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0. INTRODUCTION

It is now a classical result that the Riemann-type Kurzweil-Henstock integral
is equivalent to the Denjoy-Perron integral. So it can integrate any derivative in
dimension one, but in higher dimension there are differentiable vector fields with
a non-integrable divergence. This deficiency was removed by J. Mawhin [9], who
introduced the notion of regularity of an interval in the definition of the integral.
Nevertheless, his integral failed to be additive (i.e. there exist functions which are
integrable on intervals I; and I without being integrable on the interval I, U I5),
and it was the starting point of many researches. Let us mention the M;-integral of
J. Jarnik, J. Kurzweil and S. Schwabik [3], and the works of W. F. Pfeffer [13] and
D. J. F. Nonnenmacher [12].

The main purpose of this paper is to establish a very complete fundamental the-
orem for several multidimensional integrals, including J. Mawhin’s integral [9] and
W. F. Pfeffer’s integral [13]. A characterization of these two integrals (using some
null condition) can be found in [8]. For the a-regular integral a remarkable theorem
is given in [5], where the authors W. B. Jurkat and R. W. Knizia introduce a useful
outer measure associated to any interval function. This tool is very natural in the
frame of Kurzweil-Henstock integration for its definition is based on the notion of
gauge. The results of the present paper are obtained by defining an appropriate
outer measure for each integral.

In order to derive our fundamental theorem it is useful that the integral can
integrate the derivative of any differentiable interval function. The two integrals
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of J. Mawhin and W. F. Pfeffer have this property, but it does not seem to be the
case for the M;-integral. In this paper we present a modified version of this integral
which has the desired property. The definition of this Mp-integral is inspired by
a noteworthy result of J. Kurzweil and J. Jarnik {7] on regular differentiability of
interval functions. The proofs of the fundamental theorem will be given for the
Mo-integral but the other cases require only minor modifications.

1. PRELIMINARIES

Let I =[a1,b1] X ... X [an, by] be any (non-degenerate) compact interval of R™.

a) the measure of I is the number m(I) = [] (b; — a:),

=1

b) the length of T is the number ¢(I) = max (b; — a;),
c) the thickness of I is the number ¢(I) = min (b; — a;),
d) the regularity of I is the number r(I) = t(I) ¢(I)7!.

We denote by J(I) the set of all (non-degenerate) compact subintervals of I. In
the following we shall work with the ball V(z,6) = {y € R*/ max|z; — y;| < §}.

1.1 Definition. An interval function F': 7(I) — R is called a-differentiable at
z € I (for a fixed parameter 0 < a < 1) if there exists f, € R such that for every
€ > 0 there exists d > 0 with the property

|F(J) ~ fem(J)| < em(])

for every J € J(I) with z € J C V(z,¢) and 7(J) > a. The function F is called
(ordinary) differentiable at x if it is a-differentiable at z for every 0 < @ < 1. In
that case the derivative f, is denoted by F'(x).

The following remarkable result of J. Kurzweil and J. Jarnik shows that the dif-

ferentiability of an additive interval function does not depend on a.

1.2 Proposition. Let F': J(I) — R be an additive function and x € IntI. We
suppose given § > 0 with V(x,6) C I and such that |F(K) - fIm(K)[ < em(K)
for every K € J(I) with x € I C V(z,0) and r(K) > a. Then the inequality

!F(J) - fr171(J)| < kel(J)"

holds for every J € J(I) with x € J C V(x,0), where k is a constant depending
only on the integer n and the parameter 0 < a < 1.

Proof. See Corollary 1 in [7]. O
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1.3 Theorem. (Kurzweil-Jarnik) If an additive interval function F: J(I) — R
is a-differentiable at x € Int I for some 0 < a < 1, then F is (3-differentiable at x for
every 0 < B < 1 (i.e. F is differentiable at z).

Let A be any subset of I. A figure ® over A is a finite family of non-overlapping
intervals Jy, Js,...,Js € J(I) together with a family of points z1,zs,...,2s € A
such that z; € J; for all i = 1,...,s. The regularity of the figure ® is the number
r(®) = min r(J;). A partition of the interval I is a figure II over I such that the
intervals J; cover I.

