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0. INTRODUCTION

The p-integral of f over an interval I is defined as a limit of a special type of
integral sums of the type Y. f(t;)m(J;); o is a function of the space variable and a
real variable and it is used in a regularity condition whose role is to restrict the set of
couples (t;, K;) which are admissible for the use in the integral sums. The definition
of the g-integral and its elementary properties are described in Section 1. The Cousin
lemma guarantees the existence of partitions with the desired properties thus making
the definition of the g-integral correct; it is formulated in a rather general form (the
proof is given in Section 7). If it does not impair readability of the paper the proofs
are only indicated.

If pointwise convergence of a sequence of p-integrable functions f; to a function
f is assumed then the proof of a convergence theorem is almost immediate. Since
convergence a.e. is more suitable for integration theory, the convergence theorem is
adapted so that the convergence of f; to f a.e. is sufficient,

Section 2 contains results on continuity and differentiability of the primitive of a
o-integrable function; the primitive need not be continuous at the boundary of the
integration interval and Theorem 2.1 is the best possible continuity result. Moreover,
two forms of the regularity condition are shown to lead to the same concept of the
o-integral (the technical part of the proof is given in Section 6); in this way the
results obtained previously for either of these conditions are unified.

In Section 3 primitives of p-integrable functions are characterized as additive in-
terval functions which are regularly differentiable a.e. and fulfil a supplementary
condition on the set of points of nondifferentiability.
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In Section 4 the strong p-integral is introduced by a change in the definition of the
o-integral, and analogous results are proved for it as for the g-integral. The strong
o-integral will be used in a subsequent paper. Namely, it will be proved that every
strongly p-integrable function is the limit of a sequence of step functions in a suitable
convergence. Therefore both convergence theorems from Section 1—with pointwise
convergence and with convergence a.e.—are modified for the strong p-integration. A
o-integrable function which is not strongly p-integrable is constructed in Section 5
(with some rather natural restrictions on p).

1. THE p-INTEGRAL AND ITS ELEMENTARY PROPERTIES

Let n € N, a;, b; € R, a; < b;fori =1,2,...,n, I =][a,b1] X ... X [an,bn],
0: I x (0,00) = [0,1]. For t = (t1,...,tn) € R™ we put ||t|| = max|t;|, for an
interval J = [c1,d1] X ... X [cn,dn] (With ¢; < d;) we put d(J) = Imax(di - ),
reg J = min(d; — ¢;)/d(J) and call these quantities the diameter and th:3 regularity
of J, resp:ectively. For t € R*, 0 < o we denote V(t,0) = {s € R*; ||s—t|| <o}. A
finite set A = {(tk, Jk); k=1,2,...,1} (briefly A = {(¢,J)}) is called a system (on
I), if ty, € Jx C I and the intervals J;, Ji are nonoverlapping for i # k, ¢, k = 1,
2, ..., 1. Let K be an interval, K C I. A system A is called a partition of K if
UJk = K. A function §: I — (0,00) is called a gauge. Let N C I. A system A is
k

called 8-fine (p-regular, N-tagged) if J C V(t,6(t)) (regJ > o(t,d(J)), t € N) for
(t,J) € A. If P, Q C R™, then C1P, Int P, m(P), P\ Q, P + Q denote the closure
of P, interior of P, Lebesgue measure of P, difference of P and @, symmetrical
difference of P and @, respectively. Throughout the paper it will be assumed that

(1.1) for every gauge 6 and every interval K C I there exists a dé-fine
o-regular partition A of K.

The following version of Cousin Lemma introduces a very wide class of p’s such
that 1.1 holds.

Lemma 1.1. Assume that
(1.2) o(t,o) <1 fortel, o>0.

Then (1.1) holds.

The proof is a modification of the proof of Proposition, [5], Section 2 and is
postponed to Section 7.
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Definition 1.2. A function f: I — R is called g-integrable, if

(1.3) there exists 4 € R such that for every € > 0 there is a gauge 4 such
that

=3 rem(n)| <
A

for every é-fine p-regular partition A of I.

The number 7 is called the g-integral of f. It is unique (cf. (1.1)) and will be denoted
by (o) f I f

Note 1.3. We have defined a p-regular system as a system A = {(t, J)} such that
the inequality reg J > o(t,d(J)) is satisfied for every (t,J) € A. Let us call a system
A p-regular* if reg J > p(t,d(J)) holds for every (t,J) € A, and let f be called o-
integrable* if (1.3) holds with “g-regular” replaced by “p-regular*”. Evidently, every
o-integrable* function is p-integrable as well, and the two integrals coincide. The
converse implication also holds, see Proposition 2.2.

Note 1.4. Let a: I x (0,00) — [0,1], a(t,0) < o(t,0) for all (¢,0). Obviously
any a-integrable function f is g-integrable (and (o) [; f = (@) [, f). The problem to
what extent the set of a-integrable functions depends on a was settled in [4] and [5]
in the case that a does not depend on t.

Note 1.5. If n =1, then regJ = 1 for any interval J and the g-integral reduces
to the Perron integral (cf. [2]).

If n > 1, p =0, then again the Perron integral is obtained (cf. [1], [2]).

It follows that the g-integration is an extension of the Perron (Lebesgue) integra-
tion for any o (cf. [2]).

Note 1.6. Let K; be an interval, K; C I. Then there are intervals Ko, ..., K,
such that |J K; = I and K;, K; are nonoverlapping for ¢ # j.

(i) Let gl: K; — R. g is called p-integrable if (1.3) is fulfilled with f and “partition
A of I" being replaced by g and “partition A of K;.”

(ii) Let f: I — R be g-integrable, e > 0 and let § correspond to € by (1.3). Let
O, and ; be d-fine p-regular partitions of K. Fix d-fine g-regular partitions Z; of
K;, i=2,3,...,7 and put

O=0U=U...UZ,, Q=QUZU...UZ,.
O and Q2 are d-fine g-regular partitions of I so that

|3 fm) = 3 fm()| < 2e.
© Q
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Since
> feym() =Y fOm(J)
e Q
=Y fOmJ) =Y f(tm(J),
61 Q1

it may be concluded that the restriction f , K, 18 o-integrable and (g) [ K, f l Ky (briefly
(0) [, f) exists for any K; C I.

Put F(L) = (¢) [, f for any interval L C I. F is called the primitive of f. F is
an additive interval function (on I).
In a similar manner the following result can be proved:

Lemma 1.7 (Saks, Henstock). Let f: I — R be p-integrable, F being its primi-
tive. Let € > 0 and let a gauge é correspond to € by (1.3). Then

|3 (s - FO) | <,
A
S Iftym(J) - F(J)| < 2¢
A

for any é-fine p-regular system A = {(t, J)}.

