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ON THE EQUIVALENCE OF VARIATIONAL PROBLEMS III

JAN CHRASTINA, Brno

(Received October 13, 1992)

The equivalence problem for multiple variational integrals (i.e., the problem
whether two such integrals can be identified modulo contact forms by means of an
invertible transformation) proves to be much more difficult than the case of one
independent variable. So we shall begin with rather particular examples here. Con-
tinuing [3], the method is quite elementary: if such an integral is given, we scarch
for other objects intrinsically related to it. They may be of very diverse nature and
of a certain independent interest but our final aim is to determine an intrinsical
coframe, the Frenet coframe. Then, since the cquivalence transformations between
variational integrals necessarily identify the relevant intrinsical objects of the same
nature, we may interrupt the calculations. Indeed, the Frenet coframes determine
(or disprove the cxistence of) the equivalence transformation to an analogous extent
as the Maurer-Cartan forms did for the structure of Lic groups. The realization
proper of ecquivalences, investigation of the structure of invariants (i.e., of intrin-
sically related differential operators, cf. [7]), and discussion of certain degenerate
subcases cannot be made at this place for technical reasons.

It is to be mentioned that the common method of G-structures and the related
generalized geometries in finite-dimensional underlying spaces of jets of a fixed order
given in advance is of a quite different nature, sec the classical works [1, 2] and the
recent expositions 5, 6]. In principle, the interrelation between them should be based
on the theory of infinitely prolonged Lie-Cartan pseudogroups [4], and for this rcason
it is not realizable here. Also the equivalence of constrained multiple integrals and
order increasing transformations are tacitly passed over.



FIRST ORDER DOUBLE INTEGRALS

1. Preparatory results. We begin with the simplest but typical equivalence
problem which will serve as a model for the next more complicated tasks. We are
interested in the variational integral

(1) // f@,y,u,ug, uy) da Ady — extremum (u = wu(x,y), f #0)

without any assumption on the underlying space, that is, in the space of jets of infinite
order. This space is equipped with coordinates 2, y,u;; (4,5 = 0,1,...), contact forms
¥i; = duyj — uigr,;dr — u; j41 do, and the Lagrange density A = fda Ady. (We
shall use abbreviations like u = ugo, e = w10, Uy = oy, ...,¥ = Voo, 0z = V10,9, =
Yot, - - -, and occasionally a° = q, . .. for various coefficients through our exposition.)

The module @ = {¥;;;4,j = 0,1,...} of all forms of the kind 3" a¥9;; and the
family of all forms £ of the kind

(2) E=A+ Z(bij dy — ¢ dz + dJdke) AVi;

(i-e., satisfying £ = A (mod Q)) are taken for primary intrinsical objects. Here both
the sums are finite but of an arbitrary (uncertain) length with arbitrary (varying)
coefficients @', ..., dJ, (each depending on a finite number of coordinates of the
infinite-dimensional underlying space).

Clearly the module Q4 of all vector fields Z satisfying w(Z) = 0 (w € Q) is an
intrinsical object, too. This derived intrinsical object consists of all vector fields
Z = pdy + q0y where

O = 0/01‘ + Zuiﬂ‘jc“)/c')uij, Dy = 8/0y + Zui,jHO/@uij

(infinite series) are the familiar formal derivatives and p, ¢ are arbitrary functions.
It follows that 0 = 79, A 9y with variable r is an intrinsical family of bivectors. It
contains a unique bivector 0 with the property 8/ = 1, namely d = 9, A9,/ f.
This is a very simple example of the procedure called specification which will be
repeatedly employed. (The specified objects will be denoted by upper bars but often
we shall not dogmatically follow this rule for technical reasons.)

We shall prove in Section 5 that for every ¢ = 0,1,..., the submodule Qf =
{Vij54 4+ j < €} C Qis an intrinsical object. (So the equivalences arc prolonged con-
tact transformations. Indeed, by the classical definition, these are just such trans-
formations which preserve all modules Q° = {9}, Q' = {9,9,,79,},....) It will be
morcover proved in Section 6 that the familiar Poincaré-Cartan (PC) form

(3) E=\—(Pdy —Qdz)A0 (P=0f/dx,Q=0f/dy)
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is an intrinsical element of the family of forms £. Then the differential
(4) dé = {Edx Ady — (LY, + MOy) Ady + (MI, + NOy) Adx } AD

is an intrinsical object, too. Here E = 9f/0u — 9; P — 0yQ is the familiar Fuler-
Lagrange (L) operator and we abbreviate L = 9%f/9u?, M = 9? f /|Ou,Ouy, N =
9?[/Oul. Denoting by w = av) (a # 0), an arbitrary gencrator of 00, the family of
forms {...}/a is clearly intrinsical modulo Q° (cf. (4)). There is a unique ¢, namely
1 = E/fa, such that {...}/a = t£ (inodulo ). It follows that

(5) Yooy—ié= %((MUI + N9, Ade — (L9, + M0,) Ady)
a

is an intrinsical family modulo Q°. Recalling that Z = pd; + ¢dy, w = a?, both the
familics of forms

Z|dw = a(pd, + q0,),

z) ((1:{ SRSE L (M = qL)0, + (DN = qM)9,)

T a

arc intrinsical modulo 2°. They are proportional if and only if
(6) pM — L = sa®p, pN —qM = sa’q

where s is the (intrinsical) proportionality factor. A nontrivial solution p,q of (G)
exists if and only if s? = (M2 — LN)/a'. Assuming E # 0 from now on, it follows
that

I=s*/t"=(M?*-LN)f*/E*

is an invariant function to the original integral (1). It determines the transformation
rule for the ££ operator (and for the EL equation E = 0).