Any positive map §: A = Ry is called a gauge on A. Given a gauge 6: A — Ry
one says that a figure ® over A is d-fine if J; C V(z;,6(z;)) for all i. We denote
by F(A,J) the set of all é-fine figures ® over A and by P(I,d) the set of all é-fine
partitions II of I.

1.4 Definition. Let f: I — R be a function. Given a partition II of I one can
form the Riemann sum S(f,II,I) = 3 f(z;) m(J;). The function f is called
=1

a) DP-integrable (or also strongly integrable) if there exists ¢ € R such that for
any € > 0 there exists a gauge 6: I — R4 with the property |S(f, I, I) - c| < ¢ for
every partition IT € P(I,4),

b) a-regularly integrable (for a fixed 0 < a < 1) if there exists ¢ € R such that for
any € > 0 there exists a gauge d: I — R with the property |.S'(f, II,I) - c( < ¢ for
every partition II € P(I,4) with r(II) > a,

c) M-integrable (or also regularly integrable) if there exists ¢ € R such that for
any € > 0 and any 0 < o < 1 there exists a gauge §: I — R, with the property
|S(f,IL,1) - cl < ¢ for every partition II € P(I,d) with r(II) > a,

d) M -integrable if there exists ¢ € R such that for any ¢ > 0 and any K > 0 there
exists a gauge 0: I — Ry with the property |S(f, I, I) - c| < ¢ for every partition

II € P(1,6) with &;,(IT) := Zm(]i)r(Ji)“l < K (compare with the definition
in [3)). -

In any case the integral ¢ € R is unique, and it is denoted by [ 1L
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2. TWO FURTHER INTEGRALS

The failure of the additivity for the M-integral is due
to the pathological behaviour of regular intervals on the I
boundary OI of I. This trouble can be avoided by defining
a new parameter of regularity for all the intervals which
are in contact with the boundary.

2.1 Definition. Let J = [c;,dy] X ... X [cn, du] € T (I). ' J*
The relative regularity of the interval J is the number
o(J) =r(J*), where

. {di—K(J) if ¢; = as, o {ci+e(J) if d; = b; and ¢; > a;,
Ci: i:

Ci otherwise, d; otherwise.

One easily shows that o(J) = regz(J) as defined in (8], where F is the family of all
k-planes which include a k-dimensional face of I (for k =0,1,...,n—1).

2.2 Definition. A function f: I — R is said to be Pf-integrable (or also exten-
sively integrable) if there exists ¢ € R such that for any ¢ > 0 and any 0 < a < 1
there exists a gauge 6 : I — R4 with the property |S(f,1'I,I) - c| < ¢ for every
partition IT € P(I,6) with o(II) := min o(J;) > a. According to the Theorem 2 in
[8] this definition is equivalent to the definition of W. F. Pfeffer [13].

For n > 3 it is not clear whether the M;-integral can integrate derivatives or not.
The following modification of this integral is motivated by Proposition 1.2.

2.3 Definition. A function f: I — R is said to be Mj-integrable if there exists
¢ € R such that for any € > 0 and any K > 0 there exists a gauge 6: I — R4 with
the property IS(f, I, 1) — c| < ¢ for every partition IT € P(I, ) with

So(II) := ié(Ji)” <K
=1

The integral ¢ € R is unique since for any gauge 6: I — Ry there exists a ¢-fine
partition IT of I with Zo(II) < m(I)r([)~™. For instance one chooses a partition
Il € P(I,6) with r(J;) =r(I) for all i = 1,...,s (cf. Cousin’s Lemma in [10]).

