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We will consider two differential inclusions

(1) y™M(t) € F(t,y(t),
(2) M (1) € G(t,z(t)),

wheren > 1, t € J = [tg,00), to = 0 and F and G are multifunctions which fulfil the
assumptions

(Hy) F(G): J x ® —» {nonempty convex compact subscts of R},

F(G) is upper semicontinuous on J x §;

(1) F(t,x)r <0 (G(t,2)x < 0) for cach (t,z) € J x R, x #0;
(H3) F(t,x)x >0 (G(t,x)x > 0) for each (t,2) € J x R, z #0;
(Hy) F(t,0) = {0} (G(t,0) = {0}) forcachte J.

We note that F(¢,z)x > 0 (< 0) means that for each z € F(t,z) we have za > 0
(< 0). The same is meant by G(t,2)x > 0 (< 0).

Under a solution y(t) € (1) (x(t) € (2)) we will understand a solution which cxists
on .J and is such that

sup{ly®)]: t >t} >0 forall t;

P 2 to
(sup {|z()]: t > t;} >0 forall t; > to).

The notion of an oscillatory and nonoscillatory solution will be used in the usual
sense. It is casy to see that nonoscillatory solutions have the following propertics.
Let z(t) be a nonoscillatory solution of (1) (or of (2)). It means that z(£) # 0 on some
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interval [t;,00), t; > to. Taking into consideration the assumptions (Hy), (H4) we get
z(t)=(M(t) < 0 on [t;,00) and z(t)z™(t) > 0 on [t;, 00) if (Hs) and (Hy) are satisfied.
This implies the existence of such ¢, > t; that z(i)(t), t=0,1,...,n has a constant
sign on [t2, 00). Therefore each z(i)(t), 1 =0,1,...,n—1, is monotone on [tz,00) and
lim (), i =0,1,...,n — 1 exists in the extended sense, i.c. Il_l}lolo |2 (t)] is finite

t— o0
or +0o00.

Thus, for nonoscillatory solutions the following two cases are possible:
(a) lim |z)(t)] = 00,i=0,1,2,...,n—1;
t—o0

(b) there exists k € {0,1,...,n — 1} such that

lim z®(t) is finite,
t—oo0
tlim 29(t) =ocosgnz(t) fori=0,1,... k-1,

lim z0(t) =0 fori=k+1,...,n—1.
t— oo

We note that the case (a) can occur only if the assumptions (Hj) and (Hy) are
satisfied (see [1], Remark 1).

Definition 1. We will say that the inclusion (1) ((2)) has the property A if for
n even cach solution of (1) (of (2)) is oscillatory and for n odd cach solution of (1)
(of (2)) is either oscillatory or monotonically tends to zero for t — oo with all its
derivatives of orders less than n.

Definition 2. We will say that the inclusion (1) ((2)) has the property B if for
n cven each solution of (1) (of (2)) is either oscillatory or monotonically tends to
zero for t — oo with all its derivatives of orders less than n or monotonically tends
to +00 or —oo for t = oo with all its derivatives of orders less than n, and for n
odd each solution of (1) (of (2)) is either oscillatory or monotonically tends to +oo
or —oo with all its derivatives of orders less than n.

For conditions with guarantee the validity of the property A (or B) of a differential
inclusion sce e.g. [1]. We note that the inclusions (1) ((2)) can have the property B
only if (Hj) is satisfied.

The aim of this paper is to discuss how the property A (or property B) of a
differential inclusion of order n > 1 depends on the perturbation of the right haud
side of this inclusion. More precisely, we will prove that the perturbations for which
the differential inclusion and its perturbed inclusion are asymptotically equivalent
maintain the property A (property B). A similar problem for differential equations
was discussed in [4].
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Definition 3. We will say that the differential inclusions (1) and (2) arc asymp-
totically equivalent if for each solution y(t) € (1) there exists a solution 2(t) € (2)

such that
im (y?(t) —29() =0, i=0,1,...,n—-1

t—oco

and conversely.

In what follows we assume that F and G fulfil the assumptions (H;), (Hz), (Hq)
or (111), (I‘Ig), (H4)

Theorem 1. Let (1) and (2) be asymptotically equivalent. Then either both (1)
and (2) possess or both do not possess the property A.

