a B-partition of G if (P) is connected and B((P)) is odd for every P € 2.

Lemma 2. Let G be a connected pseudograph. Then G is upper embeddable if
and only if (1) holds for every B-partition & of G.

Proof. Let G be upper embeddable. It follows from (9) that (1) holds for every
B-partition & of G.
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Conversely, let G be not upper embeddable. We denote §(A4) = ¢(G — A) + b(G —
A) —2 —|A| for each A C E(G). There exists A* C E(G) such that g(A*) > g(A’
for each A’ C E(G) and §(A*) > §(A") for each proper subset A" of A*.

Denote

P = {P; there exists a component F of G — A* such that P = V(F)}.

Obviously, & is a partition of V(G) and Ee C A*. The definition of A* implies
that Ee = A*.

Since G is not upper embeddable, it follows from (9) that g(A*) > 1. Hence
b(G — A*) > 2. Assume that b(G — A*) < ¢(G — A*). Since b(G — A*) > 0, there
exist Py, P, € & such that 8((P,)) is odd, 3((P2)) is even and E{p, p,3 # 0. Then

§(A* = Egp, p,y) 2 9(A"),

which is a contradiction. Thus b(G — A*) = ¢(G — A*). This implies that & is a
B-partition of G. We have |A*| < 2(|£| — 1), which completes the proof. O

Note that a pseudograph is a multigraph if and only if it contains no loop. Obvi-
ously, if G is a cubic pseudograph such that each edge of G belongs to a cycle, then
G is a multigraph.

Certainly, every B-partition of a multigraph is a D-partition. Thus, combining
Theorem 1 and Lemma 2 we get the second main result of the present paper:

Theorem 2. Let G be a connected cubic multigraph. If each edge of G belongs
to a cycle of length < 5, then G is upper embeddable.

Remark 2. Let G be a connected multigraph. We can see that if (1) holds
for every C-partition of G, then G is upper embeddable. This fact was used in [7]
and [8].

Remark 3. Fig.2 shows a connected cubic graph G, such that each edge of
G belongs to a cycle of length < 6. Fig.3 shows a connected graph G3 with the
maximum degree four and such that each edge of G3 belongs to a cycle of length < 5.
We see that neither G nor G3 are upper embeddable.

Remark 4. Glukhov [2] proved that if G is a 2-connected multigraph such that
each edge of G belongs to a cycle of length < 3, then G is upper embeddable. It was
shown in [7] that there exists a 2-connected graph G with the properties that G is
not upper embeddable and each edge of G belongs to a cycle of length < 4.
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Figure 2 Figure 3

Remark 5. If G is a connected multigraph and k is a positive integer, then a 2-
cell embedding ¢ of G into a closed orientable or nonorientable surface such that the
length of the boundary of no region of ¢ is exceeding k will be called a k-embedding.
Nedela and Skoviera [9] proved that if a connected multigraph has a 4-embedding,
then it is upper embeddable. Moreover, Nedela and Skoviera [9] conjectured that if
a connected multigraph has a 5-embedding, then it is upper embeddable, too. Let
G be a connected cubic multigraph; it is not difficult to show that if G has a 5-
embedding, then each edge of G belongs to a cycle of length < 5. Thus, as follows
from Theorem 2, the above conjecture is correct for connected cubic multigraphs.

Acknowledgement. The author is very grateful to the referee for helpful com-
ments and to Martin Skoviera for inspiring letters concerning the subject of Re-
mark 5.

References

[1] M. Behzad, G. Chartrand and L. Lesniak-Foster: Graphs & Digraphs. Prindle, Weber
& Schmidt, Boston, 1979.

[2] A.D. Glukhov: On chordal-critical graphs (in Russian). Some Topological and Combi-
natorial Properties of Graphs, Preprint 80.8.. IM AN USSR, Kiev, 1980, pp. 24-27.

[3] N.P. Homenko and A.D. Glukhov: One-component 2-cell embeddings and the max-
imum genus of a graph. Some Topological and Combinatorial Properties of Graphs,
Preprint 80.8.. IM AN USSR, Kiev, 1980, pp. 5-23. (In Russian.)

[4] N. P. Homenko, N. A. Ostroverkhy and V. A. Kusmenko: The maximum genus of graphs
(in Ukrainian, English summary). ¢-Transformations of Graphs (N.P. Homenko, ed.).
IM AN USSR, Kiev, 1973, pp. 180-210.

[5] M. Jungerman: A characterization of upper embeddable graphs. Trans. Amer. Math.
Soc. 241 (1978), 401-406.

[6] L. Nebesky: A new characterization of the maximum genus of a graph. Czechoslovak
Math. J. 31(106) (1981), 604-613.

[7] L. Nebesky: Na-locally connected graphs and their upper embeddability. Czechoslovak
Math. J. 41(116) (1991), 731-735.

391



[8] L. Nebesky: Local properties and upper embeddability of connected graphs. Czechoslo-
vak Math. J. 43(118) (1993), 241-248. To appear.

[9] R. Nedela and M. Skoviera: On graphs embeddable with short faces. Topics in Combi-
natorics and Graph Theory (R. Bodendiek, R. Henn, eds.). Physica-Verlag, Heidelberg,
1990, pp. 519-529.

[10] A. T. White: Graphs, Groups, and Surfaces. Revised Edition. North-Holland, Amster-
dam, 1984.

[11] N. H. Xuong: How to determine the maximum genus of a graph. J. Combinatorial The-
ory Ser. B 26 (1976), 217-225.

Author’s address: Filozoficka fakulta Univerzity Karlovy, ndm. J. Palacha 2, 116 38 Pra-
ha 1, Czech Republic.

392




		webmaster@dml.cz
	2020-07-03T10:21:46+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