2.4 Remark. Let us denote by DP(I), Rq(I), M(I), My (), Pf(I) and Mo ()
the respective sets of integrable functions. Then we obtain the following chain of
inclusions (in any case the integrals coincide):

DP(I) C Mi(I) € Mo(I) C PE(I) € M(I) € Ra(D).
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One has Pf(I) € M(J) since o(J) > r(J) for every interval J € J(I). In order to
verify the inclusion Mo(f) C Pf(I) one remarks that for any partition II € P(/,1)
with o(IT) > « the following inequality holds:

Do) =Y )" <Y m(JiT)a T <m(H)a™",
=1 =1

where H is the interval [a; — 1,by + 1] x ... X [a, — 1,b, + 1]. For n = 2 one has
M;(I) = My(I) and for n = 1 all these integrals are equivalent.

2.5 Proposition. Let H be an interval with I C Int H and let F: J(H) — R be
an additive differentiable function. Then its derivative F' is My-integrable on the
interval I and [, F' = F(I).

Proof. One first chooses a parameter 0 < a < 1. Let € > 0 and K > 0 be
given. For each = € I there exists §(z) > 0 with V(z,8(z)) C H and such that

|F(J) = F'(J)ym(J)| < e ™ K~'m(J)

for every J € J(H) with z € J C V(z,6(z)) and r(J) > a. Now let IT be a §-fine
partition of I with ¥o(IT) < K. Then by Proposition 1.2 one gets

XS:IF’(:u) m(J;) - F(J;)| < isK‘lﬂ(Ji)" <e.
=1 =1

Hence |S(F’, I0,7) - F(I)l < € and the assertion is proved. O

The following example shows that one cannot weaken the hypothesis by supposing
that the function F is differentiable only on the interval I.

2.6 Example. Let I =[0,1] x [0, 1] be the unit square and let f: I — R be the
regularly integrable function defined by

f(z,y) =sin(2na~2y) 2™ if 0 < y < 2? and f(z,y) = 0 elsewhere.

Now consider the indefinite integral F(J) = [, f. The function F is everywhere
differentiable and F' = f. But f is not extensively integrable (for the proof see the
similar example 4.2 in [1]).

We finish this section by proving some basic properties of the Mg-integral.

2.7 Proposition. A function f: I — R is My-integrable if and only if for any
e > 0 and any K > 0 there exists a gauge §: I — Ry with the property

|S(f,H1,I)"S(f,H2,I)| <e
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for all é-fine partitions I1; and Ily of I with Yo(I1;) € K and Z4(Iy) < K.

Proof. («) For any k € N with k > m(I)r(I)~™ there is a gauge ;. : I — Ry
with the property lS(f, I, I) — S(f, Hg,l)] < % for every II;,Il; € P(I,d) with
Yo(Il;) < k. Clearly, one may assume d4; < 0, for all k. One chooses for each
k a partition Py € P(I,6;) with ¥o(Pr) < m(I)r(I)™™ (such a partition exists by
Definition 2.3). Then S(f, Py, I) is a Cauchy sequence and one easily shows that the
limit of this sequence is the integral of f. ]

2.8 Corollary. If a function f: I — R is My-integrable on the interval I, then f
is Mo-integrable on any subinterval J € J(I).

Proof. Let Jy,...,J: be complementary intervals of J. We put a = min r(Jy).
Given € > 0 and K > 0 there exists a gauge 6: [ — R, with the property

|S(f’HIaI)_S(f,H2,I)| <5

for every II;, I, € P(I,4) with Eo(IL;) < K + m(I)a~™. Given P, P, € P(J,6)
with Yo(P;) < K one chooses for each k¥ = 1,...,t a partition Qx € P(Jx,d) with
Yo(Qk) < m(Jx) a~™. Considering II; = P,UQ; U...U Q; one gets

|S(f7Pl)J) - S(f’PQaJ)| = IS(f’HlaI) - S(f7n271)l e
Therefore f is Mp-integrable on J by the preceding proposition. O

2.9 Proposition. Let I = I, U I be a division of I. If a function f: I — R is
Mop-integrable on the intervals I} and I, then f is My-integrable on the interval I

and one has [ f= [, f+ [, f

Proof. Left as exercise (one just follows the usual demonstration). O

2.10 Lemma (Saks-Henstock). Let f: I — R be a My-integrable function and
let F(J) = [, f be its indefinite integral. We suppose given a gauge 6: I — Ry
with the property |S(f, I, I) - f1f| < ¢ for every partition I1 € P(I,6) satisfying
So(Il) < K + 2" m(I). Then for any figure ® € F(I,6) with £o(®) < K one has

D [E{f@am - FUY| <<,

2) __f;lgf(x,-)m(Ji) — F(J)| < 2¢.