Proof. Assume that the inclusion (1) has the property A and that (2) has
not the property A. It means that (2) has a nonoscillatory solution, denote it 2;(t),
such that for some & € {0,1,...,n — 1} we have lim 2(® (t) = e as t = oo and
0 < |ex] € oo. Let yi(t) be the solution of (1) which corresponds to z;(t) in the
asymptotic equivalence of (1) and (2). Then lim (a:(lk) (t) — yfk)(t)) =0ast— .
However,

Jim (57 @) = 219 1) + 21 (0]

. k k . k
= lim [y{7(t) = 2{" (O] + Jim 2{(t) =i £ 0,

Jim 0

which contradicts the property A of (1).
If we assume that (2) has the property A and (1) has not the property A we get
a similar contradiction. O

Theorem 2. Let (1) and (2) be asymptotically equivalent. Then either both (1)
and (2) possess or both do not possess the property B.

Proof. Assume that (1) has the property B and that (2) has not the property
B. It mecans that (2) has a nonoscillatory solution, say x2(t), such that for some
ke {0,1,...,n — 1} we have th_:go a;gk)(t) = ¢, 0 < |cz| < 00. Let y3 be the solution
of (1) which corresponds to z;(t) in the asymptotic equivalence between (1) and (2).
Then

. k . k k
e = Jim 239(6) = Jim [(25(6) = 957 (9)) + 4" (1]
. k k . k . k
= lim (237 (0) =7 (0] + lim 957 (0) = lim 4 (1),

which proves that (1) has not the property B. However, this contradicts the assump-
tion. Similarly, the assumptions that (2) has the property B and (1) has not the
property B lead to a contradiction. O
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Now we will focus our attention on conditions which will guarantee the asymptotic
cquivalence between the inclusions (1) and (2).

Definition 4. Let D C R. Then |D| =sup {|d|: d € D}.

Lemma 1. Let F(t,x) satisfy the condition (Hy). Let u(t) be a continuous func-
tion on J. Dcnote z(t) = max {F(t,u(t)}, t € J. Then z(t) € F(t,u(t)), =(t) is
upper semicontinuous on J and Lebesgue measurable.

Proof. Let tp < t;. Then the continuity of u(t) and (H;) imply that for
cach € > 0 there exist 4; > 0 and d2 > 0 such that |u(t) — u(ty)| < d, for each
t € (ty —61,t1+61), and for each (¢,u(t)) € (ty — 8y, b1 +61) X (u(ty) — b2, u(ty) +62)
we obtain F(t,u(t)) C F(t,u(t1)) + <. Consequently, z(t) = max {F(t,u(t))} <
max {F(t;,u(ty)) } + & = z(t;) + € for cach t € (t; — 8y, + d1). It means that =(t)
is upper scmicontinuous at ¢;. A similar argument gives the upper semicountinuity
from the right of z(t) at to.

Now, z(#) being upper semicontinuous on .J, it is Borel measurable on J and
consequently, also Lebesgue measurable on J. 0

Theorem 3. Let F(t,x), G(t,a) satisfy (Hy). Morcover, let the following condi-
tions be satisfied:

(I15) There exists a continuous function V(t,z): J x [0,00) = [0, c0)
nondecreasing in = for each fixed t € J such that

|F(tu) — G(t,uz)| < V(t, |Jug —ugl) for each uy,u; € R

(Hg) / "'V (t,c)dt < oo for each c > 0.

to

(H7) liminf ¢! / "~V (t,c)dt = 0.

c— o0
to

Then the inclusions (1) and (2) are asymptotically equivalent.

Proof. Let a(t) be a solution of (2). Our aim is to prove the existence of such
a solution y(t) of (1) that

i w0 = Lim @ (6) — 20 (8] = - -1
(3) lim (t)—tl_lilolo[y (t) — =W (t)] =0, i=0,1,...,n—-1

t—oo

Put y(t) = 2(¢) + u(t). Then u(t) is a solution of the inclusion
(4) u'™(t) € F(t,x(t) +u(t)) — G(t, (1))
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satisfying (3). Denote M (x(t) + u(t)) = {the set of all measurable sclectors of the
function Hy (u(t)) = F(t,2(t) + u(t)) — G(t.z(t)) }. Following Lemma 1 we know
that A (x(t)+u(t)) is not empty. From (4) we get the existence of such a measurable
selector v(t) € M (a(t) + u(t)) that

(5) u™(t) = v(t), teJ,

and by (3), (Hs) and (Hg) we obtain

(6) /too t"ly(t)dt < oo,

(7) ult) = - /t h “T:_S)—:)_!—lv(s) ds.