2. The hyperbolic subcase. Supposing M? > LN, we may introduce the
intrinsical requirements s = 1 and s = —1. They both provide the common spec-
ification @ = (M? — LN)Y4 of the coefficient a, hence the specification @ = aw of
the form w. Morcover, we obtain two (not yet ultimate) specifications Z+, Z~ of
the family Z if the coefficients p, ¢ are chosen to satisfy (6) with s =1 or s = —1,
respectively. Assuming L # 0 (for certainty), one can sce that

M — &
L

(7) Zt =wt (0.U +

M +a® 0y>

3,), 2 =w—(0¢+ 7



where wt,w™ are arbitrary functions. In geometrical terms, Z+ and Z~ are intrin-
sical fields of dircctions. Our next aim is to specify wt, w™ to obtain even intrinsical
vector fields. We may use the relation Zt A Z~ = wd where the coefficient

(8) w=wrw2a’f/L

is of intrinsical nature. It would be possible to introduce the requirement w = 1.
But this measure is not efficient enough and we abstain from it for a moment.
In order to employ a more efficient tool, let us look at the families of forms

9) <+=Z+J£=w+(f(dy—M—I}fdz)+(Q—uP))ﬂ,

10) wt=2|do = w+(((')r + M%‘—‘zay) hmmm(«?m + Moy))

and (- = Z7|€, w~ = Z~|d@ not explicitly stated here. (At this place, it may

be interesting to note the formula ¢t A ¢~ = wé€ which means that the study of &,
hence of the integral (1), can be replaced by the study of ¢*, (= without loss of
information. One can also observe that the intrinsical system @ = (-~ =(* =0 is

cquivalent to the system de = dy = du = 0. So the family of variables z, y, u is of
intrinsical nature and the equivalences are a mere prolonged point transformations.)
This construction can be continued by setting

(11) wtt=Zt|dot, vt =Z%dw™, 0w =27 |dw, ...,

and this will provide us the sought Frenet coframe later on.

Let us return to the problem of ultimate specification of Z*, Z~. We shall usc
the common method of moving frames reformulated in elementary terms as follows.
First, the forms dz and dy can be expressed as linear combinations of ¢(*, (7, @.
Second, the forms 9, and 9, can be expressed as linear combinations of wt, w™, @.
Third, ¥ is a multiple of @. Altogether taken, the forms d@, d¢t A (T, d(™ A (™
can be expressed (in terms of dz, dy, ¥, 9;, ¥y and hence) as linear combinations of
exterior products of the forms ¢(*, (7, @, wt, w™. The coefficients are of intrinsical
nature, of course. We shall not state intermediate calculations but only the most
important part of the final result. Denoting

_ M+a®

A+
L

1) 0>’

, BT =Q-A"P, C+:f(A+0u " Ou,
z y
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and analogously A=, B~, C~ with —a? at the place of @, one can derive the formulae
- Lo+ - - +
do = —u—)(C ANw™ — (" AwT)

1
+ E(w‘(c+ Ina - BH)wt —wt(C " Ina- B )AG,

+
N w L oy -\, + +\2d o p= - - At
d¢T A ¢ _"'+wa((2a2CA +B )w +(w)wCAw)/\C ACT,
_ _ w- L __ _ _ _
dC™ A = +E((ﬁc A++B+)w —(w )2C+A+w+)/\c+/\< .

(It is to be noted that analogous development of the form dé does not give any
uscful result: the most interesting coefficients either vanish or are expressible in
terms of I and w. A geometrical interpretation of this failure would be desirable.)
The cocfficients on the right hand side can be employed for specification of w*,w~

For instance, if CtIna # B*, then the cocfficient of wt A @ in the development
of d@ can be equated to 1. Moreover, owing to (8), we obtain

(12) wt = L(CTIna - B*)/2a%f

which yields the ultimate specification of Z*. If C~ Ina # B~, then w™ (hence Z™)
can be specified in the analogous manner. (Then w given by (8) with these w,
w™ substituted turns into an invariant. A lot of other invariants can be obtained
by using the cocfficients of the developments of the forms d¢t A ¢t and d{~ A (™))

Besides the already known form @, we have intrinsical forms ¢t (cf. (9)), (7, wt
(cf. (10)), w™, and the series (11). The only advantage of this choice of specification
is that Z+, Z~ play a symmetric role. But this is no longer truc if we look for a
Frenet coframe. Indeed, owing to [Z1,Z7] € Q* (a consequence of [9;,9,] = 0),
we have [Z1,Z7] = AZt + BZ~ with certain (in general nonvanishing) invariants
A, B. As follows from the formula

ZY|dZ™|de = Lg+Lg-p = (Lz-Lz+ + Liz+ 2-))¢
= Z-|dZ*|dp — (AZ* +BZ7)|dp (¢ € Q)

applied to ¢ = @, the forms wt, w™, wt™, w™t are linearly dependent. A little
generalized argument gives that the sought Frenet coframe may consist of the forms
¢*t, (7, @, wt, w™ and only those forms of (11) for which the indices “*” precede

