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1. INTRODUCTION

Let Q be a domain in RV, let m € N, suppose that X = X(Q) and Y = Y(Q)
are Banach function spaces in the sense of Luxemburg (see [14] and Section 2 below
for details), and let W™ = W™(X,Y) be the abstract Sobolev space consisting of
all f € X such that for all multi-indices a of length m, the distributional derivative
D* f belongs to Y. Furnished with the norm

F= M llwe = Nfllx + IV Flly

where [V flly := Y, ||ID*flly, W™ is a Banach space. The main object of this

le|=m
paper is to obtain useful sufficient conditions for the validity of the inequality of
Poincaré type

(1.1) lullx < K{IF(u)| + V™ ully}, uweW™.

Here F is a functional satisfying the conditions:
(F1) F is continuous;
(F2) F(Au) = AF(u) for all A > 0;
(F3) F(u) =0 = u = 0if u belongs to a suitable subspace of £,,_; NW™, where
P -1 is the class of polynomials in RN of degree at most m — 1.
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Our methods will also occasionally apply (see Remark 4.2 below) to the derivation
of the Friedrichs-type inequality

(1.2) lullx < K||V™ully.

In particular it is shown as a special case of Theorem 4.1 below (see Remark 4.1) that
if there is a Banach function space Z such that W (X,Y") is compactly embedded
in Z and W™(Z,Y) is continuously embedded in X, then (1.1) holds. The proof of
Theorem 4.1 is quite straightforward, and we believe that its nature is made more
transparent as a result of presentation in the context of Banach function spaces.
Despite the simplicity of the proof, the results are surprisingly effective and we
demonstrate this by means of a variety of concrete examples of incqualities of type
(1.1) or (1.2) in the setting of weighted Sobolev spaces; so far as we are aware, these
examples are new. It should be emphasized that there is no assumption that the
natural embedding J of W™(X,Y) in X is compact and indeed in a number of the
examples given J is not compact. Should J be compact, then of course it is possible
to give a more direct proof of inequalities of type (1.1) than by invoking the full
machinery of Theorem 4.1. (For completeness this case is given in Corollary 4.1
below.)

Incqualities of Poincaré type are of great importance in the theory of partial dif-
ferential equations; general information about them and their use may be found, for
example, in the books Edmunds-Evans [7], Kufner-John-Fudik [13], Necas [17] and
Ziemer [20]. Of the many papers which have been written about such inequalities
in recent years we mention especially [10] and [11]: in these a connection was es-
tablished (following earlier work by Amick [1]) between these inequalities and the
measure of non-compactness A of the embedding J. We mention that in many cases
A is simply the distance between J and the subspace of compact linear maps from
W™ (X,Y) to X. What emerged was that under appropriate restrictions, (1.1) held
if, and only if, A < 1. In a typical situation, if A = 0 then J is compact and the
Poincaré inequality holds. In contrast to this work the present paper provides a route
to (1.1) which is independent of the measure of non-compactness of the embedding
map: instead of trying to prove that A < 1, we search for a space Z which has the
properties mentioned earlier. Both approaches have their merits, and of course the
connection between A and (1.1) is a striking one, but we contend that the simplicity
of Theorem 4.1 and the ease by which a suitable Z may be found in diverse and
interesting situations makes it highly applicable.
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It is perhaps also worthwhile to point out here that under some mild restrictions
it is known that inequality (1.1) has the equivalent forms:

(1.3) llu = L(u)llx < Kil[V™ully,
(1.4) inf lu~pllx < K2f|V"ully.

¥4 m-—1

Here L is a projection from W™(X,Y) to £,,—1. An exhaustive list of such equiva-
lent inequalities may be found in [11, Theorem 4.6]. Any of (1.1), (1.3) or (1.4) will
be called a generalized Poincaré inequality; they are extensions of certain classical
inequalities due to Poincaré. A typical example is

q q/p
/ u—mrl/u <K (/ |Vu|”>
Q Q Q

for all u in the classical Sobolev space W:?(Q), when p € [1,N), ¢ € [p,p*], p* =
Np/(N —p), Q is a bounded domain with a Lipschitz boundary and |Q| := vol(£2).
Ideas and notation relating to Banach function and abstract Sobolev spaces will

be developed in Section 2. Section 3 summarizes an important body of recently-
developed theory which links inequalities like (1.1) and (1.2) to a measure of non-
compactness of a certain embedding which naturally corresponds to the inequality.
Sufficient conditions for Poincaré-type inequalities (Theorem 4.1) are presented in
Section 4. In Section 5 we use this result to obtain a Poincaré inequality (Theorem
5.1) in RN with radial weights. The final section consists of other applications and
illustrations of the main theorems in weighted Sobolev spaces. In the authors’ opinion
the last two sections form the core of the paper. Several of the examples appear to
be both new and of theoretical interest in their own right; in one (Theorem 6.1) it
has been possible to produce a higher-order Poincaré inequality which complements
some results of Edmunds and Hurri [8] under very weak smoothness conditions on
the boundary.

2. THE BANACH FUNCTION SPACE SETTING

We turn now to the task of outlining the essential function-space-theoretic ideas
with which we shall work throughout the paper. Let {,} be a fized sequence of
bounded domains satisfying

(2.1) 0, C 0, CNpyy CQ for each n €N,
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We suppose that the boundary 99, of each Q, is in C%! (i.e., 99, can be locally
described by functions satisfying a Lipschitz condition [13, Section 5.5.6]) and that

(2.2) 0= U Q.

n=1

For each n € N we set Q* = Q\ ,,. Let M(Q) denote the set of complex-valued
Lebesgue measurable functions on . Following Luxemburg [14] a Banach function
space X = X(Q) = (X(Q), - llx()), where X(Q) C M(Q), is a normed linear space
satisfying the following axioms:

(BF1) f € X(Q) if, and only if, ”f“x(Q) < 00.

(BF2) ||fllx(@) = 0 if, and only if, f = 0 a.e. on Q.

