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1. INTRODUCTION

In this paper we are concerned with the nonlinear damped difference equation of
the type

(1) A(anAyn) + PnAYn + gni1f(Ynt1) =0, n=0,1,2,...

where the forward difference operator A is defined by Ay, = yn+1 — Y and the real
sequences {a,}, {pn} and {¢g.} and the function f satisfy the following conditions:
(c1) an>0,p, >0and g, >0 for all n > ng > 0;
(c2) f: R — R = (—00,00) is a nondecreasing function such that

uf(u) >0 for u#0.

By a solution of (1) we mean a real sequence {y,}, n = 0,1,2,... satisfying (1).
We consider only such solutions which are nontrivial for all large n. A solution of (1)
is said to be oscillatory if for every N > 0 there exists n > N such that y,yn+1 < 0.
Otherwise it is called nonoscillatory.

In recent years there has been an increasing interest in the study of the qualitative
behavior of solutions of difference equations of the type (1) and/or related equations;
see, for example, [1, 3, 5, 7, 8, 9] and the references cited therein.

Our purpose in this paper is to establish some new oscillation criteria (sufficient
conditions) for oscillation of all solutions of (1).
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2. MAIN RESULTS

We begin with the following lemma which is a discrete analogue of Lemma 1 of
Baker [2].

Lemma 1. Assume that

(2) an—pp >0 forn>ng >0
and

[} 1 n—1 Ds B
(3) Za[sl;lo(l—a—s)]—oo

If {y,»} is a nonoscillatory solution of Eq. (1), then there is N > 0 such that
ynAyn >0 foralln > N.

Proof. Let {y.} be a nonoscillatory solution of Eq. (1) and assume y,, > 0 for
n = ng > 0. Suppose {Ay,} is oscillatory. Then there exists an integer ny > ng > 0
such that
Ayn, <0 or Ay, =0.

First we consider Ay,, < 0. Now Eq. (1) implies

A(an; AYn, ) AYn, = — pn, (Ayn1)2 = @ny+1f (Yny41) AYn,
> = Py (Byn,)?

since —@n,+1f(Yny1+1)AYnt1 > 0. Hence
Aynl[an1+1Ayn1+l - anlAym] > _pnl(Ayn1)2

or
an1+1Ayn1+1Aynx > (anx _pnx)(Ayn1)2 > 0.

Thus, by dividing the above by a negative term a,,+1Ay,, we obtain
Ayn1+1 < 0.

By induction, we obtain Ay, < 0 for all n > n;.
Next, consider Ay,, = 0. Then Eq. (1) implies

Ayn1+1 <0
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and we obtain as above Ay, < 0 for all n > n;. Hence in both cases we obtain
Ay, < 0 for all n > n; which, however, contradicts the assumption that {Ay,}
oscillates. Thus {Ay,} is eventually of fixed sign.

Let Ay, <0 forn > N > 0, then

(4) Az, + ?zn >0 forn>N
where
Zn = "anAyn-
From (4) we obtain
n—1
DPs
Zn 2 2N SI:IN <1 - as)

or

n—1
(5) anAyn < —2zN H (1 - &), n > N.

s=N as

Now summing (5) and using (3) we obtain a contradiction. The proof for the case
of {y»} eventually negative is similar and hence omitted. O

Remark. If p, =0, then the condition (3) assumes the form

— 1
$lew
an
which is used in [5, 8].

Lemma 1 is false if we omit the assumption (3). This is illustrated in the following
example.

Consider the difference equation
(E1) A(n(n+ 1)Ay,) +nlAy, + (n+1)%y3,, =0, n>1

Let f(z) = 2%, an = n(n+1), p, =n, ¢» = (n+1)2. Eq. (E;) has a nonoscillatory
solution y,, = 1/n, a contradiction to the conclusion of Lemma 1 since the condition
(3) does not hold.

In the following theorem we study the oscillatory behavior of Eq. (1) subject to
the conditions

T du % du
(6) / ﬂu—) < oo and / m < 00.
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Theorem 2. Suppose that the conditions (2), (3) and (6) hold. Assume that
there exists a positive sequence {h,} such that

(7) Ahy, 2 0 and A(ap,Ahy,) <0 forn > ng > 0.
If
(8) zthn+l =00

then every solution of Eq. (1) is oscillatory.

Proof. Let {y,} be a nonoscillatory solution of Eq. (1) which must then be
eventually of constant sign. In view of Lemma 1, there is no loss in generality in
assuming that there is an integer N > 0 such that y, > 0 and Ay, > O0foralln > N.