U= "

all indices (One can casily find that we indeed obtain a coframe by looking at
the higher order summands v;; of these forms.) So the symmetry is lost in the final

result. It seems that it is better to give up the symmetry from the very beginning
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and to choose, e.g., the specification (12) together with the requirement w = 1 which
determines w™ (cf. (8)). Then, owing to the familiar formula

de (X,Y) = Xo(Y) - Yo(X) — o([X,Y])

applied to ¢ = ¢*t,(~ and X = Z*,Z~, and easily verifiable equations (t(Z+) =
¢ (Z7)=0,("(Z7)=—-¢(Z*) =w = 1, one can derive explicit expressions A =
d¢~(Z*,Z7), B = —d¢* (Z*,Z~). This facilitates the dependences between the
terms of the sequence (11). Morcover, owing to the formula € = w¢t A~ =t AT
and hence d€ = d¢t A¢™ = ¢t Ad(¢, the Bianchi identities between the invariants
arising from d 2 = 0 substantially simplify.

The above calculations fail if and only if C*lna = B*, C~Ina = B~. (Onc
can verify that this happens if and only if we deal with a rather peculiar integrals
(1) where f satisfies a Monge-Ampere equation of the kind M? — LN = gf~* with
a positive function ¢ = g(z,y,u).) In this case, the development of the form @ is
uscless but instead any one of the forms d¢* A ¢, d(™ A (™ can be employed to
determine the sought specification of w*, w™. We shall omit more details since
except for complicated formulae no new ideas appcar.

3. The elliptical subcase M? < LN can be settled by means of tedious com-
plexification of the preceding results and scparation of real and imaginary parts.
Instead of this method, we shall adopt another approach.

Recall the intrinsical objects Z = pd, + qd, € O, w = a¥ € Q° (a # 0), and
introduce the intrinsical family ¢ = pda +§dy (mod Q°) with p, § variable functions.
(As this family is concerned, it is identical with the family Z]d€ = f(pdy — qdx)
within the change of notation p = —qf, ¢ = pf.) Then the mappings

Z = Z)dw = a(pd, + qvy) (mod Q°),

(o CAdE =EAWA {i((ﬁLwL(jM)z?z +(13M+(]N)19y} =1

into 2!/0Q° make good sense. The former can be inverted and composed with the
latter to the result

(13) (=pde +qdy = {...}=a@Is +qVy) = p0, +q0y = Z

which is a polarity with respect to the quadratic form

Q(¢) = Q(pdz +gdy) = %(L(ﬁ)'z +20MpG + N(@)2).
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In this polarity, the intrinsical 2-form € = fdz Ady (mod Q°) is transformed into
the family of bivectors

_ M2 _
LN 4M 5.
a

f- == (Lo, + M0y) (MO + N9y) =

f Ta2
It follows that the coefficient (LN — M?)/a* is of intrinsical nature. In the elliptical
case, it may be equated to 1. This yields the specifications @ = (LN — M?)1/4,
@ = av.

Note moreover that the mapping (13) can be inverted. As a result, the polarity
with respect to the quadratic form

_ _ f :
Q'(2)=Q'(0d: +q¢9,) = E(N(P)2 - 2Mpg + L(q)?)
ariscs. (We use the specified values of quadratic forms without change of notation.)
We are passing to more advanced tools, the moving frames. But instead of in-
troducing orthonormal frames with respect to Q, Q~!, we shall deal with a quite
general basis Z', Z2 of Ot:
(14) Z'=p'9: +4¢'9,  (i=1,2p'¢> —¢'p* #£0)
and the families of forms
(15) ¢ =27YE Wwi=2Ydo (i=1,2).
Clearly Z' A Z? = wd where the coefficient
(16) w= ' -q'p)f

is of intrinsical nature. One can then establish the existence of a development

4o = qlu(cl Aw? = P Awl) + (A% — A1) A G,
i_ 1 dma Py, (9lna Q\
A= ("L'w(( Ouy + f)q (auy + f)p)'

Assume that A® are not identically vanishing. Then the requirement A' = 0 deter-

mines p!, ¢! up to a nonvanishing factor which can be ultimately specified by the
normalization Q~!(Z!) = 1. With Z! alrecady known, Z? can be determined (up to
a sign) from the orthogonality Q=1(Z1, Z?) = 0 and normalization Q™' (Z2) = 1.
(With this specification, A% turns into an invariant but w is a constant, the area of an
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orthogonal frame.) Altogether taken, we may introduce a Frenet coframe consisting

1

of the above forms ¢!, (%, @, w!, w? and those forms of the recurrently defined family

(17) Wl = 7' dw!

({ = 1,2 and [ is a sequence with terms 1 or 2) which have nondecreasing upper
indices.

We shall not discuss the exceptional subcase when A* are identically vanishing.
(One can verify that it may happen if and only if M2 —~LN = gf* with an appropriate
negative g = g(z,y,u).) It seems that then the simultaneous investigation of the
forms ¢!, ¢? and the use of moving frames orthogonal with respect to the forms Q,
Q! is necessary but no serious difficulties arise.