Lemma 1.8. Let N C I, m(N) =0, ¢: N = R, ¢ > 0. Then there is a gauge §
such that Y A |p(t)|m(J) < € for every d-fine N-tagged system A.

Sketch of proof. Put Ny = {t € N;|p(t)] < 2}, N; = {t € N; 27! <

lo(t)| < 2%}, i = 2, 3, .... There exist open sets G; C R™ such that N; C Gi,
m(G;) < 27%, i =1, 2, .... The assertion of the lemma holds for any gauge §
fulfilling V' (¢,6(t)) CGifort € N;,i=1,2, ... O

Proposition 1.9. Let f: I — R be g-integrable, F' being its primitive. The set of
g: I = R such that g = f a.e. is the set of such g-integrable functions the primitive
of which is F.

Proof follows from the following observations:

(i) Let f: I = R, f = 0 a.e. Then f is p-integrable and () f,, f = 0 for every
interval K C I.

(ii) Let f: I — R be p-integrable, F being its primitive. Let F'(J) = 0 for every
interval K C I. Then f =0 a.e.

(i) follows immediately from Lemma 1.7.
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If (ii) does not hold, then there exist n > 0 and A C I such that |f(t)| > n for
t € A and m.(A) > 0. Put € = nm.(A4)/4 and let § be a gauge which corresponds
to € by (1.3). The family {V(¢t,0);t € A,0 > 0} is a covering of A in the sense
of Vitali. Therefore there is a d-fine A-tagged system A = {(tx,V(tk,0k)); k =
1,2,...,1} such that 3, m(V (tx,0x)) > 2me(A)/3, hence 3, | f(te)|m(V (tk,0k)) 2
2nm.(A)/3. Since V(t,o) are cubes, A is p-regular. Since F(K) = 0 for every
interval I C I, Lemma 1.7 implies that 3, |f(tk)|Im(V (tk,0k)) < 26 = nme(A4)/2,
a contradiction which completes the proof of (ii). ]

Theorem 1.10. Let f: I — R be p-integrable, F' being its primitive, N C I,
m(N) = 0. Then

(1.4) for every £ > 0 there is a gauge w such that ), |F(J)| < & for
every w-fine p-regular N-tagged system A.

Proof follows by Lemmas 1.7 and 1.8. a

Theorem 1.11. Let f;: I — R be p-integrable, F; being their primitives, for
j€EN, f: I - R. Assume that

(1.5) for every € > 0 there exists a gauge § such that
|3 siwm() - F(D| <
A
for every é-fine p-regular partition A of I and every j € N
and
(1.6) fi(t) = f(t) for j - oo, t € 1.
Then f is p-integrable and

(1.7) F;(K) - F(K) for j — oo and any interval K C I, F being the
primitive of f.

Proof is based on the observation that by (1.5) we have
(1.8) | > 55Om) = Y fismL)| < 20
A e

for any d-fine p-regular partitions A = {(¢,J)}, © = {(s, L)} and (1.6) implies that
(1.8) holds with f; replaced by f. O
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If convergence problems are considered, Definition 1.2 corresponds to the point-
wise convergence of the sequence of integrands. The characterization of g-integrable
functions given in the next theorem corresponds to the convergence a.e.

Theorem 1.12. Let f: I — R and let F be an additive interval function on I.
The following two conditions are equivalent:
(1.9) f is p-integrable and F is its primitive,
(1.10) there exists N C I, m(N) = 0 and for every £ > 0 there exists a gauge ¥ such
that
(i) Sq | f(t)m(J)—F(J)| < £ for every ¥-fine g-regular (I'\ N)-tagged system
Q={(tJ),
(ii) > g |F(L)| < & for every V-fine p-regular N-tagged system © = {(s,L)}.

Proof. (1.10) follows from (1.9) by Lemma 1.7 and Theorem 1.10, on the other
hand (1.9) follows from (1.10) by Lemma 1.8. O

Theorem 1.13. Let g; : I — R be p-integrable, G; being their primitives, j € N,
g: I - R. Assume that there exists N C I, m(N) = 0 and
(1.11) for every € > O there exists a gauge ¥ such that
(i) Yalgit)m(J) — G;(J)| < & for every O-fine p-regular (I \ N)-tagged
system = {(t,J)} and j € N,
(ii) Y g |G;(L)| < & for every U-fine p-regular N-tagged system © = {(s, L)}
and j €N
and
(1.12) g;(t) = g(¢) for j - 00, t € I\ N
hold. Then g is p-integrable and
(1.13) G;(K) - G(K) for j = oo and any interval K C I, G being the primitive of g.

Proof. Let (1.11) and (1.12) hold and let € > 0. Put £ = ¢/2. Let J be a
gauge associated to £ by (1.11). Put f;(t) = g;(t), f(t) =g(t)fort € I\ N, j € N
and f;(t) =0, f(t) =0fort € N, j € N. f; is p-integrable and Gj; is its primitive
by Proposition 1.9. Let A = {(¢,J)} be a U-fine p-regular partition of /. Putting
QD={(tJ)eA;te I\N}, ©={(tJ) € A;te N} we obtain from (1.11) that

'Zfi(t)m(f) - G| <e
A

for j € N. Moreover, (1.6) holds. Theorem 1.11 implies that f is g-integrable and
that G;(K) — G(K) for j — oo and any interval K C I, G being the primitive
of f. The proof is complete, since g = f a.e. so that g is p-integrable and G is its
primitive. O
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2. CONTINUITY, DIFFERENTIATION, MEASURABILITY
It will be assumed in this section that

(2.1) limsup g(t,0) <1 fortel.
o—0+

By (2.1) there exists a gauge 6 such that o(t,o) < 1for t € I, o < 6(t). Therefore it
may be assumed without loss of generality that (1.2) holds.

Theorem 2.1. Let f: I — R be g-integrable, F being its primitive. Then F is
continuous at any interval L C Int I in the following sense: for every € > 0 there
is p > 0 such that |F(K) — F(L)| < € for every interval K C I, m(K + L) < 7
satisfying the following condition:

if

I= [al,bl] X ... X [an,bn],L = [Cl,d1] X ... X [Cn,dn],K = [ul,vl] X ... X [Un,’l)n]
then
C; = a; = u; = ag,

di=b,~=>v,~=bi.

Proof is a modification of the proof of Theorem 2.5, [3]; it is given in Section 6.
Note that if L C Int I then we have continuity in the current sense.
The next proposition was announced in Note 1.3.

Proposition 2.2. If a function g: I x (0,00) — (0, 1) satisfies (1.2) and
(2.2) oo(t,o) is an increasing function of the variable o for every t € I,

then every p-integrable function f is p-integrable* as well and the two integrals
coincide.