Thus,

(8) u(t) € { - /too %wg ds: 2(t) € M(x(t) + u(t))}.

Let Co(J) be the Banach space of all functions w(t) defined and continuous on J
such that Llim w(t) = 0 with the norm [Ju(t)|| = sup |u(t)|. We see from (8) that w(t)
—00 J

is a fixed point of the multivalued operator T defined on Co(J) by

oo _ e\n—1
(9) Tu(t) = { —/t (t(Tj)l)Tz(S) ds : 2(t) € M (2(t) + u(t ))}

If ||u|| = /3, then from (Hs) and (Hg) we get |2(t)| € V (¢, 3) and

[T < [ %p(s ) ds

] (s = V(s B)ds < oo.
’Il

Thus T is well defined.

Let S, = {u(t) € Co(J) | |lu(t) < K'}. We will prove that for the given solution
a(t) of (2) there exists o > 0 such that T'Sg, C Sk,, T is upper semicontinuous on
Sko, TSk, is relatively compact and Tu(x) is nonempty, closed and convex for all
u(x) € Sy, It means that the fixed point theorem of Bohnenblust and Karlin will
be applicable. The existence of such Ko > 0 that T'Sg, C Sk, follows from (Hy).

Let u(t) € Sk, K > 0. Then |ju(t)]] = 8 < K. Let h(t) € Tu(t). Then there
exists v(t) € M (2(t) + u(t)) such that

0 (1 n—1
h(t):—/t (t(Tj)T)!—v(s)ds, teJ

wn
[=2)
o



and

Ih(t)] < /Oo (=" s)lds < /m T (s K)ds = L <
(t)] < —_— < —V(s, = .
¢ (n—1)! g (n—1)! ’ s x
Thus, T'Sy is a set of continuous functions uniformly bounded by the constant L.

For |1/ (t)| we get

oo (S _ t)n—2 =] qn—2
W (t </ (s (ls</ ———V(s.k)ds = L; < >

| ( )l =X . (11_2)| I ( )I =X " (n_2)| ( ) 1
which means that the functions of T'Sy are equicontinuous. Moreover, for cach ¢ > 0
there exists to(e) > to such that for tg(c) < t; < to we have

Ih(t2) = h(t)] < JR(ta)] + R(t1)]

o8} Sn—l oo sn—l
< | Vs K V(s K
/t PR (s, ) ds +/t1 e 1)!V(s L) ds

for to(e) such that f,:cze) (—fzi_—l—l)—!V(s,I\')ds <5.

From this fact, from the uniform boundedness and from the equicontinuity of all
functions of 7'S;y we conclude that TSy as well as Tu(t) are relatively compact in
the topology of Co(J).

Let w,(t), n = 1,2,...,u(t) be from Cy(J) and let {u,(t)} converge to u(t) in
Co(J), i.c. uniformly on J. Then the set {u,(t), n = 1,2,...,u(t)} is bounded in
Co(J). Therefore, there exists I{ > 0 such that u,(t) € Sk, n=1,2,...,u(t) € Sk
and TSy is relatively compact. Let hy(t) € Tun(t), n =1,2,.... Evidently, h,(t) €
TSk, n=1,2,.... For cach hy(t) there exists v, (t) € M (x(t) + un(t)) such that

hn(t) = - /oo g—t(-;:—j—)%_!—lvn(s) ds, t > to.

Let L;(J) be the space of all functions f(t) defined on J such that

oo _ n—1
/t (—t({ft_O)1—)!|f(t)|dt < 0.

We see that v, (t) € L,(J) and

oo (t — t())"—l /oo (t _ to)n—l
R < | ——5V(s,k)d .
/tu (?L _ 1)| Ivn(s)l ds B " (71 — 1)| (S, )(3 < 00



Thus, {v,(t)} is bounded in f,l(J). Moreover, if {En,}, E,, C J, is a nonincreasing

sequence of measurable sets such that (| E,, = 0 (empty set) then

m=1
: (t ~to) ! i , (t=to)" ! .
AR —_— L =VU.
mlgxlo /E o1 v (t) dt \n!l—»néo =1 V(t,IK)dt =0

Then (sce [2], Th. IV.8.9) it is possible to choose from {v,(t)} a subsequence {v,, (t)
which weakly converges to some v(t) € Ly(J). It follows from (H;) that H(t,z+u) =
F(t,v+u)—G(t,x) is upper semicontinuous in u for each fixed ¢t and z. Furthermore,
because {uy, } converges uniformly to u(t) and vn, (t) € H (z(t) + u,, (t)), for given
e>0,t€ Jand x(t) there exists 0 < N = N(T,e,z(t)) such that for any ny > N
we have