4. The parabolical subcase M? = LN leads to quite other results. As before,
the module Q, the PC form & (cf. (3)), the generator w = ad (a # 0) of N°, and
the moving frame (14) are intrinsical objects. We shall assuine L # 0, for certainty.
Then, denoting C = M/L, we have N = CM = C?L and the formula (4) simplifies
to

dé = {Edz Ady + LW, + COy) A(Cdz —dy)} A Y.
Since {...}/a =t = L(¥; + CYy) A (Cdx — dy) (mod Q°) is an intrinsical family
(as before) and t = E/ fa is uniquely determined, we may introduce the intrinsical
requirement t = 1 (E # 0 is tacitly assumed here). So we obtain the specification
a= FE/f, @ = av of higher order than in the preceding sections.

Let us pass to the frame (14). First of all, clearly

ZYd({..})a-& = -L®'C - ¢ )W, +CV,)/a (mod Q°)

and we may introduce the requirement p'C = ¢'. We obtain the family Z!' =
p'(0; + C9,) with a variable factor p! # 0. Seccondly, by owing to the relation
ZY A Z% = pl(q® — Cp?)f - 0, we may require

(18) P (¢* - Cp)f =1
Thirdly, by the formulae

Z2|({...}a— & = —L(*C — ¢*) (V. + CV,)/a,
Z'do =p a(191~ + Cvy)

permit to require L(p?’C — ¢*)/a = *p'a (F = sign fL, sce below), that is,
—~L/afp' = £p'a (use (18)). So we have the specification

' = (FL/H)'P )@ = f(FfL)PET?,
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and thus the vector field Z?! is ultimately determined.
Passing to the determination of the second term Z? of the frame (14), we shall
employ the differential of the well-known form

¢t=2Z"E=p'(f(dy — Cdz)+(Q — CP)Y).
One can see that the form

ACY ACY = pf(=dC Ada +d(AD)) A" (A = Q—"f@)
can be expressed in terms of dz, dy, du, dug, du, (no differentials of the second
order derivatives appear), that is, in terms of ¢*, (?, @, w!, w?. Coefficients of the
terms (PAGACY, WP ABACY, w2 A2 ACT of this development are invariants (they
depend on the already specified functions) and we shall omit then. Coeflicients of
WIAGACL, WA A are as follows:

(19) P f(q (Pa—c+fgi +AP) - (Pg%+fafy - 4Q)),
pf(p f( ])25—%)+A).

Together with (18), the last coefficient equated to zero gives the system

, 0C acC
Lpg2 2 2
—p20)—-1= ( ) +A=0
p f(¢" -p°C) p'f o, P ouy
for the specification of the coefficients p?, ¢?. If this system is not uniquely solvable
(ie., if 9C/0u, = COC[Bu;), the coefficient (19) can be used in analogous manner
with better final effect.
If both vector fields Z!, Z? are specified then the determination of a Frenet coframe

is casy (at least in principle) and need not be discussed.

5. Automorphisms of 2. Let us return to the statements used but not proved
in Section 1. First of all, we should like to prove that all invertible transformations
which preserve the module Q2 are the prolonged contact transformations. In other
terms, cvery automorphism of Q preserves the submodules Q¢ = {9;;; i+ < €} C Q

for € = 1,.... In still other terms, these submodules Q¢ are intrinsically related
to Q. It is however sufficient to deal only with the submodule Q° since the other
ones ', O, ... are determined from it by the recurrence Q¢! = Q¢ + £,0¢ (Z

varies through Q+). But Q° consists of all multiples a?, so the forms of the kind av
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should be distinguished from the other forms of the module Q. Roughly speaking,
the distinctive property of the forms ad (a # 0) is that they generate a basis of Q
after a certain application of operators £z (Z € Q1). In more detail, the idea is
realized as follows.
Given two linearly independent vector fields X, Y € Q1 and w € Q, we introduce
forms
wrs = (Lx)(Ly)’w = (X]d) (Y ]d) ' w € Q.

We may suppose X = 8., Y = J, at a fixed point after an appropriate change of
variables. Then, assuming w = Y a"1;; and looking for the higher order identically
nonvanishing summands w = ... + Y a0;; (i +j = (), one can sce that

Wrs = ...+ Z aij‘0i+r,j+s (i+j=10

at the given point. It follows that the forms w,s (r,s = 0,1,...) arc linearly inde-
pendent. On the other hand, they constitute a basis of 2 if and only if ¢ = 0, hence
w = al (a = a® # 0). This is the sought distinctive property of the forms ad and
we are done.

6. Identification of the PC form. Now, we should like to prove that the form
(3) occupies a special (intrinsical) position in the family of all forms (2). This will
be realized by successive reduction of the (rather wide) family (2).

One can observe that the module E = {dx, dy, du, du, , duy } plays a certain spe-
cial role: this is the minimal module of 1-forms such that there exists a nonvanishing
form in Q0 (e.g., the form ) with the property that both this form and its differential
can be algebraically expressed in terms of clements of the mentioned module. (Less
formally: x, y, u, Uz, uy is the minimal family of coordinates such that a nonvanish-
ing form in 2° can be expressed in terms of them.) So the reduced family involving
such forms (2) which are expressible in terms of elements of = is of intrinsical na-
ture. The mentioned reduced family consists of forms (2) with '/ = ¢ = (lijz =0
if at least one of the indices i, j, k, € is greater than 1. (We may morcover assume
dg) = d59 = 0 without loss of gencrality.)