We need

Lemma 2.3. Let I = [a;,b1] X ... X [an,by] and let 6 be a gauge satisfying for
every t = (ty,...,tn,) € I the condition

(2.3) ifaj <t; then a; <tj— a(t),
ift; <b; thent;+d(t) <bj.
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Let (t,J) be a pair such thatt € J C V(t,6(t)) NI and regJ > o(t,d(J)). Let f be
o-integrable.
Then either reg J = 1 or for every A > 0 there is an interval K C J such that
(i)te K,
(i1) m(J) — m(K) < A,
(iii) |F(J) — F(K)| < A,
(iv) reg K > o(t,d(K)).

Proof. LetJ =[c;,di]%...%X][cn,dn], regJ < 1, A > 0. By shortening suitably
all the intervals [c;, d;] with d; — ¢; = d(J) either by increasing c; or decreasing d;
and leaving the others unchanged, we can obtain an interval K satisfying (i), (ii).
By virtue of (2.3) and Theorem 2.1 we can do it in such a way that (iii) holds, too.
Since reg J < 1, the shortest edge of J was not changed when passing from J to K;
we can assume that it is again the shortest edge of K. Denoting its length by 3, we

have " "
o(t,d(J)) <regJ = i < a5 = reg K,
hence
¥ > d(JD)e(t,d(J)) > d(K)e(t, d(K))
by virtue of (2.2) since d(K) < d(J) and (iv) immediately follows. O

Proof of Proposition 2.2. Givene > 0, let us find a gauge é correspond-
ing to € by the definition of the g-integral of f and satisfying (2.3). Let A = {(¢, J)}
be a d-fine g-regular* partition, J = {J; (¢,J) € A for some t € I}. Choose
A = g[|T|(mys + 1)]7! where my = max{|f(¢)|; (t,J) € A for some J} and for ev-
ery J € J find K by Lemma 2.3. Since (iv) from Lemma 2.3 holds, the system
O = {(t,K)} is g-regular and the Saks-Henstock Lemma 1.7 yields

31 (@)ymK) - F(K)| < 2.
o

Further,
; If(Om(JI) = F() < D 1f(Om(I) - f()m(K)|
+ 3 1fOmK) = F(K)| + Y |F(K) = F(J)]
< /\f|f(t)| +2e + A|J| < 4e,

which proves the g-integrability* of f. The fact that the two integrals coincide is
selfevident. a
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Definition 2.4. Let 0 < a <1,s €I, g € R and let G be an additive interval
function in I. G is said to be a-regularly differentiable to g at s, if for every € > 0
there is n > 0 such that

IG(J) — gm(J)| < em(J)

for every interval J C V(s,n) NI with s € J, regJ > a.

Theorem 2.5. Let 0 < B < a < 1,s € I, g € R and let an additive interval
function G be a-regularly differentiable to g at s. Then G is [-differentiable to g
at s.

See [4], Section 2, Theorem 1.

Definition 2.6. Let G be an additive interval function in I, g € R. G is said
to be regularly differentiable to g at s, if G is a-regularly differentiable to g at s for
some a, 0 < a < 1. Denote by D¢ the set of such s € I that there is g € R such that
G is regularly differentiable to g at s; since g is unique, we will write G'(s) instead
of g in such a case.

Corollary 2.7. Let F' be an additive interval function in I, s € I, f(s) € R.
Assume that F is not regularly differentiable to f(s) at s. Then there exist £(s) > 0
and a sequence of intervals L(s), k € N such that

(2.4) s € Li(s) for k €N, d(Lk(s)) =0,
regLg(s) > 1 fork — oo and
FOm(La(s)) = F(L(s)] > E&)m(Las))
for k € N.

Theorem 2.8. Let F' be the primitive of a g-integrable f: I — R. Then

(2.5) F is regularly differentiable to f(t) at almost every t € I.

Proof. Let A be the set of t € I such that F is not regularly differentiable to
f(t) at t and assume that m.(A) > 0. Let &(s) and Li(s) have the same meaning
as in Corollary 2.5. For 7 > 0 put A(7) = {s € A; &(s) > 7}. Obviously there
is 7 > 0 such that m.(A(n)) > 0. Put e = nm.(A(n))/8 and let § correspond
to € by (1.3). For s € A(n) there exists p(s) € N such that Lx(s) C V(s,4(s)),
reg Li(s) > o(s,d(Lx(s))), k = p(s), p(s) + 1, p(s) + 2, .... The family B = {Lx(s);
s € A(n),k = p(s),p(s)+1,...} is a covering of A(n) in the sense of Vitali. Therefore

87



there exists a system A{(t,J)} such that each (¢, J) is equal to some (s, L (s)) and
Y am(J) = me(A(n))/2. Moreover, A is §-fine and p-regular and

Do @mI) = F(D) 20y m(J]) > 4e,
A A

which contradicts Lemma 1.6. 0O

Theorem 2.9. Let f: I — R be p-integrable, F' being its primitive. Then f is
measurable.

Proof. Iftel, jeN, V(t1/j) CI, put f;(t) = F(V(t,1/5))(i/2)". Then f;
is continuous and

(2.6) fi(t) = j(t) forj—o00 ae.

by (2.5). a
Note 2.10. If (2.1) is dropped and if (1.2) and

(2.7) limsup o(t,7) < o(t,o0) t€Il, 0>0

T—0o+

are assumed, then Theorem 2.1 holds as well (cf. Note 6.2 and Comment 6.3 bellow).
Since (2.6) may be proved directly, it follows that f is measurable.

3. DESCRIPTIVE CHARACTERIZATION OF 0-INTEGRABLE FUNCTIONS
It will be assumed in this section that
(3.1) At) = lgrg(i)lif o(t,d) >0 fortel
and that (1.1) holds.

Theorem 3.1. Let G be an additive interval function in I, m(I\Dg) = 0 (cf. Def-
inition 2.4). Assume that

(3.2) for every & > 0 there exists a gauge 9 such that ) o |G(J)| < € for
any V-fine g-regular (I \ Dg)-tagged system © = {(t,J)}.

Put
(3.3) g(t) =G'(t) fort € Dg, g(t) =0 fort € I\ Dg.

88



Then g is g-integrable and G is its primitive.

Proof. Lete > 0. For t € Dg there exists w(t) > 0 such that o(t,0) > A(t)/2
for 0 < 0 < w(t) and

IG(K) — g()m(K)| < m(K)e/2m(I)

for any interval K C I, t € K C V(t,w(t)), reg K > A(t)/2. Put £ = ¢/2 and let
Y correspond to £ by (3.2). Put 6(t) = w(t) for t € Dg, 6(t) = J(¢t) for t € I\ Dg.
Let P C I be an interval. Let A = {(¢,J)} be a d-fine p-regular partition of P. Put
Q={(J)eA;te Dg}, ®={(t,J) € A;t € P\ Dg}. Then

|3 90m) =G| < 3 lgym(d) = G+ 316
A Q e

< Zm(K)s/Qm(I) +e/2<e.
Q

O

Theorem 3.2. Let (2.1) and (1.2) hold (in addition to (3.1)). Let f: I — R and
let F' be an interval function on I. Then the following two conditions are equivalent:
(A) f is p-integrable and F is its primitive,

(B) m(I'\ Df) =0, (3.2) holds and f = F' a.e.