)
(BF3) [Ifllxc) = Iflllx gy for all f € X(9).
(BF4) Given any n € N, there is a constant C,, = C,,(X) such that for all f € X(Q),

/Q F@)dz < Call fllx -

(BF5) For all n € N, the characteristic function xq, € X(92).
(BF6) If f,g € M(Q) and 0 < f(z) < g(x) ae. on @, then || fllx () < llgllx(o)-
(BF7) X is complete.

A brief discussion of the elementary properties of Banach function spaces is given in
[10]. More thorough treatments may be found in [2] and [14]. In particular (because
of (BF1), (BF5) and (BF6)) it turns out that C§°(2) C X () and that the spaces
X(2) = (X(Q), |l - xa.llx) defined by restricting the functions f € X () to Q,
are themselves Banach function spaces.

Now let X and Y be Banach function spaces. These give rise to the abstract
Sobolev space W™(X,Y) of order m which is defined in the following manner: We
say that a := (a1,...,an) € N, (No = N U {0}) is a multi-index of dimension

N
N. Let the symbol |a| stand for its length, that is Y a;. Denote the set of all
1

multi-indices of dimension N and length not exceeding m by .#Z(N,m). By (BF4)
any f € X is locally integrable. Hence given any a € . (N, m) it follows that the
distributional derivative

N olol f
bof = oz ... 9z

exists. Accordingly let

WX, Y):={feX:D°feY for|al=m}
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and equip this space with the norm

I llwm x,vy = I fllx +1IV™ flly

where by ||V™f|ly we mean Y. [[D*f|ly. By an argument similar to that of
aj=m

Lemma 4.1 of [10] it can be shown that W™ (X,Y’) is a Banach space. Since C§°(?) C

W™(X,Y) it is also useful—by analogy with ordinary Sobolev space theory—to

define the closed subspace W§* = W{*(X,Y') as the closure of C§°(Q) in W™(X,Y);

in general, WJ*(X,Y) is a proper subspace of W™(X,Y).

Example. Let # denote the class of positive a.e. measurable functions on RY or
weights. Additionally let #c(2) C # denote the class of weights which are bounded
above and below by positive constants on each compact set @ C Q. Note that this
condition means that the members of #(2) may have singularities or degeneracies
only on the boundary 9 of  and/or at oo if Q is unbounded.

Given w € # and 1 < 7 < 00, we define the weighted L" space L™(2;w) with the

norm 1/ )
Hme=<AmemW0 .

It is routine to show that the properties (BF1)-(BF7) are satisfied if w™""/" (where 7/
is the conjugate index of r) and w are locally integrable. We shall assume throughout
that both these properties hold for weights in #'. (Note that this is automatic on
He().) If X := LI(Q;v9) and Y := LP(Q;v1), vo,v; € #,1 < p,qg < 00, we can
identify W™ (X,Y) with the weighted Sobolev space W™ %P (Q; vg,v;) equipped with
the norm
lllm,q,p.2,00,0: = ”u”un,vo + ”vmu“Paval'

(If p = q we shall use the abbreviated notation |[u||m,p,0,v0,0; and W™P(Q;v9,v1);
also in the unweighted case where w = vg = v; = 1 we shall write ||u||,.q, |t|/m,q.p.0,
WmaP(Q), etc.) The corresponding Poincaré inequality will have the form

(/Q volulq)l/q <K {]F(u)l + (/Q vl|vmu|f')l/p}.

Remark 2.1. We also note that if F satisfies (F1) we can recover a standard ex-
ample in the setting of weighted Sobolev spaces. To see this suppose v is integrable;
then the functional F(u) := fQ vou is in W™ 9P(Q: vg,v1)*. This follows because

[ttt = [ gl
Q Q
q I—q
Z </ 1’0|U|> (/ Uo) )
Q Q




by the Hélder inequality. Clearly this choice of F' also satisfies (F2) and (F3). For
additional examples see [11, Example 4.3].

3. POINCARE INEQUALITIES AND THE MEASURE OF NON-COMPACTNESS

If X and Y are Banach function spaces such that X C Y and the natural inclusion
map J: X — Y is continuous we say that X is embedded in Y and write X — Y;
similarly if J is compact we say that X is compactly embedded in Y and write
X oY

The Poincaré inequality (1.1) has recently been linked to a certain measure of
non-compactness of the embedding

W™(X,Y) < X.

In order to motivate our own ideas which are developed in the next section we

sketch the main features of this approach here. Proofs and additional details as well

as various generalizations may be found in [9], [10] and [11]. With reference to the

nested chain of subdomains {Q,} of Q satisfying the conditions (2.1) and (2.2), set
=\ Q, and define

A= sup[luxasllx.
lullwm (x,v)<1

Clearly 0 < An41 < A, < 1; consequently the limit A : hm A, exists and
A € [0,1]. A similar definition applies if u € W§*(X,Y). The number A has many
interesting properties: Suppose X, Y are Banach function spaces such that X — Y.
Let W := W™(X,Y) and let ¢ (W, X) and &#(W,Y) denote respectively the set of
compact and finite rank maps from W to X, J the embedding map from W to X,
and f3(J) the ball measure of non-compactness of J (see [7, p.12] for the definition
of this concept). Then if the norm on X has a certain absolute continuity property
(see [10, Remark 5.14(ii)]) we have that

A=G(J) = J-K| = nf J— FJ.
B(J) KEX(WX)H Il :,t(w,X)” I

In that case A = 0 if, and only if,
W™X,Y) o= X.

In the Hilbert space setting and in the particular case that W™ = W™2(Q; v, v;)
and Y = L?(Q;v0), W™ may be identified with the Dirichlet form associated with a
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symmetric differential or partial differential operator; in these circumstances A = 0 if,
and only if, the underlying operator has discrete spectrum—equivalently the operator
will have non-empty continuous spectrum if A > 0. (For an illustration of this point
of view see Remark 6.1 below.) The connection of A with the Poincaré inequality is
given by the following result [11, Theorem 3.5]:

Theorem 3.1. Let F € (W™(X,Y))*, and suppose that the following conditions
hold:

(H1) (F3) holds on #,,,_1 NW™(X,Y).
(H2) For eachn €N,

WX (), Y () == X ().
(H3) If0# u € P11 N X, there exists n € N such that
luxanllx < flullx.

Then the Poincaré inequality (1.1) is valid on W™(X,Y) if, and only if, A < 1.