For this reduced family of forms (2) we introduce an additional requirement d§ =0
(mod Q° QA Q). One can verify that this is cquivalent to the system

B0 = = 101 4 10 = (% 4 Q + 0% = 1% + P + 0,¢!° = 0.
So we deal with (a still more) reduced family of forms of the kind

E=A—(Pdy —Qdr +uwd, +vdy) ANV +wld, NI, —d (1))
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where 7, u, v, w are varying functions expressible in terms of the remaining variables
ct0, d93, d9?, dif (for instance r = c'?).

The next intrinsical requirement dé = 0 (mod %) immediately gives w = 0
and u = v = 0. So we have a rather narrow family of forms of the kind § =
A= (Pde —Qdy) AvY — d(rd) with variable 7.

Finally, recall the frame (14) and denote & = Z!)¢ (i = 1,2) where the family
s a multiple of the product &' A &2

—

¢ is inserted on the right. One can find that £
(the last intrinsical requirement) if and only if 7 = 0. So the ultimate reduction is
achieved, the family (2) is intrinsically reduced to the PC form (3).

SECOND ORDER DOUBLE INTEGRALS

7. Preparatory results. Retaining the previous underlying space and the same
module 2 of contact forms, we shall be interested in the second order variational
integral

(20) / f(z,y,u, Ug, Uy, Uz, Ugy, Uyy) dz Ady — extremum.

Then the family (2) with A = fdz A dy is taken for the primary intrinsical object,
but recalling the module = and the relevant reasonings of Section 6, the family (2)
can be again reduced by assuming b/ = ¢/ = dJJ, if at least one of the indices exceeds
1. For this narrower family of forms, the additional requirement d¢ = 0 (mod Q°,
QA Q) gives the system

of af of
01 — 01 — p01 10 —
b + Buu o D'Ll,yy b tet s aua;y
of of of of
21 — 00, YJ 00 =00 4 L 10 —
(21) c”+ au, Oy Ty d;b b + B Oyc” + 0, Du.. 0

for the remaining coefficients appearing in (2). Simulating the approach of Section
6 rather closely, we recall the frame (14) and the families & = Z¢)¢, w' = Z¢] dw
(i =1,2; w=av, a #0). Then the congruence

1
dw = 1—1)—(51 Aw? =AWl + %(b01 — v Aw?  (mnod Q°)

can be verified by direct calculation and the intrinsical requirement dw = 0 (mod
00, €', ¢?) implies V%! = c!°. Together with the third equation (21), this determines
the coefficients

(22) W = ¢ = 20 [Ous,
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(and thus all b7, ¢ arc ultimately specified). The forms £ are still depending on
the cocfficients p?, ¢¢. But the product

EAE=wr+ ) (W dy —cda) AV + %Z Vi Ay cdsy)

involves only the intrinsical coefficient w (cf. (16)). (It would be possible to require
w = 1 but we abstain from this measure for a moment.) Then the final requirement
&' A €2 = wé can be introduced. This yields the values of the remaining coefficients

bOO COO bOO C00 1 b()l bl 0

11 dO_
710/-

) oo”—‘?

1
dpo = 7

and thus the sought intrinsical PC form £.

01 10

blO ClO bOl cOl c

C

By virtue of the properties of the form £, a congrucnce of the kind dé = E9 A
dz Ady (mod QA Q) is valid. Here E = Y (—8;)*(—9,) 8 f/0u;; is the familiar ££
operator, of course. In terms of w = al) and £, the last congruence reads

Ew A€ (mod QAR).

fa

Assuming E # 0, we may introduce the requirement £/ fa = 1, that is, the intrinsical

1R

dé

specifications a = E/f, @ = av.

With this result, it remains to specify p?, ¢*. Indeed, if Z!, Z? turn into intrinsical
vector fields, then €', €2, @, (15) together with the appropriate forms selected from
(17) will provide the sought Frenct coframe.

8. A digression to algebra. We shall deal with a two-dimensional vector space
V equipped with a basis g, v and its automorphism A determined by

Ap=p'p+q'v, Av=pu+qv (A=p'¢* —¢'p* #0).

There are induced automorphisms denoted S?A, S3A, ... of the symmectrical tensor
product spaces S?V, S3V, ..., respectively. They can be explicitly written down,

c.g.,
SPApo =YV pou+2p'dpov+(H)rov

The inversion A~1 arises after the substitution
(23) Pl = @A, ¢ - =g /A, pP = —pP/A, ¢ = pt/A

in the above expression of A. It follows that the same substitution (23) in the
formula for S?A,S3A, ... (not explicitly written here) would yield the inversions
(S2A)~' = S2(A7Y), (S3A) "L =83(A7), ...
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9. Characteristic directions. The families Z* can be ultimately specified by
employing either £ or d@. Both the ways, though technically different, lead to the
same final result. (Such coincidences appear again and again. They indicate the
existence of certain hidden geometrical structures.) For brevity, we shall consider
only the congruence

do =da AV +add =dnano = Eide/\u‘) (mod Q?).