Proof. (B) follows from (A) by Theorems 2.8 and 1.10. (A) follows from (B)
by Theorem 3.1 and Proposition 1.9 (i). O

Corollary 3.3. Let o fulfil (1.2), (2.1) and (3.1). Let f be p-integrable, F' being
its primitive. Let w: I x (0,00) — [0, 1] fulfil (1.2), (2.1), (3.1) and w(t,o) > o(t,0)
fort € I\ Df (no inequality being assumed for t € Dp). Then f is w-integrable and
F is its primitive. Briefly: the values of ¢ are essential only in a neighbourhood of
I\ Dp.

4. THE STRONG o-INTEGRAL

It will be proved in a forthcoming paper that every strongly g-integrable function
as defined below is the limit of a sequence of step functions in a suitable conver-
gence compatible with strong g-integration (i.e. every limit of a sequence of strongly
¢-integrable functions is strongly o-integrable). Thus strong g-integration can be
viewed as an extension of elementary integration of step functions. It will be as-
sumed throughout this section that (1.1) holds.
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Definition 4.1. f: I — R is called strongly p-integrable, if there exists an addi-
tive interval function F' such that for every € > 0 there is a gauge d such that

!
(4.1) 1 (te)m(Mi) - F(My)| < €
k=1

holds provided A = {(tk, Ji); k = 1,2,...,l} is a d-fine g-regular system and M =
{Mi,k=1,2,...,1} is a set of intervals such that M, C J, for k=1, 2, ..., L.

Note that tx € M} is not required and no restriction is imposed on reg My.

Note 4.2. Every strongly p-integrable function f is g-integrable, since (4.1)
implies that

| > sym() - F)| < e
A

for every d-fine p-regular partition A of K, K being an interval, K C I. Moreover,
F is the primitive of f.

Therefore the previous results can be used for strongly g-integrable functions. If
(2.1) and (1.2) hold, then F is continuous at any interval L C IntI; F is regularly
differentiable to f(¢) at almost all ¢t and f is measurable (Theorems 2.1, 2.6 and 2.7).
On the other hand, Theorems 1.10-1.13, 3.1 and 3.2 will be modified.

An example of a function which is g-integrable but not strongly p-integrable is
given in Section 5.

Note 4.3. In the case n =1 every integrable function is strongly integrable.

Let f:[a,b] — R be integrable, ¢ > 0 and let the gauge é correspond to ¢ by
Definition 1.2. Let A{(tk,[ck,dk]); k = 1,2,...,l} be a é-fine system and let M =
{[pk,qk]; k=1,2,...,1} with cx < pr < gk < di. Put

A1 = {(tk, Tk); Pk <tk < gk, Tk = [Pk, ak]}s
Az = {(tk, Tk); te < pr, Tk = [tk ]},
Az = {(tk, Tk); te < pr, Tk = [tk,qx]},
Ay ={(tk, Tk); gk < tr, Tk = [qk, tk]},
As = {(te, Tk); gk < ti, Tk = [Pk, tk]}-

Obviously A; is a d-fine system for ¢ =1, 2, ..., 5 and by Lemma 1.6 we have

Z | f(tx)(gk — px) — F([px, qx])|
A

5

<D D (t)m(Tx) = F(Te)| < 10e.

=1 A;
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Note 4.4. Usually a brief notation will be used and (4.1) will be written in the
form

STIF(M) - f(m(M)| < e,

AM
A:{(t,.])},M:{M}.

Theorem 4.5. Let f: I — R be strongly p-integrable, F' being its primitive
(cf. Note 4.2), N C I, m(N) = 0. Then

(4.2) for every £ > 0 there is a gauge w such that

DOIFM)| <€
AM

for every w-fine g-regular N-tagged system A = {(t,J)} and every
set M = {M} such that a one-to-one correspondence between A
and M is defined by M C J.

The proof follows directly from Definition 4.1 and Lemma 1.8.

Theorem 4.6. Let f;: I — R be strongly p-integrable, F; being their primitives
for j €N, let f: I - R. Assume that

(4.3) for every € > 0 there exists a gauge d such that

3 I tym(M) - Fy(M)| < e

AM

holds for every é-fine g-regular system A = {(t,J)} and every set
M of intervals M provided a one-to-one correspondence between M
and A is defined by M C J

and (1.6) hold. Then f is strongly p-integrable and (1.7) holds.

Proof. fis p-integrable and (1.8), (1.7) hold by Theorem 1.11. Passing to the
limit for j — oo in (4.3) we conclude that f is strongly e-integrable. O

Proposition 4.7. Let f: I — R be strongly p-integrable, F' being its primitive.
The set of g: I — R such that g = f a.e. is the set of all strongly e-integrable
functions such that their primitive is F'.

Proof. If g = f a.e. then the strong g-integrability follows from Definition 4.1
(which plays the role of the “strong Saks-Henstock Lemma,” cf. Lemma 1.7) and
Lemma 1.8. If g is strongly g-integrable with the primitive F', then g = f a.e. follows
immediately from Proposition 1.9. O
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Theorem 4.8. Let f: I — R and let F be an additive interval function on I.
The following two conditions are equivalent:
(4.4) f is strongly g-integrable and F is its primitive;
(4.5) there exists N C I, m(N) = 0 and for every & > 0 there is a gauge ¥ such that
1) 2Xamlf@m(M) — F(M)| < € for any 9-fine g-regular (I \ N)-tagged
system A = {(t,J)} and every set M = {M} of intervals M such that the
inclusion M C J defines a one-to-one correspondence between M and A;
(ii) ZAM |F(M)| < € for any Y-fine p-regular N-tagged system A = {(¢,J)}
and every set M = {M} of intervals M such that the inclusion M C J defines
a one-to-one correspondence between M and A.

Proof. (4.5) follows from (4.4) by Definition 4.1 and Theorem 4.5, while (4.4)
follows from (4.5) by Lemma 1.8. a

We can now pass to the analogue of Theorem 1.13, i.e. a convergence theorem for
strong p-integrals based on convergence a.e.