Remark 3.1. (H2) and (H3) hold automatically in the setting of weighted
Sobolev spaces when the weights belong to #-(Q2); indeed (H2) may be seen to
be the restatement of an ordinary Sobolev embedding theorem. (H3) is a natural
technical condition, holding in any space with absolutely continuous norm. The pa-
pers [9], [10], [11] contain numerous special cases and alternate forms of Theorem
3.1. Finally, concrete examples of Poincaré and Friedrichs inequalities in weighted
Sobolev spaces, Orlicz spaces or even anisotropic spaces are given in these papers.

4. THE SUFFICIENT CONDITION

Our method of verifying the Poincaré inequality in W™ (X,Y) or WJ*(X,Y) rests
.he following result:

Theorem 4.1. Let W signify either W™(X,Y) or W*(X,Y) and assume that
F satisfies (F1), (F2) on W and (F3) on &,,_1 N W. Suppose also that there exists
a Banach function space Z such that

(4.1) W o Z

and a (possibly nonlinear) functional G defined on W, continuous at 0 with respect
to the norm

lullzy = llullz + IV ully,
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and such that G(0) = 0. Then a sufficient condition for the validity of the Poincaré
inequality (1.1) on W is that the inequality

(4.2) llullx < K(llullz,y + |G (w)])
holds for all u € W.

Proof. Assume (1.1) is not true. Then for each k € N there exists f, € W,
fr # 0 such that

I fellx = E(FE(f)l + IV felly)-

If we set ux := fi/||fxllx, the homogeneity of the norms and of the functional F
implies that the sequence {uy} satisfies the conditions

(4.3) lurllx =1,
(4.4) F(ug) — 0,
(45) IV uelly = 0
as k = oo.

By (4.3) and (4.5), {ux} is a bounded set in W; it follows from (4.1) that there
is a subsequence {uk,} which is Cauchy in Z and therefore also (using (4.5)) with
respect to || - ||z,y. By (4.2) and the definition of G, {uy,} is Cauchy in X and thus
(by (4.5) again) Cauchy in W. Since W is complete, {ux, } converges to a limit u in
W. If a is a multi-index in .# (N, m) of length m, it follows that D%uy, — D“u in
Y. Then (4.5) and the uniqueness of limits imply that D*u = 0. Since this is true
for any a, u is a polynomial p,,_; of degree at most m — 1. From (4.3) we conclude
that ||ul|x = 1. However, F(u) = 0 by the continuity of F and (4.4). By (F3),u =0
which is a contradiction. a

Remark 4.1. In many applications G = 0 and the existence of the Poincaré
inequality on W™(X,Y) for F satisfying (F1)-(F3) reduces to the discovery of a
Banach function space Z such that the pair of embeddings

(4.6) Wm™(X,Y) == Z,

(4.7) W™(Z,Y)—= X

simultaneously hold; a similar statement is true for the Poincaré inequality on
W (X,Y).

If Wm(X,Y) embeds compactly in X, then the Poincaré inequality is true. This
may be seen as we have pointed out above by appeal to Theorem 3.1 and the fact
that A = 0. Alternatively a direct argument which is equivalent to a special case of
Theorem 4.1 can be given:
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Corollary 4.1. Assume that F satisfies (F1), (F2) on W and (F3) on £,,_iNW
where W = W™(X,Y) or WJ*(X,Y), and that the embedding

(4.8) Woe X

holds. Then the Poincaré inequality (1.1) is satisfied on W.

Proof. Taking G =0and X = Z, we see that (4.8) is equivalent to both (4.6)
and (4.7) above. Hence the conclusion follows at once from Theorem 4.1. O

Remark 4.2. Suppose Z,,_1 NW™(X,Y) = {0} or &, "Wi*(X,Y) = {0}.
With F' = 0, we find that the proof of Theorem 4.1 actually establishes the Friedrichs-
type inequality (1.2) on these spaces.

Remark 4.3. That shifting between WJ*(X,Y) and W™(X,Y) in Theorem 4.1
or Corollary 4.1 gives distinct results and in particular that Poincaré or Friedrichs
inequalities can be valid on one of the spaces W{*(X,Y), W™(X,Y) but not on
the other can be shown as follows: Let Q@ = (0,00) and vp = v; = e~*. Clearly
Pm—1 € W™P(Q;vg,v;1) for any m. Taking p=¢ =r, and f(t) = 1 in Theorem 3.1
of [3], we arrive at the inequality

(4.9) /e't|u(j)|” <K {/ e_‘|u|p+/ e_’|u,("‘)|”}
Q Q Q

for j = 0,...,m — 1, which is valid on W™P?(Q;vg,v,). On the other hand the
inequality

, (m=3)/m ifm
(4.10) /e—mNHP<K1</e4mw> (/}quMW>
Q Q Q

can be established on C$(Q2) (see [5, Example 2.2]). Suppose that p,_; €
WP (Q;v0,v1), Pm—1 # 0. Then there exists a sequence {ux} of C§° functions
such that
lim [ e ! pm_1 —ux|P =0

and

li —t, (m)p =0.

Pl Qe 17 = 0
By (4.9) this implies that ufcj) - pﬁi)_l in LP(Q;e~t). It follows that p,,_; is in the
domain of the inequality (4.10), which is impossible. Thus 2,,,_iNWg" (2 v0,v1) =
{0}. In Example 6.2 below we show that the other hypotheses of Theorem 4.1 are
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satisfied on WJ™?(Q;v,v1). Taking F = 0 (cf. Remark 4.2), it follows that the
inequality

(4.11) /e_t]u|” < K/ e Hum|p
Q Q

is true on Wg™"*(£2; vo,v1); however (4.11) cannot hold on W™P(Q;vg,v;) since (as
we have just seen) &,,_; C W™. More generally, (F3) holding on &,,,_iNW™ is a
necessary condition for the Poincaré inequality. (That the Poincaré inequality is in
fact valid with weights vop = v; = e~* will be shown in Example 6.2.)