Define
_ Npvn

Zn =
f(yn)
where v,, = a,Ay,. Note that z, > 0.
Then for n > N,

pnhnAyn + Ahnvn-l—l _ hnvnAf(yn)
f(Yn+1) f(Yn+1) FWni1) fyn)

Now using the condition (7) and v,4; < v, in (9), we obtain

(9) Azp = _thn+1 -

Ahpvp,
Az, € —hugny1 + —— forn > N.
h * f(yn+l)
Since (a,Ahy,) is nonincreasing for n > N, we have
Ayn
(10) Az, < —hpgns1 + anAhy ——, n > N.
f(Ynt1)

1 1 .
Now for ¥, < = < Yyn+1 we have ] > T and it follows that

/y"+l_(i£lt_> Ayn
vu  F@) 7 fYnir)

n

Using the above inequality in (10) and summing the resulting inequality from N to

n leads to

< Yntl g
Z hs(Is+1 < 2N — Zn41 + aNAhN/ —-
s=N YN f(‘l:)

In view of (6) and z,, > 0, n > N, the above inequality gives

n
Z hsgqsy1 < 00,
s=N

which contradicts (8). a
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Remark. In Theorem 2, let p, = 0, a, = 1, f(u) = u®, a > 1 ratio of odd
positive integers and h,, = n. Then it reduces to Theorem 4.1 of Hooker and Patula

[3]. Also Theorem 2 reduces to Theorem 4.2 of Kulenovic and Budincevic [6] if p,, = 0
n—1

and h, = 3 +.
Z an

All solutions of the difference equation

1
(E2)  A((n+1)Ay,) + —— Ayn+(n+1)dn* +10n+5)ys,, =0, n>1

are oscillatory by Theorem 2. One such solution of (Ez) is y, = (1)*/n.
We now state a lemma which will be used in the proof of our next theorem. The
proof is similar to Lemma 4.1 of [3].

Lemma 3. Ifyy > 0, A(apAyn) <0 and Ay, >0 forn > N > 1, then

Ynt1 = R(n)anAy,

where

R(n) = i al'
s=N °

Theorem 4. Suppose that the conditions (2) and (3) are satisfied. Assume that

(11) = du < oo for every positive constant ¢ > 0
F(w) !

and f satisfies

(12) flzy) 2 Kf(2)f(y) and - f(-zy) > Kf(z)f(y)

on (0,00) U (—00,0) where I\ is a positive constant. If

(13) Z f(R(”))qn+1 =00

then every solution of Eq. (1) is oscillatory.

Proof. Let {y,} be a nonoscillatory solution of (1). As before, there exists an
integer N > 0 such that

yn >0 and Ay, >0 foralln > N.
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Since p, > 0, we have from (1)

(14) A(anAyn) + qnt1 f (Yns1) < 0.

Since A(anAy,) < 0 for n > N, we can use Lemma 3 in (14) and then using (12)

we obtain

A(anlyn) + Kgni1 f(R(n)) f(anAy,) <O forn > N,
or
(15) BlanBun) | g f (R)) <0,

f(anByn)

Observe that for a,Ay, > T > any1Ayns1 we have f—(lx—) > W and it follows
that

_/a"Ay,. d.’L' < A(anAyn)
an+18Ynt1 f(x) h f(anAyn) .

Using the last inequality in (15) and summing the resulting inequality from N to n

leads to
zn: fF(R(s)) < enBAYN (g
K $))4s+1 X / y
s=N i an+1Ayn+l f(.’l,')
which is by (11) an immediate contradiction. 0O

Remark. Let p, =0 in Theorem 4, then it reduces to Theorem 4.1 of Kulenovic
and Budincevic [5]. If p, =0, a, =1 and f(u) = u*, 0 < a < 1, then Theorem 4
reduces to Theorem 4.3 of Hooker and Patula [3].

Consider the difference equation

4712 +10n+5 1/3

(E3) A((n + I)Ayn) + W—ynH

Ay, + =0, n>1.

n+1

All conditions of Theorem 4 are satisfied and hence all solutions of (E3) are oscillatory.
One such solution is y,, = (—1)"/n.
Finally, we discuss the oscillatory behavior of Eq. (1) subject to the condition

(16) fu) = f(v) = g(u,v)(u—v), g(u,v) > M >0 for u,v # 0.

Theorem 5. Let the conditions (2), (3) and (16) be satisfied. Assume there exists
a positive non-decreasing sequence {h,} such that

n—1
: 1 as (ps Abhg a 2
S ) [ _ s (_S_ s ]:
(17) nlglgo sup (n)@) ;}(n $) Vs |s41 4M \a, |y +n —s+a-— 1) o0
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for some positive integer o > 1, where (n)(®) =n(n —1)...(n — a + 1) is the usual
factorial notation. Then every solution of Eq. (1) is osc111atory.