Theorem 4.9. Let g, g;: I = R, j € N, let G;, j € N, be additive interval
functions on I. Assume that there exists N C I, m(N) = 0 and
(4.6) for every £ > O there exists a gauge ¥ such that
(1) 2amlgi(t)ym(M) — G;(M)| < € for any J-fine g-regular (I \ N)-tagged
system A = {(t, J)}, every set M = { M} of intervals M such that the inclusion
M C J defines a one-to-one correspondence between M and A, and all j € N;
(i) Y am|Gi(M)| < € for any U-fine o-regular N-tagged system A =
{(t,J)}, every set M = {M} of intervals M such that the inclusion M C J
defines a one-to-one correspondence between M and A, and all j € N;
(4.7) gj(xz) > g(z) for j 5 00,z € [\ N.
Then g is strongly integrable and
(4.8) G;(K) = G(K) for j — oo and every interval K C I, where G is the primitive
of g.

Proof is quite analogous to that of Theorem 1.13. The functions g; are strongly
g-integrable by Theorem 4.8 and we use Proposition 4.7 and Theorem 4.6 instead of
Proposition 1.9 and Theorem 1.11. a

Theorem 4.10. Let (3.1) hold (in addition to (1.1)). Let G be an additive interval
function in I, m(I \ Dg) = 0 (cf. Definition 2.4). Assume that
(4.9) for every £ > 0 there exists a gauge ¥ such that Z |G(M)] < & for any J-fine

o-regular (I \ Dg)-tagged system A = {(t,J)} and any set M of intervals M
provided a one-to-one correspondence between M and A is defined by M C J
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holds. Define g by (3.3).
Then g is strongly p-integrable and G is its primitive.

Lemma 4.11. Let G be an additive interval functionin I, g € R,t € Int I, n > 0,
0 < a < 1. Let G be a-differentiable to g at t. Then there exists r1 > 0 such that

|G(M) — gm(M)| < n(2r2)"

for 0 < ro < r; and every interval M C V (t,712).

See [4], Section 2, Corollary 2.

Proof of Theorem 4.10. gis g-integrable and G is its primitive by Theorem
3.1. We have to prove that g is strongly g-integrable. Let ¢ > 0. By (3.1) there
exists a gauge w such that

(4.10) o(t,o) 2 A(t)/2 fortel, 0<o <w(t)
and
(4.11) IG(M) — g(ym(M)] < £(A(®) "2~ (2r2)" /(1)

for t € Int I and any interval M C V(¢,72), 0 < r2 < w(t). Put £ = ¢/2 and let 9
correspond to & by (4.4). Put 6(t) = w(t) for t € Dg, 6(t) = J(t) for t € I\ Dg.
Let A = {(t,J)} be a é-fine p-regular system and let M be a set of intervals M such
that a one-to-one correspondence between M and A is defined by M C J. Put

Ay ={(,J)eA;te D}, A2={(t,J)€A;tel\Dg},
M; ={M eM; M C J for some (t,J) € A1},
My ={M e M; M C J for some (¢,J) € Az}.

Then by (4.11) we have

(4.12) IG(M) — g(tym(M))]|

AM

< Y0 IGM) = g(mM)| + S G(M) — g(tym(M))|
A1 M, Az M2

< Y (M) 27 (2ra(t, )" mI) + Y IG(t) — g(t)m (M),
Aq,My Az, Mg
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where r3(t, J) = sup{|lz - t||; z € J}, (t,J) € Ay If (t,J) € Ay, then d(J) >
ro(t, J), J is A(t)/2-regular by (4.10) so that any edge of J is greater than or equal
to ra(t, J)A(t)/2, m(J) > (r2(t, J)A(t)/2)" and

(4.13) > e(A®) 272 2na(t, D)) < Y m(J)e/2m(I) < e/2.

Ar,My Ap,M,y

The system A is ¥-fine p-regular (I \ D¢g)-tagged. Since g(¢t) =0 for t € I\ Dg we
get by (4.9)

(4.14) > 1G(M) — g(tym(M)| < € =¢/2.
A2,M2
The assertion follows from (4.12), (4.13) and (4.14). O

The following descriptive characterization of strongly p-integrable functions is a
direct consequence of Theorem 4.10, Lemma, 1.7, Theorem 4.5, Note 4.2 and Theo-
rem 2.8.

Theorem 4.12. Let (1.2), (2.1) and (3.1) hold. Let f: I — R and let F be an
interval function on I. Then the following two conditions are equivalent:
(A) f is strongly p-integrable and F is its primitive,
(B) F is additive, m(I \ Dg) =0, (4.4) holds and F' = f a.e.

5. @-INTEGRABILITY DOES NOT IMPLY STRONG p-INTEGRABILITY

In this section we will construct a function f: I — R which is g-integrable over
I but not strongly p-integrable. Actually, we will not do it for quite general p but,
nonetheless, for a rather wide class of functions g characterized by conditions (5.1)-
(5.4) below. For simplicity of exposition we will assume n = 2, i.e. I C R?, and
I =[-1,2] x [-1,2]. A modification to R® with n > 2 and to a general interval is
routine. We will modify the idea of the construction introduced in [5, Sec. 3].
Let o be a function defined on I x (0, 00) and satisfying the following conditions:
(5.1) 0< o(t,d) <1 for all (t,d) € I x (0,00);
(5.2) the function dp(t, d) is increasing in d for every t € I,
(5.3) there is a function w: (0,00) — (0,1) such that
(i) the function dw(d) is increasing;
(i1) w(d) < o(t,d) for all (t,d) € I x (0,00);
(5.4) p is continuous on I x (0, c0).
Note that evidently
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(5.5) dlirng do(t,d) =0 for evey t € I,
—
(5.6) for every (t,d) € I x (0,00) there is ¢ = a(t,d) > 0 such that

ow,8) > zolt, )

for every (u,b) € V((t,d),0).
First we will construct a Cantor discontinuum on [0, 1]. Choose ty € (0,1), find
dp such that

doo(to, dp) < min {%w(—;—),l - to}

(cf. (5.5)) and put
t1 = to + doo(to, do).

By (5.4), (5.2), (5.5) and the inequality %w(%) < %g(tl, %) there is d; such that

1
dio(t1,d1) = doo(to, do), d < 3

Consequently,
t; =to +dio(t1,dr).

Put 1
c=max{do,d1}, T = 5(t0+t1)

and find 0§ = o(to,c), o7 = o(t1,c) from (5.6). Set
. L 1
0o = min {00, Z(tl - to)},
. « 1
01 = min {al, Z(tl - to)}

and denote
So :ma.x{to—ao,O}, S1 =min{t1+01,1}.

We now repeat the above construction on the intervals [sq, to] and [¢;, s1]. Let us
describe the general step.