This is equivalent to the investigation of the intrinsical form dE/Ef (mod Q%) but
we shall consider only the congruence

(24) dE/Ef =Y AYd;  (mod Q°,¢1,¢?)

where the sum is with ¢ +j = 4 and the abbreviations A% = 7z92f/duZ,, A% =
%Ozf/attzixauwl, AP = 55(20% f [OussOuyy +0° f [0U3,), AY® = £70° f [0y, Ou e,
A = —[}702 [/9u2, are used. The forms ¥;; in (24) can be expressed by intrinsical
forms of the 4th order of the sequence (17), namely the forms

1111 — 1112 — ,,2222
, W31 =w y ey Wo4 =W

Wy = W
(with nondecreasing upper multiindices) are quite enough. The forms depend on the
as yet unspecified coefficients p, ¢, of course. After the substitution, (24) turns into

dE/Ef = BYw; (mod 0%, ¢?)

where BY (i 4+ j = 4) are coefficients of intrinsical nature.
The calculation of the coefficients is easy if one uses the hint of Section 8. Indeed,
the lower order formulae

w'=Zdo =a(p, +q¢'9,) (mod Q°)

clearly induce analogous expressions of the higher order terms of the sequence (17),
c.g.,
W' = Z' dw! = a((p')* Ve + 20" ¢ 00y + (")) (mod Q).

It is obvious that the multiples aS?A, aS3A4, ... of the symmetrical tensor products
appear. Conscquently, the inversion of these formulae (i.e., the expression of the
forms 9;; by means of the forms w;;) easily appear after the substitution (23). For
our aim, it is sufficient to deal only with 4th order forms.
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As usual, we shall state only the most important part of the final results, namely
the cocfficients

0 _ 1 1 >’f 2v4 _ ’f 23, 2
B = Erant \aw, @) ~ 250 pu )P+
82 2 o 2 ¢ ) o 2
+ (2 f + a f ) (q2p2)2 9 (9 f q3(1)2)2+ a f (p2)4)

02 ) EN
QugeOuyy — Ouz, Oy Oy ouz,

and B% resulting from B*° after the substitution ¢*> — ¢', p?> — p'. In rough terms,
the next performances can be outlined as follows. If B4 is identically nonvanishing
(i.e., if f is a nonlinear function of second derivatives), then the requirements B% =
0, B* = 0 provide (the same) 4th order algebraic equation (c.g.) for the quotients

w'=q'/pt, W=

We need A # 0, hence w' # w?, so that the algebraic equation should have at least
two different real roots which are to be chosen for w!, w?. (The case of a quadruple
root is similar to Section 4 so that quite other methods should be applied. The case
of imaginary roots can be in principle resolved by complexification.) So we obtain
two distinct intrinsical fields of directions

(25) Zi=p' (0, +w'd,) (i=1,2;w" # w?)

where p? are not yet specified. (One can observe that they are nothing else than the
common characteristic directions to the ££ equation.) Then we may employ any
two of the requircments

B3 =1 B2 =1 BB%=1, w=1.
They can be respectively expressed as
PP(P*)3B, =1, 'p*)?By =1, (p")*p*Bs =1, (w* — whp'p?f =1

(cf. (16) for the last onc) where By, B, Bs are certain (in general nonvanishing)
polynomials in the well-known values w!, w?.
After the ultimate specification of p!, p?, the families (25) turn into a certain

intrinsical vector ficlds and we are done.

10. Point equivalences. If we deal with automorphisms of the space of variables
T, ¥, u, then the module ©® = {dx,dy,du } is to be taken for an additional intrinsical
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object. Using Z = pd, + g0y € QO+, w = av € Q° (# 0) and the previous PC form g,
we look at the congruences modulo O:

Z]€ = (pc'® — qb'%) 0z + (pc® — qb®')0,,
Z|dw = a(pds + qUy).

The right hand sides are proportional if and only if

pCIO _ quO = sap, pCOI _ quI

= saq.
A solution Z # 0 exists if and only if the proportionality factor s satisfies s* =
(M? — LN)/a? where L = 9f/Ouzy, M = 0f/0uzy, N = 0f/0yyy. So we occur
in a situation quite analogous to that in Section 1. For instance, if M? > LN
then the intrinsical requirement s = 1 can be introduced and yields the common
specifications @ = (M? — LN)Y?, & = av, Z*, Z~ formally the same as in Section 2.
(It is to be noted that these Z+, Z~ have nothing in common with the characteristics
of the £L£ equation!)

11. Fiber equivalences. Here the module {dz,dy } and thus also the previous
O = {dz,dy } U Q° are taken for intrinsical objects. Consequently, the subfamily of
(2) consisting of all forms

E=Xde + ) (b9 dy - da) AV

with the typical property &€ = 0 (mod dz,dy) is of intrinsical nature. Simplified
arguments of Section 7 applied to this subfamily lead to the familiar spccification,
the common PC form

Az +dy A (b0 + 0199, + 0°19,) + dz A (%09 + 109, + °19,),

where the coefficients ¥, ¢ are given by (21, 22). Also the following calculations
and results greatly simplify.

549



FIRST ORDER DIVERGENCE EQUIVALENCE

12. Preparatory results. Retaining the previous underlying space endowed
with the same module Q as before, we shall be interested in the divergence equiv-
alences for the variational integral (1). The primary intrinsical objects are Q (con-
sequently all submodules 2¢ C Q) and the family of all 2-forms £ dy with ¢ an
arbitrary 1-form, that is, the family of all 3-forms d¢ (where & is expressed as (2)).
The arguments of Section 5 (except the last one) imply that the differential d€ of
the form (3) is of intrinsical nature. So, instead of intrinsical 2-form &, we have the
closed intrinsical 3-form d¢ if we deal with the divergence equivalence.