Proof. 1) One chooses complementary intervals I(y, ..., I{; of the figure ® with
r(K;) > § for all J. Given n > 0 one considers for each J a gauge d;: K; — R4
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with the property |S(f, P;,I(;) — F(Kj)| < 7 for every partition P; € P(Kj,0;)
with Lo(P;) < 2"m(kK;). Obviously, one may assume that §; < 6. Choosing for
each j such a partition P; one gets a 6-fine partition II = @U P, U...UP; of I which
satisfies Lo (II) < K + 2" m(I). By additivity of F the first term is <

|S(f, 1L, 1) - I)|+Z|S(f,P],K)-F(A )| <e+n,
j=1

and since 7 is arbitrary the assertion is proved. The second inequality is a direct
consequence of the first one. O

3. THE OUTER MEASURES ASSOCIATED TO AN INTERVAL FUNCTION

3.1 Definition. Let F: J(I) — R be any interval function and let A C I be
a subset. Given a figure ® over A one can form the variational sum W(F,®,A) =

S | F(J;)|- The strong F-outer measure of the subset A is the number
=1

m(A) = inf sup {W(F, @, 4) / & € F(4,5)},
where 6 runs over all gauges on A. Similarly, we define the following numbers:

mp(A) = i%f sup {W(F,®,A)/ ® € F(A,6) and r(®) > a},
mp(A) = sup inf sup{W(F,®,A)/ ® € F(A,b) and r(®) > a},
)

at,

mp(A) = sup 1rgf sup{W(F,®,A)/ ® € F(A,d) and Zo(®) < K}.

mp(A) = sup mf sup{W(F,®,A)/ ® € F(A,6) and o(®

vV

This notion of outer measure appears (for the a-regular case) in [4] and [5]. One
remarks that for n = 1 all these definitions are equivalent.
3.2 Lemma. mg(A) < mE(4) < mp(A) <mP2(A4) < mj(A) for every subset A.

Proof. The only non-trivial inequality is mg(A4) < m2(A4). One first shows
that Zo(®) < m(H) a™" for every figure ® € F(A,1) with o(®) > a (cf. Remark 2.4).
The desired inequality is then easily verified. ]

3.3 Proposition. mj. has the following properties (where the asterisk * stands
for the letters s, a, r, e or0):
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1) mz(0) = 0 (by convention),
2) Ay C A, implies m}j(A;) < mj(As),

mF( U Ak) < Z m}(Ax) for every sequence of subsets Ay C I,
k=1
4) mp(AL U Az) = mi(Ar) + mi(Asz) if the subsets Ay and A, are contained in
two disjoint open sets Uy and U, (in particular m§; is a metric outer measure).

Proof. We give a demonstration for m2 (the other cases are similar or simpler).

3) Clearly, one may assume that the subsets A, are pairwise disjoint. Given e > 0
and I > 0 there exists for each k£ € N a gauge i : Ay — R, such that

W(F,®, Ay) <mp(Ax) +27 "¢

for every figure @, € F(Ag,dr) with Eo(®x) < K. One thus obtains a gauge 6 on
oo

the set A:= |J Ax. By decomposing every figure ® € F(A,d) with £p(®) < K into
k=1
a finite union of figures ®, € F(Ay,dx) one concludes that

W(F, &, A) < ng (Ag) +
k=1

8

This proves that m2(A) < mP(Ayg) + € since the constant K is arbitrary.

k=1

Il

4) We want to show that m2(A4;) +m2(A2) < m2(A4), where A = A; + A,. Given
e > 0 there exists K > 0 such that for any gauge J; : A; = Ry one can find a figure
d; € .7:(/11,51) with 20(‘1%) < K and
LV(F, d;, Az) > 1n2~(Ai) —
Now for this € > 0 and this I > 0 there exists a gauge §: A — Ry such that