Let B denote a binary multiindex (i.e. a finite sequence of zeros and ones) and
assume we already have numbers tpgo, tg1, SBo, SB1, dBo, dB1, CB, TB satisfying

0<spo<tpo<tpi<sp1 <1
and
(5.7 ts1 —tso = dsooltse, dpo) = dpie(ts:,d L (-
. B1 —tBo = dpoo(tBo,dpo) = dp1o(ts1,dp1) < 2|B|w(§ﬁ37|)v
1
cg = max{dpo,dp1}, 7B = §(tBo +tB1)-
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(Here and in the sequel | B| stands for the number of digits of the multiindex B.)
We choose

tBoo € (8Bo,tBo), tB10 € (tB1,5B1),

find dggg, dB1o such that

dBooo(tBoo, dBoo) < min{271B1=1(271BI=1) ¢, — tpog},

dp10o(tsio, dp1o) < min{27 1817127 1BI=Y) s —tp0}

and put

tBo1 = tpoo + dBooe(tBoo, dBoo),

tB11 = tp1o + dB100(tB10, dB10)-
Now we find dgo1, dg11 such that
dBo1o(tBot, dBo1) = dBooe(tBoo, dBoo),

dp1o(tsii,dp11) = dpioe(tBio, dB10)

so that

tBo1 = tpoo + dpo1o(tBo1, dBo1),

te11 = tpio + dpno(tsii,dBi1)-
We set

cpo = max{dpoo,dBn}, c¢B1 = max{dpio,dB11},

1 1
TBo = E(tBoo +tpo1), TB1 = 5(th0 +tB11)-
Further, we find from (5.6) the values of

0Boo = 0(tBoo,CB0)s Tpo1 = a(tBo1,CBo),

010 = 0(tB1o,¢B1), Opy = o(tBi1,¢cB1),

put
TB00s + (th — tBoo

UBlOa (tB11 — tB10)

n { )}
Bo1 = min {0301, (tsor — too) },

i { }

{ )}

oB11 =minqopyy, 7 (tBu —tB10)
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and denote

(5.8) sBoo = max{tpoo — 0B00,SBo}, SBo1 = min{tgo1 + oBo1,tB0},

spio = max{tpio — 0B10,tB1}, SB11 = min{tpi1 +0B11,5B1}

In this way we construct a sequence of tagged intervals of the form (7, [tBo, tB1] X
[0,cB]). Any such interval with |B| = k will be called an interval of k-th order; there
is one interval of order zero, two of order one, generally 2* tagged intervals of order
k. For brevity, we will denote [tgo,tB1] = T'B, [$Bo,tB0] = SBo, [tB1,5B1] = SB1.

oo

Let us notice that theset D = () |J Sp is a Cantor discontinuum.

k=0 |B|=k

Now we introduce a function f which we will prove to be p-integrable but not
strongly p-integrable. To this end, let us choose sequences of positive numbers &,
Mk, Bk all decreasing to zero and such that the sum of 3; diverges, i.e.

(5.9) & N0, M N0, BN O, D B =o0.
k=0

(We will subject these numbers to some further conditions later.) For every tagged
interval constructed above, let us denote

Qp =[7B — B}, 78] X [cB,CB + N)BY]s

Q% =B, 78+ §p|] X [cB,cB + MBI

@B =QzUQ%,
and set
—5|152|(2!B|TH(Q§))_1 for z € Int Q7,
(5.10) f(z) = 4 Bip(2'B'm(QF )~ for z € Int Q7,

0 elsewhere.

Note that f is Lebesgue integrable over any compact set H, HN ([0, 1] x {0}) = 0.
Therefore we can prove the p-integrability of f via the following proposition.

Proposition 5.1. Let I C R™ be a compact interval, f: I - R, S C I a closed
set, f(z) =0 for x € S. Assume that for every closed set H C I with SN H = @ the
integral [ y [ exists in the Lebesgue sense, and let us denote its value by F(H). Let
g€ R, o: I x(0,00) = [0,1). Then the following two assertions are equivalent:
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(a) the p-integral (o) f[ f exists and is equal to g;
(b) for every € > 0 there is a gauge §: S — (0,00) such that

)F(I\LAJJ>—q

for every 6-fine g-regular system A = {(t,J)} such that Int|JJ D S and t € S for
A
all (t,J) € A.

<e¢

This result is a modification of Proposition 2 in [4] where it was proved for ¢ =
const. It was also used in [5] for the case g: (0,00) — [0,1) (i.e. ¢ independent of
the tag t). Nonetheless, it is easily verified that the proof from [4] can be applied to
the general case of g: I x (0,00) — [0, 1) since the only necessary prerequisite is the
Saks-Henstock Lemma which is available in the general case (see Lemma 1.7).

By virtue of this proposition, the next lemma yields g-integrability of the function
f defined above, with S = D x {0} and (o) [, f = 0.

Lemma 5.2. Let p € N. Then there exists a gauge § such that

(5.11) F(1\J7)| < 4841
A

for every é-fine p-regular system A = {(t, J)} satisfying

(5.12) t € D x {0},

(5.13) D x {0} cInt| JJ.
A

Proof. For p €N let us choose a gauge d such that
(5.14) 4(t) < min{cp; |B| = p}

for t satisfying (5.12).
Evidently

(5.15) F(I\UJ) :ZF(Q\U])

A Q A

where the sum is taken over all intervals Q@ = Qp such that F(Q \ UJ) # 0.
A

(Obviously there is only a finite number of such intervals.) If @ is such an interval,
then there is (¢, J) € A such that F(Q \ J) # 0.

98



It is clear from the construction that for a fixed J there are at most two such
intervals @; moreover, they are of the same order and the corresponding values
F(Q \ J) have opposite signs. We will estimate the terms that contribute positive
values to the sum (5.15); the estimate for those with negative contribution is quite
analogous.

Thus, let F(Qp \ J) > 0 and let us denote

J = [u,ug] X [v1,v2].

Then 75 — § g <u2 <78 + |, V1 <0, v2 > CB.
First, let us — u; < vy — v1. The p-regularity of J implies

Uz — U
— > o(t,v2 —v1).
V2 — U1

By virtue of (5.2) we have
uz —uy > (v2 —v1)o(t,va — v1) > ve0(t,v2) > cpo(t,cp).

Assume u; > spo. Then (5.6) together with the choice of spo yields

7
uz —uy > cpo(t,cp) > gcw(tso,CB),
7 1 7
uy < up — gCBQ(thCB) < §(t80 +tp1) +¢ B — gdaog(tao,dso)~

Subjecting without loss of generality the numbers & to the condition
1 .

(5.16) & < 3 min{tg; — tgo; |B| = k}

we conclude using (5.7), (5.8)

1 1 7 1
up < a(tBO +tpy) + g(tm —tpo) — g(tBl —tBo) =tpo — Z(tBl —tBo) < SBo,

a contradiction.
If, on the contrary, us — u; > v9 — vy, then

uy <uz — (vg —vy) < 7B+ B —CB

and we obtain the inequality u; < spo analogously as above.
In both cases we have arrived to the conclusion that u; < spg. This inequality
means that the interval Tgo = [tBoo, tBo1] of order |B| + 1 immediately next to the
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interval Tp (to the left) is totally covered by [uj,uz], hence for the corresponding
QBo we have F(Qpo \ J) = 0. Similar situation occurs for all intervals Tg- with
|B*| > |B| lying between the intervals Tgo, Ts mentioned above, i.e. with 2!=2
intervals of order |B| + [, ! > 2. Consequently, these intervals contribute nothing to
the sum in (5.15).