H(t,2(t) + un,(t)) C O (H(t,z(t) + u(t)))

where Oc (H (t,2(t) + u(t))) is an e-neighbourhood of the set H (¢, x(t) + u(t)). It
means that for all nx > N we have vy, (t) € O (H(t,z(t) + u(t))). Then (see [2],
Corollary V.3.14) it is possible to construct such convex combinations from v,,,
ng = N, denote them g, (t), m = 1,2,..., that the sequence {g.(t)} converges to
v(t) in L,(J). Furthermore, by the Riesz theorem there exists a subsequence {gm:}
of {gm(t)} which converges to v(t) a.e. on J. From the convexity of O, (H (t,z(t) +
u(t))) and from the fact that v,, € O (H (t,z(t) + u(t))) we conclude that g, €
O:(H (t,z(t) + u(t))), i = 1,2,... and therefore, v(t) € O (H (t,2(t) + u(t))). For
e — 0 we get v(t) € H(t,z(t) +u(t)).

Recall that t € .J was a fixed point and that H(t, z(t) + u(t)) is a compact convex
subset of . Furthermore, from Lebesgue’s dominated convergence theorem we get
that - .

h(t) = —/t (i(n—j)lT-v(s)ds, t>to
is well defined and h(t) € Tu(t), t € J.

It follows from the weak convergence of {v,, (t)} to v(t) in Ly(J) that the subse-

quence {Ni,, (8)} C {hn(t)}, 1e. fort € J

[ (=)t
hn,\. (t) = /t mvnk (S) dS, t 2 to

converges to h(t) a.c. on J. However, the functions h,, (¢) belong to the relatively
compact set T'Sy-. Therefore, there exists a subsequence of the sequence {I,, (t)}
which converges to a function /i(¢) uniformly on J. It means that A(t) = L(t) € Tu(t)
a.c. on J. This completes the proof of the upper semicontinuity of the operator T'.
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It follows from upper semicontinuity of T that Twu(t), u(t) € C(J), is closed.
Furthermore, from (H;) and Lemma 1 we get that M (2(t) + u(t)) is nonempty and
convex and consequently T'u(t) is also nonempty and convex. Thus, T maps Sy into
cf(Sk). All conditions for the application of the Bohnenblust and Karlin theorem are
satisfied. We have proved that for each solution z(t) of (2) there exists u(t) such that
y(1) = x(t) + u(t) is a solution of (1) such that Jim. u(t) = [yD(t) — 20 (8)] = 0.
t1=0,1,...,n—1.

To complete the proof of the theorem we only need to change the role of F and G
and z(t) and y(t). O

Example. Consider the equations
(10) y™ + f(t)|y|* sgny =0
where f(t) is continuous and positive on J = [tg,00) and
(2) ™ e G(t,x)

where G(¢, x) satisfies (H;), (Hz), (H4). Assume that F(t,y) = — f(¢)|y|* sgny and
F(t,y) and G(¢t,x) satisfy (Hs)-(H7). Then, following Theorem 3, (2) and (10) are
asymptotically cquivalent.

The condition

(11) /ootVf(t)(]t = 00, v =

to (n—-1), fora > 1

{(n—l)a, for0<a<1
is necessary and sufficient for the equation (10) to have the property A. Then from
Theorem 1 we obtain that the inclusion (2) has the property A, too.

Now, condition (Hs) yields

G(t,y) + [y~ sgny| < V(¢,0).
Let z € G(t,y). Then
I: + f(t)|y|* sgny| < V(t,0)

or
—f(®)]y|* sgny = V(t,0) <z < = [()|y|" sgny + V(t,0).

We have the following result:
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Let 0 < a, a # 1.

F(t,y) = — f(t)ly|* sgny,
G(t,z) C [ - f(t)|z|*sgnz — V(t,0), — f(t)|z|* sgnz + V(¢,0)],

G(t,z) satisfies (Hy ), (Hz), (Hq); V (¢, ¢) is continuous on J x [0, c0) and nondecreasing
in ¢ for cach fixed t € J and satisfies (Hg) and (H7). Then the condition (11) is
necessary and sufficient for the inclusion (2) to have the property A.
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