W(F,® A) <mp(A) +¢

for every figure ® € F(A,) with Lo(®) < 2K. For each * € A; one may assume
that V(z,8(z)) C U;. Choosing two figures ®; and ®;, as above one obtains

me(A)) + mP(Ay) < W(F, &1, A1) + W(F, ®,, A2) + 26 < mp(A) + 3¢

since VV(F, (I)laAl) + ‘/V(F, (I)Q,AQ) = W(F,‘:I)l U ‘I’Q,A)A Od
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In what follows the Lebesgue outer measure of a subset A C I is denoted by m(A).
We recall that m(A) = inf{ S m(Jk)/AC U Jk}

k=1

3.4 Proposition. Let F: J(I) — R be the measure function, i.e. F(J) = m(J)
for every J € J(I). Then mg(A) = m}(A) is the Lebesgue outer measure m(A).

Proof. By Lemma 3.2 it is enough to verify the inequalities m3(A) < m(A)
and m(A) < mg(A). One easily shows that mE(J) = m(J) for every J € J(I).
Then

(oo} o0
AC U Ji implies mg(A) < Zm}(]k) = Zm(Jk).
k=1 k=1 =

Hence one obtains m 3 (A) < m(A) since the sequence of intervals Ji is arbitrary.

Now we prove the other inequality. Given € > 0 there is a gauge 6: A — Ry
such that W(F,®,A4) < mg(A) + € for every ® € F(A,6) with r(®) > a. By the
so-called Covering Lemma (cf. Proposition p. 496 in [10]) there exist two (possibly
finite) sequences of non-overlapping intervals J, € J(I) and of points zx € J, N A
such that

Ji €V (ak,6(zx)) and r(Jx) > a for all k, and A C UJ‘“
k

Then > m(Jr) < mg(A) + ¢ implies m(A) < mg(A) + . O
3

3.5 Corollary. For any f: I — R the following conditions are equivalent:
1) f is strongly integrable and fJ f =0 for every J € J(I),

2) f is a-regularly integrable and [, f = 0 for every J € J(I),

3) f(z) = 0 almost everywhere.

Proof. Left as exercise. Hint: Consider the sets Ev:={zel/|f(x)| >}
for (2 = 3) and the sets Fy,:= {z € I /k—1 < |f(z)] < k} for (3= 1). O

3.6 Definition. Let F': J(I) —» R be any interval function and let £ C I be a
subset. The function F' is called
a) BV™ (or of bounded variation) on E if mj(E) < oo,

b) AC”™ (or absolutely continuous) on E if for any € > 0 there exists n > 0 such
that A C E and m(4) < n imply m}(4) <e,

¢) LZ* (or Lipschitzian) on E if there exists C > 0 such that m}(A) < Cm(A4)
for every subset A C E.
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3.7 Remark. For n =1 the additive interval functions are identified with func-
tions F': I — R. Then one easily verifies that for F = I the above definitions are
equivalent to the usual definitions of a) functions of bounded variation, b) absolutely
continuous functions, c¢) Lipschitzian functions.

3.8 Definition. One says that a function F': J(I) — R is BVG" (respectively

ACG™ and LZG") if there is a decomposition I = |J Ej of the interval I such that
k=1
F is BV”™ (respectively AC* and LZ*) on each subset E,. The function F is called

x-variationally normal if A C I and m(A4) = 0 imply m}(A) = 0.

3.9 Lemma. 1) If a function F: J(I) = R is LZG", then F is ACG".
2) If a function F': J(I) — R is ACG", then F is BVG" and *-variationally normal.

Proof. Easy verification. g

3.10 Theorem. Let F: J(I) — R be an additive function. If F' is BVG™, then
F is differentiable almost everywhere.

Proof. We show that if the function F' is BV® on a subset E C Int I, then F
is differentiable almost everywhere on E (the assertion then follows by Lemma 3.2).
According to a theorem of A. J. Ward (cf. Theorem IV-11.15 in [15]) it suffices to
prove that the set B, := {z € E/ D, F(z) = oo} is of measure zero, where D, F(x)
denotes the usual upper a-derivative.