Let k; be the number of intervals Qg of order ! on the righthand side of (5.15) for

which F(Qp \|JJ) > 0. We have ko = k1 = ... = k, = 0 by (5.14), and by (5.13)
A

there exists m € N such that kpym+1 = kptm+2 = ... = 0. Further,

kp+1 < 2p+1

kpya < 2P72 — kpy,

kp+3 < 2P+s kp+l - kp+27

kpta < 2rHe — 2kp+1 —kpy2 — kpts,

kpit < 2PT0 =208k — 2700 — = kpri2 — Kpioa,

kpym <2PF™ —2m 3 0 — 2™k — o = ket

Summing up these inequalities after transferring all but the first terms from the right
to the lefthand sides we obtain

kpri(1+ 141424 42" ) b kppa(l+1+ 142+ ... +277) + ..
thpr(L+1+14+24 .. +2™ ) 4t kppm—2(1+1+1)
thprmo1 (1 4+1) + kpym < 2P A +2+ ...+ 2770,

hence

kpr1(1+2™2) 4 kpra(1 42" ) + ot k(T +2m )+ 4
kptm—2(1+2") + kpym—1(1+2%) + kpym < 207127 - 1)

and, a fortiori,

(517)  kpra2™ 7+ kppa2™ T 4 hprmo12t F K20 < 2PETH
kp+1 + kp+22—1 + ...+ kp+m_12—(m_2) + kp+m2_(m_l) < oprt3,

On the other hand, for |B| = p + [ the definition of f yields the evident estimate

F(QB \U J) < Bppi2” Y,
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and summing up these values and using the inequality (5.17) we conclude
S F@Q\UY) < kpt1Bpta2 Y 4 kpiap1027 0D
+ A

+ kp+m—113p+m—12—(p+m_l) + kp+mﬂp+m2_(p+m)
< ﬂp+12_(p+l)[kp+1 + kp+22_1 + ...+ kp+m_12_m+2 + kp+m2_‘m+l]
< 4,3p+1 .

The subscript + at the summation symbol indicates that we add only the positive

terms. Since the sum of the negative terms satisfies an analogous estimate, the
inequality (5.11) immediately follows. O

We have proved that the function f is p-integrable with vanishing integral. Con-
sequently, if f is strongly g-integrable then its strong g-integral must vanish as well.
Thus to prove that f is not strongly p-integrable, it suffices to prove the following
assertion:

Lemma 5.3. For every gauge § on I there exists a p-regular é-fine partition
A = {(t,J)} of I and intervals M C J (one for each (t,J) € A) such that

Y (F(M) - f(tym(M)) > 1.

A

Proof. We will again modify the construction of A from [4], proof of Lemma 4.
Let 6: I — (0,00) be an arbitrary but fixed gauge. Let us denote

1
Wy = {w € D; 6(w,0) > E}’ keN.
By Baire’s theorem on complete spaces there is p € N, z € D and w > 0 such that
(5.18) DNz —w,z+w] C C1W,.

Sincez€ D= () |J Sp thereis g € N and B* with |B*| = ¢ such that

k=0 |B[=k
(5.19) Sp+ C [z —w,z+w]
and
1
(5.20) max{cn; |B] > 4} < 5.
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Finally, since the sum of (3 diverges, see (5.9), there is m € N such that
(5.21) Bq + Bat1 + ...+ Bypm = 2911

Now there is an interval Tg of order ¢ such that Tg C Sg-., two intervals Tg of order
¢+ 1 contained in Sg-, generally 27 intervals Tg of order ¢ + j contained in Sg- for
Jj=0,1, ..., m. Since the number of all these intervals is finite (; < m), for each
of them there exists K = x(Ts) > 0 such that all intervals Tp = [tBo — K,tB1 + K]
resulting by enlarging the original intervals by k are pairwise disjoint and contained
in [z —w,z + w], and
tp1 —tpo + 2k <1
CB

(Note that (tg1 — tpo)/cp < 1 by construction.)

Let e.g. cg = dpo. (If cg = dp1, the procedure is analogous, only we use quantities
with indices Bl instead of those with B0.)

By continuity of the function g there is A = A\x > 0 such that

(5.22) po(t, n) — dpoe(tpo, dpo) < 2K

provided |p — dpo| < A, |t — tpo| < A and |B| = k. By virtue of (5.18), (5.19) there
is (go € Tp N W, such that
|CBo — tBol < A.

Without loss of generality we may and will assume that

1
(5.23) Mk < min {%,,\k} for k > ¢

and choose ¥, > 0 such that n; + ¥ < min {21_,;7 )\k}. Denote

(5.24) J =Tp x [~ dpo + 1/p|)-
Then
t1 —tpo+2k _ dpoo(tpo,dpo) + 2K
dpo + ¥|B| + M B dpo + Y|B| + M B
By (5.22) we have (dpo + || +m8))e({Bo, dBo + ¥ B +1B]) < dBo0(tB0,dBO) + 2K,
hence

regJ =

reg J > o(Cpo, dpo + V15 + M) = (CBo,d(J)).
On the other hand, by (5.24) we have

1
d(J) =dpo + 98 +nB| < b
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Since (po € W,, we have §(¢go,0) > -}1; and the pair ({go, J) is both g-regular and
é-fine.
Consequently, all pairs (¢, J) constructed above form a d-fine p-regular system A;.
Now we have to complete this system to a partition of I with the required properties.
Let us note that F(J) = 0 for every J, (¢,J) € A;. Since F(I) = 0, we have

F(I\ U J) =0 as well. The set I — |J J is a finite union of intervals, and by the
Ay
Saks- Henstock Lemma 1.7 there is a d-fine p-regular system A, = {(¢, K)} covering

it for which

Y IF(K) - f(tym(K)| < 1.
Az

Now, A = A; U A; is a d-fine g-regular partition of I. Choose M = @Qp where
Qp C J for (t,J) € Ay (there is a unique such @g), M = K for (¢, K) € A,;. Then

S (F(M) = f(tym(M)) > Y (F(M) - f(tym(M Z |F(K) - f(t)m(K)|

A Ay

m
227 oy~ 121
=0

by virtue of (5.21). This proves the assertion, and hence nonexistence of the strong
o-integral of f. a

Note 5.4. If n > 2 the construction is analogous, the intervals Qg being con-
structed over (n — 1)-dimensional intervals that play the role of the Cantor discon-
tinuum. For example, for n = 3 we construct the (one-dimensional) intervals Tp as
above and form Cartesian products Tg x T (with the same multiindex B). These
two-dimensional intervals are then used to construct @p. They are located along a
diagonal of the square [0,1] x [0, 1] and allow similar estimates as in the case n = 2.