5. A POINCARE INEQUALITY IN RY FOR RADIAL WEIGHTS

In this section we show how Theorem 4.1 can be applied to derive a Poincaré
inequality in the weighted Sobolev space setting in RV for a class of radial weights.
Before stating the result it will be convenient to introduce some notation appropriate
to the one-dimensional setting and to modify the class #¢: If I = (a,b), —c0 < a <
b < 00, is an interval and v a weight on R, define the classes:

ACP (1) := {u: u!™ Y is locally absolutely continuous on I},

PP (I0) = {u € ACT™(I): /vlu(m)|p < oo},

I
217" (I;v) == {u € 2™P(I;v): lim uD(t)=0,j=0,...,m—1},

—a
PP (Iv) = {u € 2™P(I;v): {irr}’u(j)(t) =0,j=0,...,m—1}.

—
Also let #(Q2) be the class of weights v € #(12) satisfying the following condition:

For every t € Q there exists § = §(t,v) > 0 such that for s € B(t,§) where B(t,9) is
a ball of radius 6 and center t € RV the inequalities

< —2 K
C; < o) S Cy

hold with positive constants C;, Cy which do not depend on t.

We first require a Lemma.

Lemma 5.1. Let max{N/m,1} < p,q < oo, the first inequality being sharp if
m < N and let B = B(t,r) be a ball of radius v and center t € RY. Then there
exists a constant K such that for u € W™%?(B),

(5.1) sup [u(s)| < K{r="/9ull,s + r™ NIV ull,, 5}
sEB
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Proof. For B = B(0,1) this is a consequence of a standard Sobolev embed-
ding theorem, e.g. [13, §5.12] and Holder’s inequality. The given inequality is then
obtained by dilating B(0,1) to B(t,r). O

Theorem 5.1. Let @ =RY and1 < N < p < co. Let I = (0,00) and assume
that vo,v1 € #¢(I) support the one-dimensional Hardy inequality on I = (0,00):

(5.2) / volul” < K / of'|?
I I

on 2,7 (I;v;) or on DRF(I;v1). Let U(t) := [t|~N*1v;(|t|), i = 0,1. Further suppose
that vo € L*(I), and that F satisfies (F1), (F2) on W := W1P(Q;%;9;) and (F3)
on #,,_1 NW. Then the Poincaré inequality

(5.3) L%WPsK@H@P+L%WMﬁ
holds on W.

Proof. Let ro be a fixed positive number and assume that (5.2) holds on
Qi”’ (I;v1). This is equivalent to the condition

1 -1
(5.4) sup 105" llp.(e.o0) 1T llpr 0.6y = C < 00

t€(0,00

which implies that

sup  [1vg P llpct.00) 10T /P llpr (ro.t) < C < 00
tE(TQ,OO)

Since vy is integrable on a right neighborhood of 0, we also get from (5.4) that

/P”p,

1 -1
sup (Vg llp 0.0 107 P llpt (t.r0) < 00-

lE(O,T()

From these conditions, by considering Hardy’s inequality separately on 9}2”’(1 1;01)

with I; := (0,7¢) and on 9}1”’(12;111) with I := (rg,oc), we conclude that the
inequality
(5.5) / volu — u(ro)|? < K/ v |u'|?

0 0

is true for u € 2VP(I;v;). If (5.2) holds on 9}2”’(1; v1) a similar argument will also
give (5.5). In either case Minkowski’s inequality and the integrability of vy imply
that the Poincaré inequality

oo oo
56) [t < { [Tt + o}
0 0
holds on 2''?(I;v,) and therefore also on W1P(I;vg,v;). O
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Next introduce the spherical coordinates r, ¢ where ¢ := (¢1,...,on_1) and
N-2

pel', I':=[0,n] x ] [0,2n], and let dA(yp) := sinV 2 o, sinV 3, .. .sinpy_g X
i=1

dp1dyps ... dpn_1, so that dV = rN=1drdA(p). Let u € WLP(Q;00,01). If we
set uy(-) = u(-,p1,...,N-1) we see from the assumptions on vp, v; that u, €
WLP(I;vg,v;) for almost every ¢.

Using (5.6) and the fact that |Vu| > |0u/9r| we have

[anora= [ [ " ()l ()7 dr dA ()
< [x ([ uomeora s (ro)l”) A
(5.7) < K{/Q'ﬁl(t)|Vu(t)]pdt+ ]G(u)|”}

where "
Glu) = ( / ]Uw(ro)lpd/\((ﬂ)> .

Below we will show that the functional G has the required continuity properties.
Once this has been accomplished (5.7) will determine an inequality like (4.2), and
consequently half of the work of applying Theorem 4.1 will have been done. Now,
however, we turn our attention to the compact embedding (4.1). We are in fact going
to “manufacture” a weight so that (4.1) holds. To begin this task, set

Ry(t) = ||l 0,8, 175 lloo, B,

and
Ry(t) := f()"N1@lo, B, 177 lloo, B,

where @(t) := [t|"N* w(|t]), B: := B(t, f(t)) and w, f are for the moment an unde-
fined weight and an appropriate positive function. These definitions are motivated
by [3, Definition 2.1 and Remark 2.1]. (In [3] cubes are used instead of balls, but the
difference is inessential; we also remark that the hypothesis p > N is fundamental in
[3].) Further a consequence of [3, Theorem 4.1 and Remark 2.1} is that

(5.8) WP (Q;0,7,) =< LP(Q;w)

if

(5.9) limsup Ry (t) = limsup R, (t) =0
|00 t—0
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and

(5.10) lim sup Ry(t) < oo, lim sup Rz(t) < oo.

|t| 200 t—0

We define )

(s +1)(vo(s)~! +vi(s)7?)

ifs>1,
w(s) =

if0<s<1.
vo(s)~L +vi(s) !