Recalling the generator w = ad (a # 0 is variable) of Q° and formula (4), we
conclude that {...}/a is intrinsical modulo Q° analogously to Section 1. But the
argument cannot be continued since the form £ is not available here. Instead we
introduce the intrinsical family

x={ . }/a+(bdy —cdz)Ad (mod QAQ),

where a # 0,0, c are variable functions. Using the frame (14), let

\'=Ziy = %(Edy — M9, — NV, — cw) — %—(Edm — Li, — MY, — bw),

(26) wi=2Zdw = Z'Ina - w+ a(p'ds + ¢'dy).
Assuming E # 0, one can then obtain

wLN—a_EMOI Ay, w'Aw?= w%ﬁz A Yy (mod Q°)y)

with the factor w = (p'q® — ¢'p*)E/a (other than the previous one (1G) which
does not make any sense here). Assume M? # LN and let + = sign (M? — LN).
Coefficients of U, A 9, differ by a sign (an intrinsical requirement) if and only if we
specify @ = (£(M? — LN))/*. We may also introduce @ = @, ¥ = Edx Ady/a
(mod Q), @ = (p'q? — ¢'p?)E/a. In particular, it follows that the second order

E
—dz Ady — extremum
a

is intrinsically related to the divergence problem. However, Sections 7-11 cannot be

variational integral

directly referred to since the function E/a is of a rather special kind, lincar in the
second order derivatives. Although the mecthods of the previous Sections could be
casily adapted, we shall draw a slightly different way.
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13. Concluding results. Instead of looking for the PC form of the above vari-
ational integral, we shall specify the coefficients b, ¢ appearing in ¥ by means of the
requirement dy = 0 (mod 2°,Q A Q). After some direct calculations, this require-
ment is expressed by

b=a aE/a +0M c=a 8E/d+82£+ayﬁ ,
Oug a Ouy a a

and then
OE/a
ou

dy =2 Iw A x (mod A Q), I—E( +c')b+ac)

where I is clearly an invariant for the diverence equivalences.
The only mmaining problem consists in the specification of p, ¢* (since then the
forms x!, \?, @, w!, w? together with the appropriate forms (17) provide the sought

Frenet coframe). To this goal, we may employ @, @, I.

In more detail, ¥, and Y, can be expressed as linear combinations of @, w!, w

(cf. (26)). Analogously dz, dy can be expressed in terms of x!, X2, @, w!, w?. One

can then derive the development

2

do =dlnaA@+a(dz AJ, +dy AYy)

= %(Xl A = 2 AWl + (420! - AW A D
where the cocfficients
Al= (qi (L(?x + Md, + E(aix ~ca)) - pi(l\/ff)x + N, + E(é‘?—J —ba)) )

asw

are of intrinsical nature. Even more interesting is the development
dI = ZA’WU (mod Q%,\!, x?)

quite analogous to (24) but with the summation over ¢ + j = 3. Using the hint of
Section 8, it may be adapted to

dI =Y BYw;  (mod 0%,x,x?)

where BY (i + j = 3) are coefficients of intrinsical nature. As a result, we have a
sufficient supply of means to reach the specification of Z1, Z2. The calculations are
in a certain sense of intermediate nature between the previous cases of the first- and
second-order variational integrals and do not bring any new ideas.



FIRST ORDER TRIPLE INTEGRALS

14. Preliminaries. Changing the underlying space and the module §2, we shall
be interested in the equivalence problem for the variational integrals

// f(x,y,z,u, uz, uy,u;)dz Ady Adz — extremum.

The new underlying space with coordinates z, y, z, u;x (¢,7,k = 0,1,...) is cndowed
with the module Q = {V;;1; 4,5,k = 0,1,...} where Vijr = duijp — wig1,jxdr —
Wi j+1,k dy — u; 5 x+1 dz are the contact forms, and with the Lagrange density \ =
fdz Ady Adz. (Abbreviations like u = wqgo, - - . analogous to the previous ones will
be currently used.) The module Q together with the family of all 3-forms & satisfying
the congruence £ = A (mod Q) are taken for primary intrinsical objects.

First of all, it can be verified that all automorphisms of the underlying space
which preserve 2 are mere prolonged contact transformations. In other terms, they
preserve all submodules Q¢ = {¥;54;i +j + &k < 54,5,k =0,1,...} C Q. We omit
the proof.

Sccondly, the family of all forms £ is very wide and we should like to pick out a
certain special form € from it. This goal can be achieved by a successive reduction
procedure quite analogously as in Section 6. (The reduction may run as follows.
Since ° = {¥} C Q is an intrinsical submodule, the group of coordinates z, y, z, u,
Ug. Uy, U is intrinsical, too. Consequently, we may deal with such forms & which
are expressible in terms of forms from the module E = {dz,dy,dz,9,9;,9,,9.}.
For this subfamily, the additional requirement d¢é = 0 (mod Q2°,Q A ) leads to a
still narrower class of forms ¢ of the kind