We choose a gauge §: E — Ry such that W(F,®,E) < m2(E)+1 for every figure
® € F(E,$) with r(®) > a. Now let k € N be fixed. For any point z € E, and any
7 > 0 there exists an interval J, , € J(I) with the properties

x € Jppy CV(x,m),r(Jey) 2 cand F(J;,) > km(Jz,).

All these intervals form a Vitali covering of F,, and then by the Vitali Covering
Theorem there exist finitely many disjoint intervals Jg, .. (i = 1,...,s) such that

S

m(Eos) < 3 m(Jz, ) + +. Therefore one obtains

=1
Mm(Fo) € l s F(Jg,m)+1) < l(mﬁ(E) +2),
k — k
and this proves the assertion since k is arbitrary. O
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4. THE FUNDAMENTAL THEOREMS

4.1 Proposition. Let f: I — R be x-integrable (where * = s, a, r, e,0). Then
the indefinite integral F(J) = [, f is LZG".

Proof. We give a demonstration for the Mo-integral. We show that F' is LZ°
on the set By = {z € I /|f(z)| < k}. Solet A C Ej be any subset. Given ¢ >0
and I > 0 there exist two gauges d; : I — Ry and d2: A — R4 such that

) |S(f,ILI) = F(I)| < € for every IT € P(I,68;) with So(IT) < K + 2"m([),

2) W(m,®,A) <m(A) + ¢ for every ® € F(A,ds), cf. Proposition 3.4.

We consider the gauge §: A — Ry defined by 6(z) = min(4;(z),d2(z)). Then for
any figure ® € F(A, ) with Xy(®) < K one obtains

W(F, @A) = z|F | < DIF() = flaa) m(J) | +

Z]f(zi) m(J;)| < 2 + kW (m, ®, A) < km(A) + (k +2)e

i=1

according to the Saks-Henstock Lemma 2.10. Hence m2(A) < km(A) + (k + 2)¢,
and since € is arbitrary this proves that F'is Lipschitzian on Ej. a

4.2 Notations. Let F': J(I) — R be an interval function. We shall use the set
Er = {z € Int1 / F is not differentiable at z} U dI and the function fp: I — R
defined by fr(z) = F'(z) if ¢ Ef and fr(z) =0if z € EF.

4.3 Proposition. If F': J(I) — R is an additive function and if mj(Er) = 0
(where x = a, 1, e, 0), then the function fr is *-integrable on I and [, fr = F(J)
for every interval J € J(I).

Proof. We give a complete demonstration for the Mp-integral. One first chooses
some parameter 0 < a < 1. Let € > 0 and K > 0 be given. For each point z ¢ Ep
there exists 6(z) > 0 with V(z,d(z)) C I and such that

|F(H —F'(z)ym(H)| <ex 'K~ 'm(H)
for every H € J(I) with 2 € H C V(z,6(z)) and r(H) > a. By hypothesis there

is a gauge 6: Ep — Ry such that W(F,®,Er) < ¢ for every figure & € F(Er,J)
with £o(®) < K. Now let IT € P(J, ) be any 4-fine partition of some fixed interval
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J € J(I) with £o(IT) < K. Then by Proposition 1.2 one gets

|S(fr,T0,0) = F(N)| < Y| fr(:) m(H:) — F(H;)|
i=1

< Y |FH)|+ Y |F'(xi) m(Hy) — F(H;)|

IiEEF I.‘QEF

SW(F,®,Ep)+ Y e K™ ((H;)" < 2e.
1=1

This proves that fr is integrable on the interval J with [, fr = F(J).

For the extensive integral there is a little complication since the relative regularity
depends on the interval J. So we proceed as follows:

1) We show that fr is extensively integrable on I.

2) Hence fr is extensively integrable on every subinterval J € J(I).