Then @ is in #Z (RN \ {0}). Let fz: RN — R be defined by
wls)

fa(t) := min {sup {5; C1 < gy < e for s € B, 5)},|t[,1}

where Cy, Cy are the constants in the definition of the class #Z(R™ \ {0}). The
assumptions on vg and v; also imply that g and 9 are in #Z(R™ \ {0}). Proceeding
as before we construct f;,, f;, and set

f(t) _mm{fw fvn( )7f171(t)};

The function f is positive and bounded. To apply the machinery of [3] therefore it
is sufficient to note first that because of the properties of f,

1 1
R] (t) =0 (m) y Rg(t) =0 (m) for |t| — 00,
Ry(t) = O(Jt]), Ra(t) =O(]t]) fort —0,

and hence both (5.9) and (5.10) hold. Thus the embedding (5.8) follows immediately
from (3, Theorem 4.1].
We next (cf. Lemma 5.1) can establish the interpolation inequality

(5.11) uplro)l < 5 { [ tuplolar + [ 1u0)1ar )

where J is the interval [ro,79 + 1]. Applying Holder’s inequality to (5.11) and ex-
tending the range of integration on the right-hand side to the whole interval we
obtain
(5.12)

i (ro)] < Amw{(AmeWAMVMYM+(AMMWWMMPMYM}-
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Integrating (5.12) with respect to the angular part of the measure, using the Holder
inequality and transforming back into cartesian coordinates we have

(5.13)  [G(u)| < Ka(ro) {( / w(tnu(t)lpdt)l/p ¥ ( [ (t)lw(tnpdt) 1/,,} ,

so that G is continuous at 0 with respect to W1?(Q; @, ;) norm. (A similar argument
shows that G is continuous with respect to the W1-?(Q;%,,7;) norm.)

As previously noted (5.7) corresponds to (4.2). We have also derived (5.8) which
corresponds to (4.1). The Poincaré inequality (5.3) now follows by Theorem 4.1.

Remark 5.1. Suppose 2 = R \ B(0,1) and the Hardy inequality (5.2) is sup-
ported by ve and v; on (1,00). If we repeat the proof of Theorem 5.1 we find that
the Poincaré inequality holds on  provided that u € W1P(Q;9,7,).

Remark 5.2. The estimate (5.13) claims more than the continuity of G. In fact,
(5.13) is an LP-estimate for traces of functions from W1?(Q;w,v;) on the sphere of
radius ro centered at the origin. Inserting this estimate in (4.2) we can see that it is
sufficient to use Theorem 4.1 with G = 0 (cf. Remark 4.1).

6. EXAMPLES

The following list is not comprehensive but is intended to illustrate how Theorem
4.1 or Corollary 4.1 (the compact embedding case) can lead to new results which
might be difficult to prove otherwise. In all examples we assume without explicit
mention that F satisfies (F1), (F2) on W™ or W{*, and (F3) on &£,,_1 N W™ or
P—1 NWET as the context dictates.

6.1. Let Q = (a,00),a> 0,1 < p,q< o0, v(t) =17, vy(t) =t*, X = LI(Q;vg),
Y = LP(Q;v;) and Z = L™(Q;w), 1 < r < oo where w(t) = t# and B is to be
determined.

Case 1: 1 < p<q<r <oo. Assume

(6.1) a=(p/g)(y+mq+1) -1,
(6.2) v<-1-—(m-1)q.

In [3, Theorem 3.1(i)] take N =g=h=n'=¢ =6, =6, =1, 7 =€ = oo and
f(t) = t% where

__a/p—1/q

T m+1/g-1/p
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Note that (6.1) implies that § = 1. Then according to [3, Examples 3.1, 3.5 and
Theorem 3.2], the embedding W(X,Y) — Z holds if, and only if,

(6.3) B/r)(m —1/p+1/q) < (v/g9)(m = 1/p+1/r) + (a/p)(1/q — 1/T).

Further by [3, Theorem 4.1-4.2 and Remark 4.3] the embedding is compact if, and
only if, this inequality is strict. Next define

m—1 i
%ay=§:ﬁ%ﬂwwmﬂ
=0 !

6= ([ vl ar) "

It is clear first of all that G is defined on W™ %P(Q;t7,t%).
Applying [4, Theorem 1.1-C] with M =t (also see [4, Example 4.2]), we obtain
the Hardy inequality

(6.4) ([ et at) " <K ([ emopa) w

on 2;"P(;t*) if (6.1) and (6.2) are satisfied. Consequently given the definition of
G we have, by Minkowski’s and Hardy’s inequalities, that

o) 1/q ) 1/q
(/ muw) <(/ mu—gm) +1G(w)

(6.5) <K ( | t“ltt‘""l”) " el

and

Now the inequality (4.2) follows from (6.5).
To apply Theorem 4.1 it remains to show that G is continuous at 0 on
W™ P (Q; tP,t%). According to the definition of G(u), we do this by showing that
“h of the mappings u — u((a+), 7 =0,...,m—1, belongs to W™ (Q; 7, t*)*.
-y choosing A; to be an appropriately smooth function with support on [a, ¢] C [a, 00)
such that

A% (a) bofti=megol A()=0fori=0 1
() = Y()=0fori=0,...,m—1,
’ 0, otherwise, ’

repeatedly integrating by parts f: /\ju("‘), and applying Hélder’s inequality, we can
derive the inequality

) c 1/r c 1/p
Iu(J)(a+)l <K (/ tﬁ|u|r> + (/ ta|u(m)'p> )
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The conclusion follows from the fact that t is bounded away from 0 on finite right
neighborhoods of a (note that we need a > 0).

Case 2: 1 < ¢ < p <1 < oo. Applying [18, Theorem 10.11] to power weights we see
that the Hardy inequality (6.4) holds on 27""(Q;t*) if

1 1
(6.6) E—+m<min{a—+—,1}
q p

holds. One can prove using [3, Theorem 4.1(i)] with f(¢) = ¢ that the embedding
W™(X,Y) into Z exists and is compact if

g+1 . {7+1 a+1 }
< mun4{ ———, -m .
r q p

(The details of the argument follow from Example 3.5, Remark 2.1(i) and Remark 4.3
of [3].) This can be arranged for suitable 3. The rest of the argument is exactly the
same as in Case 1.

In summary, when ¢ > p, a = (p/q)(y+mg+1)—1,v < =1 —(m —1)q, and (6.3)
or when ¢ < p and the condition (6.6) is satisfied, then the inequality

oo P/q oo
(/ t”lnl“) <K(|F<u)lp+ / t°|u<’">v’)

holds on W™%P((a, 00);t7,t%).

