Czechoslovak Mathematical Journal

Mustafa R. S. Kulenovi¢
Oscillation of the Euler differential equation with delay

Czechoslovak Mathematical Journal, Vol. 45 (1995), No. 1, 1-6

Persistent URL: http://dml.cz/dmlcz/128506

Terms of use:

© Institute of Mathematics AS CR, 1995

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128506
http://dml.cz

Czechoslovak Mathematical Journal, 45 (120) 1995, Praha

OSCILLATION OF THE EULER DIFFERENTIAL EQUATION
WITH DELAY

M. R. S. KULENOVIC, Sarajevo

(Received November 29, 1991)

1. INTRODUCTION

Consider the equation

k2
(1) y'(t) + 7y(et) =0, t>t0>0,

where 0 < ¢ < 1 and k # 0. This equation is a natural generalization of the familiar
Euler differential equation

2
2) V(0 + Sy = 0

and will be called in the sequel the Euler differential equation with delay. It is well
known, see [4], that

(2) oscillates <= k% > i

Mahfoud in [5] attempted to extend this result to Eq. (1) that is, to get a necessary
and sufficient condition in terms of k and ¢, for all solutions of (1) to oscillate. As a
partial answer to this problem he obtained the following result:

1
k> P => (1) is oscillatory,

1
k% < 1= (1) is nonoscillatory.

However, his results do not apply to the remaining case % < k? 4%:. In this

paper we will fill this gap and get an efficient necessary and sufficient condition for
oscillation of all solutions of Eq. (1). Our main result is



Theorem 1. Every solution of Eq. (1) oscillates if and only if

2 4—2 — 2
3) k2>£2——~e Y = e
T
By a solution of Eq. (1) we mean a function defined on a set [cto, to] which satisfies
(1) for every t > to > 0. A solution y(t) of Eq. (1) is said to be oscillatory if it has
zeros for arbitrarily large t. Otherwise it is called nonoscillatory.

MAIN RESULTS

First we will transform Eq. (1) to the form of a delay differential equation with
constant coefficients and constant delay.
Set

(4) t =exp(s), y(t)=z(s) and c=exp(-r)

with 7 > 0. Then as usual

dy _ de t2d2y_ d’z  daz

dt ~ ds’  diz ds®  ds
and (1) becomes
&’z dz

— — — 2 — =
(5) AP +k°z(s—7)=0.

Obviously Eq. (1) oscillates if and only if Eq. (5) does.

Now, we will prove Theorem 1.

Proof of Theorem 1. With Eq. (5) we associate the characteristic equa-
tion

(6) M oA+ E2exp(=Ar) = A=A+ k% =0

which is obtained by setting z(s) = exp(As) in (5). It is known, see [1], that (5)
oscillates if and only if (6) has no real roots. Now we will show that (6) has no real
roots if and only if (3) is satisfied.
Set
fQ) = (A =A%) exp(rA).

Then Eq. (6) can be written as f(\) = k2. First we find the maximum fmax of f(A)
for A > 0:
f'N) =14 (r=2)A = rA%]exp(r))



and

—-2+Vr?2+4
- )

FO)=0eA="1 .

Since ﬁ?@ < 0, we conclude that

r—2+Vr2+4y Vr2+4-2 ro24yi7ha
fmax(r) = f( 2 ) = 2 -e 2 .
Obviously, the equation f()) = k? does not have real root if and only if k2 > frax (),
that is, if and only if (3) is satisfied. O
Remark 1. Obviously
. 1
P_II%) fmax(r) = Z
and so we set fmax(0) = %. Thus in the limiting case r = 0 we get the familiar

condition k% > 1 for all solutions of Eq. (2) to oscillate.

Using the same technique one can extend the above result to the more general
equation

k2
(7) y'(t) + %y’(t) +ZY(e) =0, 0<e<1.
In this case the necessary and sufficient condition has the form

-2+ +/(a—1)2r2 +4 r—ra—2++/(a—1)2r2 +4
2> V( - ) exp( \/2( ) )

Remark 2. It should be mentioned that in the case of the first order Euler
differential equation

®) YO +3y(ct) =0, t>1t0>0

where 0 < ¢ < 1, every solution oscillates if ar > % In fact, performing the

transformation (4) we get

(9) z'(s)+ar(s—1)=0

which oscillates if and only if its characteristic equation
A+aexp(—=Ar) =0

has no real roots, see [4], that is, if and only if ar > 1.