Proof. Let {y.} be a nonoscillatory solution Eq. (1). As before, there exists
an integer NV > 0 such that

yn >0 and Ay, >0 foralln> N.

Consider the function z,, defined in the proof of Theorem 2. We obtain (9) and using
the condition (16), we get

pnhnAyn + Ahnv‘n.+1 _ MhnvnAyn
f(Ynt1) f(Yn+1) f@yn)f (Yn+1)

(18) Azy, € —hnQuyr — forn > N.

Using the inequalities vp41 < v, and f(yn) < f(Ynt1), we obtain from (18)

Pnhn Ahy, Mh,
Azp € “hpQn+1 — ——2Zn41 + ——2n41 — —5— .
nt1 anhn—H i hn+1 + anhi.H Fnt1
Since
n—1 n—1
E (n—3s) YAz, =—(n—-N) Y2y +a Z (n—s) @Dz,
s=N s=N
we get

n—1

(a) Z hsqst1

< (n — N)(@ oy — S n —s)(X)Mh,
(”)(a) n)(a) = ashs+1

GShSH (a: Ah,:s + n—sia—l)}

(n — N)(@ (- s) “)ash ps  Ahg a 2
(n)(@) v+ (”(“)gv x{(a_ h5)+n——s+a—1}

U2
x {z2, +

or
n—1
1 as (P Ah «a 2
— )@ s (Es _ 20s
(a)z(n s)* hs[fIs+1 4M( hs +n—s+a—1>]
(n— N)@
—————2ZN = ZN as n — 0o,
(n)(a)
which contradicts (17). This completes the proof of the theorem. O
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Corollary 6. If the condition (17) is replaced by

n-—1

1
(19) lim sup W Z (n = 5) ¥ hygeyq = oo,
s=N

n— o0 (n

(n = 8)hga, ps  Ahs 2
(20) nlﬂ‘lo(n)m) Z < n—s+ta—12 [("_”a_l)(a_s“ s ) +a] <o

for a positive integer a > 1, then every solution of Eq. (1) is oscillatory.

Remark. Corollary 6 is a discrete analogue of Theorem 1 when a, = 1 and
hn = n and of Theorem 2 when a,, = 1 and h,, = 1 of C.C. Yeh [10]. If f(u) = u,
an, =1, h,, =1 and p,, = 0, then the condition (20) holds for @ = 1 and in this case
Corollary 6 reduces to the discrete analogue of Kamanev’s result [4].

It follows from (20) that p,, # 0 and a, = 1 and h,, = n in Corollary 6, in which
{pn} can be thought of as a small perturbation of 717 Ifa, =1and h, =1, it
follows from (20) that {p,} may be equal to zero in Corollary 6, in which {p, } can
be thought of as a small perturbation of 0.

Consider the difference equation

4n? +4n+1

5 1
E Ay, + —— Ay,
(Ed) v +n BYn + n(n +2)

2 Ynt1 =0, n>=1.

All conditions of Corollary 6 are verified for a = 1. Hence every solution of (E4) is
oscillatory. One such solution is y, = (=1)"/n.

Theorem 7. In addition to (2), (3), (6) and (16) assume that there is a constant
K > 0 and a positive nondecreasing sequence {h,} such that

i
(21) A(ant1Ah,) <0 and p, > —h—\ for alln > N > 0.
If

(22) Z Npn@ny1 = 00

then all solutions of (1) are oscillatory.

Proof. Let {y,} be a nonoscillatory solution of (1) such that ¥, > 0 and
Ay, > 0for n > N > 0. We multiply (1) by hy,/ f(yn+1), summing from N to n —1.
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and use (16) and (21) to obtain

h anAyn hs+las+l(Ays+1
Y/ N + hsqs
f(Yn+1) Z F(Ys41) f(Ys+2) Z *

ys+1
<c+ K +a Ah
Z f(?/s+1) AR Z f(ys+2)

K[ Al s
o [ oy [
YN f( ) YN +1 f(l')

where c is a constant. Taking the limit as n — oo and using (6) and (22) we arrive
at a contradiction that Ay, < 0 for all n > N. This completes the proof. O

Remark. Let a, = 1 and h, = n, then Theorem 7 is a discrete analogue of
Theorem 4 of Naito [6].

The equation

1 4n® +6n+1
Es A? n——Qyp+ ——m8M— 8 .= 0, >1
(Es) y n Yn + n(n + 1)3 Yn41 = n

has an oscillatory solution y, = (—1)™n. All conditions of Theorem 7 are satisfied.
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