If in Case 1 we take r = q and 8 = 7, strict inequality does not hold in (6.3). It
follows that W™(X,Y) is not compactly embedded into X; in other words we have
produced an example where A € (0,1).

The situation in Case 2 is different and requires a more complicated analysis. Since
it is the prototype for arguments in later examples in this section we present it in
some detail. For t > a, let I, 5 := (t,t + t®) where 6 > 1. Then by Lemma 6.1 and
taking N = 1, we obtain the interpolation inequality

1/q 1/p
(6.7) lu(t)| < K { t9/ (/ Mq) + ¢8(m=1/p) (/ |u<m>,p>
It s Iy s

If s € I 5, then

(6.8) 1< <1+570

| ®»

We now put the weights vp,v; and w into (6.7): in the first integral of (6.7) we
introduce the factor 1 = s”s~" and use (6.8) to bound s~ in terms of a power of ¢;
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a similar procedure is followed with respect to the second integral. If a, v > 0 this
leads to the estimate

(6.9) t*/9u(t)]

1/q 1/p
<K {t(ﬂ—v—é)/q (/ Svlulq> + t8(m—1/p)—a/p+B/q (/ Sa'u(m)lp> }
Q Q

By an argument which is a straightforward extension of the case W1'P(Q;vp,v,) =<
C(9; w) given in [6, Theorem 4.1, Example 5.3 and Remark 5.2] (6.9) yields a com-
pact embedding into C(Q;t5/9) if

(6.10) B < {7+5’
ga/p = 6(mgq — q/p).

Specifically, let J denote the embedding of W™%P(Q;¢7,t%) into C(£;t4/9) given by
(6.9), and let J, := x, o J where I, := [a,n] and n > a is a positive integer. Then
(6.10) implies that nlgrgo [|J = Jn|l = 0. Since vg,v; € #(f), standard Ascoli-type
arguments show that each map J,, is compact. Therefore J is compact.

Application of Holder’s inequality then shows that C(2;¢%/9) embeds continuously
into L(Q;v0) if v — B8 < —1. Thus W™(X,Y) &> X if

(6.11) 7<{7+6_1’
ga/p—6(mg —q/p) - 1.

Since § > 1 the first inequality is satisfied for any . The argument is completed
with the observation that if a,«y satisfy (6.6) they also satisfy the second inequality
of (6.11) for a 4 sufficiently close to 1.

The case v > 0 and a < 0 is inconsistent with (6.6).

Suppose v < 0 and @ < 0. The same kind of analysis using (6.7) and (6.8) gives
a compact embedding of W™(X,Y) into X if

- {5(7 +1) -1,
d(ga/p — (mq —q/p)) — 1.

The first inequality holds for any 6 > 1 if, and only if, v > —1 and (6.6) implies the
second inequality for a suitable 4.
The last possibility is v < 0, a > 0. Here we are led to the conditions

- {6(')’ +1) -1,
ga/p—6(mg — q/p) — 1.
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Again this requires that v > —1; the second inequality will also hold if we choose ¢
close enough to 1.

Summarizing, when ¢ < p we have that W™(X,Y) << X and thus A = 0 in all
possibilities allowed by (6.6) if ¥ > —1. Moreover, since #,,_; N W™(X,Y) = {0},
the Friedrichs inequality (1.2) is true (cf. Remark 4.2).

Remark 6.1. Let us take 2, vg, v; as in the previous example but let p = ¢ =
r = 2 and omit the condition ¥ < —1 —2(m — 1). Hinton and Lewis [12] have shown
that the spectrum of the minimal operator To(M) (and therefore of any self-adjoint
extension) on (a,00) induced by the differential expression

M (u) =t P[(=1)™(t*u(™) (™) 4 t7y)
is discrete and bounded below if

B <a-2m,
B2

Let 8 = 7. If T, is the Friedrichs extension corresponding to the form t[u,v]
defined in L?(;t) as

t[u, v] ::/ (t*u™7™ 4+ V) dt,

we have that
[Ta'yuvu] 2 ”u“%,ﬂyw'

Since the domain of T, is a core of the domain of t, it follows by Rellich’s theorem
[16, §24.5, Theorem 11] (and the fact that an embedding holds trivially) that

W™2(Q;87,t%) o L2(Q;17).

The Poincaré inequality (with A = 0)

[T one < x{ir@p [T e

now is immediate from Corollary 4.1.

6.2. Let @ = (0,00), 1 < p € ¢ < 00, vo(t) := e 9P () := e™t, ¢ >0,
w(t) :=e Pt B> qc/p, X = LY(Q;v), Y = LP(v1) and Z = LI(Qw). Let gu(t)
be as in Example 6.1 with a = 0, and define

6w = [~ e irgaor ) "
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An argument similar to [4, Example 3.3] shows that the Hardy inequality

oo 1/q oo 1/p
(/ e—‘kt/Plu(t)lq dt) <K (/ e—-ctlu(m)(t)lp dt)
0 0

is valid on 2;"(Q;v;1). As in (6.5) above this leads to the inequality

(/Ow e~/ Py (t)|9 dt) v <K { (/000 et ul™ (t)|P dt) v + |G(u)|} .

Application of [3, Theorem 4.1] (with f(¢) = 1) shows that the embedding
W (Q; e=1e/P o=et) cyey LI(Q;e P

is compact. By an argument similar to that in Example 6.1 one can verify that G is
continuous on W™?(Q;e"At e~ct). Thus by Theorem 4.1 the Poincaré inequality
(1.1) follows. Use of [3, Theorem 4.2] shows that the embedding

Wm,q,p(Q;e—qct/p’e—ct) PN Lq(Q;e—qct/p)
is not compact so that here 4 € (0,1).