Further, this result can be extended to the Euler differential equation with several

delays
y'(t) + Z a;y(cit) =

where a; >0and 0 < ¢; < 1 for i =1,...,n. Using the transformation (4) we get

"(s) + Zaiz(s —-r;) =0,

i=1
where 7; = —Inc;. As is well known, see [4], the last equation oscillates if and only
if corresponding characteristic equation

A+ Zn:a,- exp(=Ar;) =\ + zn:a,;cf‘ =0

i=1
has no real roots.

Remark 3. The above result can be extended to the case of the general n-th
order Euler differential equation with several delays

n an— n—
(10) YO+ =2y 4+ (e Zaom =0,

where 0 < ¢; < 1 and ag; > 0 for ¢ = 1,...,p. Using the transformation (4) we
get a linear delay differential equation with constant coefficients and constant delays
whose characteristic equation is

P
(11) MA=1)---(A=n+1)+an_1A(A=1)---(A=n+2)+.. .+a1/\+z agic; = 0.
i=1
Using [1], we conclude that (10) oscillates if and only if this characteristic equation
has no real roots.

Remark 4. Our result can be extended to the system of Euler differential equa-

tions 1
y'(t) + sz(ct) =0, t=t >0
where 0 < ¢ < 1, A is an n X n matrix and y(t) € R™ for every t. Using (4) again,
we get
'(s)+ Az(s—71) =0

which is, in view of [1], oscillatory if and only if the corresponding characteristic
equation

det(M + exp(—Ar)A) = det(M + *4) =0

where I is the n X n unit matrix, has no real roots.

4



Remark 5. In the case of the Euler differential equation with constant delay of
the form t — r, that is

k2 '
y'(t) + t—zy(t—r) =0, t2to>r

where r > 0, it is well known, see [6], that the delay does not effect the oscillation.
In other words, this equation oscillates if and only if the corresponding equation
without delay (2) oscillates, that is if and only if

1
K> L
> 1

Remark 6. A related transformation can be applied to the equation
(12) y'(t) + (tInt) lay(t?) =0, t21t>1,

where a > 0, 0 < o < 1 are constants. In this case the corresponding transformation
is

t=e*, yt)=1z(s) and o=e7"
with 7 > 0. Then it is easy to see that

dy dzx oy _
tlntdt T and y(t%) =z(s—r)

and (12) takes the form (9), which is discussed in Remark 2.

In a similar way one can treat the more general case of equations with several
delays

y'(t) + (tlnt)~ Ea y(t7) =0, t>to>1,

where a; > 0,0<0; <1,i=1,...,p are constants and systems of equations
y'(t)+ (tlnt) T Ay(t°) =0, t>ty>1

where A is an n X n constant matrix and y(t) € R™ for every t.

These results together with the result of Remark 2 extend the results of Jaro3 [2]
and [3].



References

[1] O. Arino and I. Gyori: Necessary and sufficient condition for oscillation of neutral
differential system with several delays. J. Differential Equations, 81 (1990), 98-105.

[2] J. Jaros: Necessary and sufficient conditions for oscillations of first order delay differ-
ential equations and inequalities. Acta Math. Univ. Com. 54-55 (1988), 225-235.

[3] J. Jaros: Necessary and sufficient conditions for bounded oscillations of higher order
delay differential equations of Euler’s type. Czechoslovak Math. J. 39 (1989), 701-710.

[4] G. Ladas, Y. G. Sficas and I. P. Stavroulakis: Necessary and sufficient conditions for
oscillations. Amer. Math. Monthly 90 (1983), 673-640.

[5] W. E. Mahfoud: Oscillation theorems for a second order delay differential equation.
J. Math. Anal. Appl. 63 (1978), 339-346.

[6] W. E. Mahfoud: Comparison theorems for delay differential equations. Pacific J. Math.
83 (1979), 187-197.

Author’s addresses: Department of Mathematics, University of Sarajevo, 71000 Sara-
jevo, Bosnia and Herzegovina; Department of Mathematics, University of Rhode Island,
Kingston, RI 02881, USA.



		webmaster@dml.cz
	2020-07-03T10:09:04+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