6. CONCERNING THE PROOF OF THEOREM 2.1

Assume that (1.2) and (2.1) hold. The following lemma corresponds to Lemma, 2.7
in [3].

Lemma 6.1. Let f: I — R be p-integrable, F' being its primitive. Let L be an
interval, L C I. Then for every € > 0 there exists n > 0 such that

(6.1) |F(L)— F(K)| <& for every interval K,
LcKcI withm(K\L)<n
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Proof. Put n(t) = limsupo(t,o), t € I. Since n(t) < 1 by (2.1), there is a
oc—0+

gauge & such that o(t,0) < 1(14n(t)) for 0 < o < 8(t). Put w(t, o) = L1 +n()
fort€ I, 0 >0. Let L = [c1,d1] X ... X [cn,dn], € > 0. Let & correspond to /3 by
(1.3). Without loss of generality we may assume that §(t) < §(t), 6(¢) < min(d; —c;)
for t € I. By Lemma 1.1 there exists a £é-fine w-regular partition @ = {(¢, J)} of L.
T =[pi,q1] X... X [Pn,gn] CL,0< ¢ —p; <d; —c; fori=1,2, ..., n, put

S; = (—o00, ¢;] provided p; = ¢,

S: = [ps, ;] provided ¢; < p; < ¢; < d;,

S; = (pi,00) provided ¢; = d;, i =1,2,...,n,
A(T)=51 x...x Sp.

A(J1) and A(J;) are nonoverlapping provided (t!,J;), (t2,J3) € Q, J, # Jo.
Moreover, |JA(J) = R™. For an interval K, L ¢ K C I, and (¢,J) € Q put

Q
J'=AJ)NK. Put Q@ = {(t,J'); (¢t,J) € Q}. Q' is a partition of K. There exists
1o > 0 such that Q' is both é-fine and g-regular if m(K \ L) < no. Moreover, since
2 is fixed, there is n € (0,7o] such that

(6.2) S If(®)lm(J"\ J) < &/3 provided m(K \ L) < 7.
Q .

Assume that m(K\ L) < n. Since both  and Q' are d-fine and p-regular, Lemma 1.6
yields

|2 fOm() - F(L)| < /3,
Q
|2 sym(r) - F(O)| < &3
QI

and (6.1) follows by (6.2). O

Note 6.2. If (2.1) is dropped and if (1.2) and (2.5) are assumed, then Lemma
6.1 holds; it can be proved in the same way provided w is replaced by w;, where

wy(t, o) = %(1 + o(t,0)).

Note 6.3. Making use of Lemma 6.1 we can prove Theorem 2.1 in the same way
as Theorem 2.5 in [3] was proved via Lemmas 2.7, 2.6 in [3].
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7. PROOF OF LEMMA 1.1

Let
J = [C,d] = [Cl,dl] X ... X [Cn,dn] clI.

First, let us assume that d; —c;j, j = 1, 2, ..., n are dyadically rational. Then J is the
union of nonoverlapping n-dimensional cubes with the same length of edge equal to
277, p a sufficiently large integer. By successively halving the edges of the cubes and
applying the standard compactness argument used in the proof of Cousin’s lemma
we construct a d-fine partition of J; since all intervals of this partition are cubes, it
is p-regular as well since o(¢,0) < 1 by definition.

Further we proceed by induction, successively decreasing the number of edges of
J which are dyadically rational.

Let k € {0,1,...,n — 1} and let the assertion of Lemma 1.1 hold provided the
interval J has k + 1 edges of dyadically rational lengths.

Let

K =(g,h] = [g1,h1] X [g2,h2] X ... X [gn,hn] C T

be an interval with k dyadically rational edges with k > 1; without loss of generality
we will assume that h; — g; is dyadically rational for j = 1,2, ..., k. (The case k =0
will be considered later.)

Denote L = [g1, hi]x. .. X [gk, hi], 8k ((t1, b2, - - tk)) = 6((t1, .- -\ thy Ght1s -+ -2 Gn))
for t; € [gj,hj], 7 =1, 2, ..., k. By the first part of the proof there exists a %(5k-ﬁne
partition © of L consisting of k-dimensional cubes with dyadically rational edges,
that is, for every (7,Q) € © we have d(Q) = 279, regQ = 1. (Here of course 7 € R*,
Q C R*, q is an integer depending on Q.)

Let (1,Q) € © where 7 = (t1,...,tx), d(Q) =X. Forj=k+1,k+2,...,n find
A; such that

(i) h; — g; — A; is dyadically rational,

(i) Ao(t9,A) < Aj < A

where t9 = (t1,t2,...,tk,gk+1,- .-, gn). Denote

Mg = Q X [gk+1, Gk+1 + Akt1] X - X [gn, Gn + An].

Since A\j < A < 8k ((t1,t2,...,tk)) = 8(t9), the pair (¢9,Mg) is i-fine; since \ =
d(Mgq) and o(t9,A) < Aj/A, (t9, MQ) is g-regular.
Now let us set
H} = 95,95 + As], Hj =1[g; + Aj, hj]

forj=k+1,k+2,...,n Foryp: {k+1,...,n} = {0,1} denote
H? = HESD < HEGD L x He™

105



and
MS:QXH‘*’.

Two intervals M§!, M{? evidently do not overlap provided ¢ # w2 and/or Q; # Q2.

On the other hand, K = |J Mg where the union is taken over all ¢ and all Q such
Q.
that (7,Q) € © for some 7.

If (,Q) € © and ¢ = 0 then M = Mg, hence the corresponding pair (t9, Mf)
is d-fine and g-regular as shown above.

If (1,Q) € © and ¢ # 0 then Mg has k edges of a dyadically rational length A
and at least one more edge of a dyadically rational length h; — g; — A; (with j such
that ¢(j) = 1). Hence it has k + 1 dyadically rational edges, and by the induction
hypothesis there exists a -fine p-regular partition of MS. The union of all intervals
Mg and all partitions of MS for ¢ # 0 evidently forms the desired partition of K.

If K = 0 we have no L, ; and O. It suffices to start with finding A\; < d(g)
satisfying (i) with j = 1, and proceed by choosing \;, j = 2, 3, ..., n satisfying (i),
(ii) with A = A;. We continue as above with the obvious modifications; in particular,
the role of MS is played by the intervals H¥. They all have at least one dyadically
rational edge (cf. (i)) except for H?, but the pair (g, H?) is é-fine and H? is p-regular
by (ii) and the choice of A\. Consequently, the last induction step is completed by
the same argument as above.
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