6.3. Let 1< N <p<oo, Q=RN m=1,wvp(s) :=sV"1(1+5)" and v;(s) :=
sN=1(1+45)%, s € R where y < —N, a > p— N. We can verify from the assumptions
on a,~ that the Muckenhoupt condition

t 1/p oo ) 1/p'
sup (/ vo(s)ds) (/ vy (s)"P'/P ds> < 00
tel 0 t

holds. Therefore the Hardy inequality (5.2) is valid on I = (0, 00) for u € 9}3”’ (L;v1).
Also the reader may check that vo € L'(0,00), and vg,v1 € #2(I). Hence Theorem
5.1 may be applied to obtain the inequality

ANU**W”“V<1f@anr+ANu++mﬂvUv}

on WHP(R¥;vg,v;). In view of Remark 5.1 we may also derive the inequality

/mmmsK{www+/nmwm}
Q 0

where @ = RN \ B(0,1), a and v are as above, and u € WYP(Q;|t|,|t|*). In
either case application of Theorem 4.2, Remark 4.3, and Example 4.1 of [3] shows
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that W1P(Q; |t|7, |t|*) is not compactly embedded into LP(2; |t|”) and therefore A €
(0,1).

6.4. Let 1 <N <p<oo, Q=RN, m=1,v9(s) =v1(s) = sV le " a > 0.
By calculations which are similar to those in the previous example the reader may
verify that vo, v; satisfy the hypotheses of Theorem 5.1. As a result, the inequality

(/{; e—vlt|lulp>1/” <K {|F(u)[ + (/ﬂ e_w'IVul”)l/p}

holds on WP (Q;e=71tl e=7Itl). An application of [3, Theorem 4.2] shows that the
embedding WJ"P(Q; eIt eIty — LP(Q;e~7!l) is not compact so that again A €
(0,1).

Remark 6.2. Using the machinery of [3, Theorem 3.1] we can establish an ana-
log of the sum inequality (4.9) on WP (Q;e~ "t e~7lt) for N > 1. If a product
inequality similar to (4.10) is true on the C§° functions, the arguments of Remark 4.3
would establish the Friedrichs inequality rather than the Poincaré inequality in Ex-
ample 6.4. However, whether or not such an inequality is valid for N > 1 seems not
to be known.

Our last pair of examples for weighted Sobolev spaces in RY are really instances
of Corollary 4.1 rather than Theorem 4.1. However since they seem to us both new
and interesting we include them. The analysis depends heavily on Lemma 6.1 and
resembles the compactness arguments given in Case 2 of Example 6.1.

6.5. Let @ = RN \ B(0,1), vo(t) = |t|", vi(t) = |t|*, where v > —N and

a/p—7/q 51

(6.12) m )

w(t) = [t|?, r(t) = |t|%, and let max{N/m,1} < p,q < oo, the first inequality being
sharp if m < N. Given t € Q we construct the ball B; with radius r(t) and center at
distance |t| + r(t) from the origin and on the extension of the ray 0f. Thusif s € By,
then

Throughout we take 6 > 1 and introduce the weights w,vg and v; into (5.1) in a
manner similar to the compactness argument in Case 2 of Example 6.1. Since the
reasoning is exactly the same we just summarize the main features.

370



If 7, a > 0 we obtain the inequality

1/q
119/ u(t)] < K{ltl“’”“”"’/q( / |smu|‘1)
B,

1/p
stermape)

+ [t[0m=N/D)=a/p+b/a (

B
The embedding
(6.13) WP (€ v0,v1) == LI(;v0)
holds if
(6.14) < {7+N(6_1)’
g(a/p—46(m - N/p)) — N.

Since § > 1 the first inequality is satisfied. Since v, satisfy (6.12) the second
inequality in (6.14) can be satisfied for some ¢ > 1.

If v < 0,a > 0, then proceeding as in Case 2 of Example 6.1 (cf. (6.8)), there
exists the compact embedding (6.13) if

(6.15) {5(7+N)—N,

q(a/p—46(m — N/p)) - N.

Since § > 1, the first inequality holds if v > —N. According to (6.12), the second
inequality (6.15) is satisfied for some ¢§ > 1.
If & < 0 then the second inequality in (6.14) and (6.15) has the form

v < dq(a/p— (m - N/p)) — N.

This yields that ¥ < —N which is inconsistent with the first inequality in (6.15).
Since v > =N, Py N W™P(Q; t]7, [t]*) = {0}.
Summarizing, if ¥ > —N, @ > 0 and if the inequality (6.12) holds, then the
Friedrichs inequality

1/q 1/p
( / Itl’IUI"> <K ( / |t|°|vmu|")
Q Q

is true on W™®P(Q;|t|7,|t|*). Furthermore the embedding of W™ %P(Q; |t|7, |¢|¥)
into L(2;|t]”) is compact and so A = 0.
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6.6. Let Q be a bounded domain in RY having the following integrability property
with respect to the distance function:

(I1) There is a number 0 < po < N such that [, d(t)~#° dt < oco.

Suppose also that max{N/m,1} < p,q < oo, the first inequality being sharp if
m < N. Set vo(t) = d(t)7, vi(t) = d(t)*, w(t) = d(t)?, and r(t) = d(t)* where
—po<71<0,a<0,8€Rand0< < (y+u)/(y+ N). In this case

C(Q;w/9) e LI(Q;vp)

if vy > B — po.
Since 6 < 1, the ball B(t,d(t)’) may not be strictly contained in . We overcome
this inconvenience by considering u € C§°(Q). If s € B(t,d(t)®) N Q then

(6.17) d(s) < d(t) +d(t)°.

Thus d(s) < 2d(t)? if d(t) < 1. Lemma 6.1, (6.17) and the assumptions on v, o then
yield the inequality
1/q
d(S)”IUI")

1/p
/ d(s)a|Vmu|p> }
N

B(t,d(t)%)

d°/1u() < K{d(tﬂ-“ﬁm*m/q(

B(t,d(t)%)NQ

+ d(t)0m—N/p=a/p)+B/q (

Pursuing the same arguments as before, we find that W™ **(Q;d(t)”,d(t)*) embeds
compactly into LP(;d(t)7) if
ég(a/p = (m — N/p)) — po.

By the conditions on § and 7 both inequalities hold. Because the balls B(t,d(t)?)
may overlap 0f, there is no lower bound on d(s) in terms of d(¢). Unfortunately,
this means that in introducing weights into Lemma 6.1 according to the procedure
described in Example 6.1 (see the paragraph following (6.8)) we are restricted to
non-positive values of «, 7.