3) By Remark 2.4 one has °f, fp ="[, fr.

4) Using that mg(EFr) = 0 (cf. Lemma 3.2) one gets rfJ fr = F(J) by the regular
case. a

By combining the four preceding results we obtain our fundamental theorem:

4.4 Theorem (Fundamental Theorem). Let F': J(I) — R be an interval function
and let x = o, r, e, 0. Then the following conditions are equivalent:
1) F is the indefinite x-integral of some function f: I — R,
2) F is additive and LZG",
3) F is additive and ACG*,
4) F is additive, BVG* and variationally *-normal,
5) F is additive, differentiable almost everywhere and variationally x-normal,
6) F is additive and mp(EFr) = 0.

4.5 Corollary. Let f: I — R be a-regularly integrable and let F(J) = fJf be
its indefinite integral. Then F'(z) = f(z) almost everywhere.

Proof. This follows from Corollary 3.5 since the function fr — f is a-regularly
integrable with [, (fr — f) = 0 for every interval J € J(I). a

4.6 Corollary. Let f: I - R be M-integrable. Then f is Pf-integrable if and
only if its indefinite integral F(J) = rfJ f satisfies m g (0I) = 0.

Proof. One has mj(A) = mp(A) for every subset A C Int I. a

For the function f: I — R of Example 2.6 one remarks that m(0,0) = oco.
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5. CONCLUDING REMARKS

In [12] D. J. F. Nonnenmacher introduces another integral lying between the M;-
integral and the Pf-integral, and he gives the following characterization of its integral
(thus getting a descriptive definition):

5.1 Definition. An interval function F: J(I) — R is said to satisfy the condi-
tion M,_1 (on I) if for any ¢ > 0 and any I > 0 there exists a gauge : [ — Ry

such that W(F,®,I) < ¢ for every figure ® € F(I,4) with Y H(dJ;) < K, or
i=1

equivalently with 3 m(J;)¢(J;)™! < K.

i=1

5.2 Proposition. Let f: I — R be regularly integrable. Then the function f is
integrable in the sense of D. J. F. Nonnenmacher if and only if its indefinite integral
F(J) = rfJ f satisfies the global null condition N;,_1.

The important Proposition 1.2 of J. Kurzweil and J. Jarnik can be extended to
the case of points z € I by modifying the definition of differentiability:

5.3 Definition. A function F: J(I) — R is called a-relatively differentiable at
x € 91 (for some fixed parameter 0 < a < 1) if there exists f, € R such that for any
e > 0 there exists § > 0 with the property

|F(J) — fam(J)] < em(J)

for every J € J(I) with z € J C V(x,0) and o(J) > « (the relative regularity).

Once again one remarks that the function F' of Example 2.6 is not relatively
differentiable at the origin. The Proposition 2.5 can be now expressed as follows:

5.4 Proposition. If a function F': J(I) — R is additive and relatively differen-
tiable, then the derivative F': I — R is My-integrable and [, F' = F(I).
The next modification of Example 2.6 is based on a remark of M. Anciaux.

5.5 Example. Let I = [0,1] x [0,1] be the unit square. Given some parameter
0 < a < 1 we consider the function f: I — R defined by

flx,y) =273 if 0<y<jaz and f(z,y)=-273 if laz<y<az

(and 0 elsewhere). Then f is aj-regularly integrable for any a < a; < 1 but not
ap-regularly integrable for any 0 < as < «, cf. Example 4.1 in [1].
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5.6 Open problems. 1) Find (if there exists one) a function f: I — R which is
Pf-integrable but not My-integrable.

2) Find (for n > 3) a function f: I — R which is Mp-integrable but not M-
integrable.

3) Clarify which are the relations between the My-integral and the integral of
D. J. F. Nonnenmacher.

4) Finally, determine whether the LZG® (or also ACG®) interval functions give a
descriptive definition of the strong integral.

Addendum: After this paper was submitted, J. Jarnik and J. Kurzweil gave an
example of a Pf-integrable function which is not M;-integrable, cf. [2].
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