It follows that the Poincaré inequality (1.1) holds if Q is a bounded domain satis-
fying (I1) and @ < 0 and —pp < v < 0. Since

Wo P (Q;d(t)7,d(t)*) —— L1(Q;d(t)")
we have A = 0.

What kind of domains  satisfy (I1)? We show here that if the “Minkowski
dimension” of 90 is less than N then (I1) is true and wvice versa.
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Definition 6.1. Let 0 < A < N and r > 0. Then set:

(82 + B(0,7r)) N Q|
FN—X
My (09) := liII_l)glip M (09 T)

dimps o (99) := inf{X: M(89Q) < oo}.

M0 r) =

The last of these quantities is called the Minkowski dimension of 912 relative to Q.
It is known and easy to show that dimus,q(92) < N. However this dimension need
not be strictly less than N. There exist 2 such that M (99) = oo for all A € (0, N).
See [8, Remark 4.3 and the associated reference].

Recall now that a Whitney covering 20 of Q2 is a family of cubes @ each of edge
length Lo = 2%, k € N and diameter Dg = LoV/N such that the following three
properties hold:

@ a=U @
Qew
(ii) the interiors of distinct cubes are disjoint;
(i) 1 < dist(Q,99)/Dg < 4.

It is known (Stein [19]) that such a covering exists for any bounded . Condition
(iil) in particular means that there are fixed constants c;, c2 such that

(6.18) alg < d(s) < Lo

for any s € Q; (we will abbreviate inequalities like (6.18) or d(s) < caLg by the
notation d(s) = Lgq or d(s) < Lg). Note that we can take in (6.18) ¢; = v/N and
Cy = 5\/—]\7

Now let n(k) denote the number of cubes in 20, where
Wy :={Q €W: Lg =27%}

and k is a positive integer. The domain 2 is said to satisfy a Whitney cube #-
condition if there is a continuous increasing function h: (0,00) — (0, 00) such that
n(k) < h(k) for all k > ko > 1.

We use the following Lemma about Whitney cube #-conditions which is essentially
that found in [15, Theorem 3.11] for the standard Minkowski dimension; however,
the proof may be easily modified (also see [8, Lemma 2.2]).

Lemma 6.1. Let  be bounded and X € (0, N]. Then M}(02) < oo if, and
only if, n(k) < K2** for all k > ko where K and ko are finite positive constants.
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Proof. Assume that dimas,(09) < A. Then there exist K,ro > 0 such that
(6.19) [(8Q + B(0,r)) N Q| < KrV—2

for all r < ro. Take k € N, k > (log2) ! log(12v/N /ro) and set r = 6/N2~*. Then
2r < 19. According to de Guzman-type covering lemma, (cf. for example [7, Theorem
X1.5.3]) there exist points zi, . ..,z, € 0 and a positive constant C dependent only
on dimension N such that

(6.20) o9 c | B(zi,7)
i=1
(621) Z XB(z;,2r) <C
i=1

Every cube Q € 20, is contained in some of the balls B(z;,2r), ¢ = 1,...,m. Indeed,
given z € @ take y € 9Q such that d(z) = |z — y|. By (6.20), y € B(x,, ) for some
i =1,...,m. Using (6.18), for every z € Q we obtain that

|z — x| < |z -zl + |z -y + [y — | <12VN27* =

Denote by n;(k) the number of cubes Q € 20; which are contained in B(z;,2r).
Then, we use (6.19) and (6.21) to obtain

n(k) < Z ni(k) < ZlB(x,,zr nQ/|Q|

<C N’°|(6Q+B(0 2r)) N Q|
< CK(12V/N)N 22Xk,

The proof of the reversed implication can be made step by step as in the proof of
Lemma (3.4) in [15]. 0O

Proposition 6.1. Let  C RY. Then the following conditions are equivalent:

(i) dimpo(@9) < N.
(ii) There exists po > 0 such that [, d(s)™** < oco.
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Proof. We show that (i) = (ii): Let 20 be a Whitney covering of Q and

A = dimpr,0(992). Then
> [ )

/ R Qzegn'/ <Q€5’Jh
~ {Z (k)2"°N(2"°)"‘°}
k=0

< k[ S50

k=0

Since A < N it is evident that the final sum is finite (and therefore (I1) holds) for a
suitable pg < N — A.

Next we consider (ii) = (i): Assume to the contrary that dimps,o(0€2) = N. Then
according to the “only if” part of Lemma 6.2,  does not satisfy the Whitney cube
#-condition with h(t) = K2* for any K > 0 and XA € (0, N). Taking A = N — po,
there exists a sequence of natural numbers k; = k;()) such that n(k;) > 2**/. Then

| sy B> /ds> z >}:n(k> k)| Q]

k=0 QEW;.

> > n(k;)(27k)Hoa RN
i=1

> 3 kst

= 0.

(]

If we combine Proposition 6.1 and Example 6.6, we obtain the following result.
Theorem 6.1. Let max{N/m,1} < p,q < 0o, the first inequality being sharp
if m < N, let Q be bounded, dimpq(0Q2) = A < N, X = LI(Q;d(t)"), ¥ =

LP(Q;d(t)*) wherea < 0 and A — N < v £ 0. Then if F satisfies (F1), (F2) on
W3 (X,Y) and (F3) on £,,_1 N W§*(X,Y), the Poincaré inequality

(/Q d(s)‘YIulq)l/q <K {lF(U)l + (/ﬂ d(s)alvmuP‘)I/IJ}

holds on W§*(X,Y).



Remark 6.3. Theorem 6.1 should be compared with Edmunds and Hurri (8,

Corollary 4.4] where it is shown that the Poincaré inequality is true if p = ¢ > N,

m
(A

=1, F(u) = [,u/|9, the usual Minkowski dimension dimpy(992) = A < N,

—N)/2<v<0,0<a<p— N and Q satisfies the ¢-quasihyperbolic boundary

condition with ¢(t) = at®, s = (N — A)/2(p — 1). Elsewhere in this paper however

the authors show (Theorem 3.1) that their type of Poincaré inequality holds for «,

v in certain ranges dependent on dims(9Q?) < N; the inequality is even true for a

positive v and negative a on §2 including those for which dimas(992) = N. In either

case p need not satisfy any condition other than 1 < p < 0.
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