E=A+(Pdy ANdz +Qdz Ade + Rdz Ady) AY
—d(WA(rde +sdy +tdz)) +o

where P = 9f/du,, Q = 0f/0uy, R = 0f [Ou. are determined, r, s, ¢ are variable
functions, and ¢ = 0 (mod Q' AQ!). Then, closely simulating Section 6, we introduce
the requirement d¢ = 0 (mod 0°). This implies the vanishing ¢ = 0. Finally, the
form £ can be represented as a product &' A €2 A €3 of three linear forms if and only
ifr=s=1t=0.) As a final result, the familiar PC form

(27) E=A+(Pdy Adz +Qdz Adz + Rdx Ady) A

appears. In principle, it is of intrinsical nature with respect to prolonged contact
transformations (the automorphisms of Q) but we shall now see that in reality only
the prolonged point equivalences may be taken into account.
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In more precise terms, we shall see that the module © = {dz,dy,dz,du} is of
intrinsical nature. To this aim, let

0 = 0/0x+ Y uip1,;40/uijk, 0y =0[dy+...,0:=0/dz+...
be the familiar basis of Q+. Then the moving frame
. . . pl...
(28) Z'=p'0y +q'0y + rlo, (2 =1,2,3; A = det ( - r3> # O)
(a gencral basis of 1) is of intrinsical nature. It follows that the families of forms
(29) ¢=2°12°)8 (=2°12')E =22
arc intrinsical and consequently the module
0 = {dx,dy,dz,9} = {¢}, 3, ¢%,0°%

is of intrinsical nature, too. This is the desired result.

On this occasion, let us mention the intrinsical trivector d = 9, A9, A 9./ f (with
the property £(9) = 1) and the relevant identity Z! A Z2 A Z3 = fAQD which means
that the cocfficient fA is of intrinsical nature. One can also verify the formula
C'ACPACE = (fA)3E. (Hint: use (29) on the left hand side and apply the operators
Z1|Z7| and Z'|Z%|Z3 to the arising equation.)

15. Intrinsical polarity. Take a general vector field Z = pd, + ¢9, + r0, € Q-+
and recall the intrinsical family w = a¥ (a # 0 is variable). Then the mapping

Z = Z]dw = a(pV, + q¥y +79.) (mod Q°)

between 4 and Q/Q° is bijective. On the other hand, take a general lincar form
¢ € © with the class ( 2 pdz + §dy +7dz (mod Q°), and recall the PC form (27).
Then the extension product

(AdE = {%((% I+§£0y+g—fﬁz)p
+ (%01+...)q+ (gTIiﬂ“L”')f)}AwAE

makes a good sense and determines a mapping ¢ — {...} of the class of ¢ into Q' /QO°.
Altogether taken, the composition

(30) (={.}=apl: +qly+19,) > Z
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is a polarity with respect to the quadratic form

Pf .
Q) = (0 5 (P)? + auzauy”“"-)

depending on parameter « (which will be soon specified).

In more explicit terms, the polarity (30) is determined by the formulae

10Q Lleq, o 109,

de — =
Y73 29w 2 oF

—0;,dy
It follows that the intrinsical class £ = fdx Ady Adz (mod Q°) is transformed into
the trivector:
Hess f =

fa®

fdeAdyAdz = f-(.IOAN(CIN() =
(where Hess f = det (6 1/0%
Assuming the regularity Hess f # 0, it may be equated to 1 (where =+ is the sign
of f Hess f). This yiclds the specification @ = (£ Hess f/f)!/® of the parameter a
and thus the relevant specifications of all objects (as, e.g., w, Q) depending on a.

) is the Hessian). The coefficient of 9 is intrinsical.

16. An intrinsical form. First of all, let us recall the families (29) depending
on p',...,73. In explicit terms, e.g.,

c’=f("2
3
(31) ’

=pidz +qdy +r1dz + -

2

q3 dz +> + (P

(PPI + Qq + Rr)9.

12 g2
3 g

f

Sccondly, following the common method, let us introduce the families w* = Z*| do
and (17) (where ¢ = 1,2,3). One can then represent da, dy, dz as lincar combina-
tions of ¢!, ¢2, ¢3, @. Analogously U, Uy, ¥, can be expressed in terms of @, w', w?,
w® and (using a slight adaptation of Section 8) analogous formulae can be derived
for higher order contact forms.

In virtue of these formulac (not explicitly stated here), a development of the kind
do =dlmaAo+a(de NI, +dy AYy +dz AD,)
L iAo i iAo

can be derived. (As the first summand of the last term is concerned, use (1(Z%) = fA,
¢{(Z7) = 0 for i # j.) The coefficients

;1 0111('1+£> i+<0111a+9>(1-+<Olnd+£>7.i>
A=A \\ow, 7)Y ou, f)1! du, T f




arc intrinsical. So we obtain the intrinsical vector field

1 Odlna P N
A_af_A(( du, +7)3z+(~-~)3y+(.-.)az)en

uniquely determined from the property (¥(A) = A*. In our regular case, the polarity
(30) can be inverted and transforms A into an intrinsical linear form a, more precisely,
into the class a 2 udz +vdy + wdz € © (mod 0°). (The functions u,v,w can be
explicitly calculated but we omit the result.) Then the formula (31) for ¢! together
with the analogous expressions of ¢?,¢? immediately implies that

1

f(Pu-+-Qv+Rw)l‘)€ ()

a=udr +vdy +wdz +

necessarily is an intrinsical form. (This is the unique element of the class of & modulo
00 which is linearly depending on ¢!, ¢?,¢3.)

17. Concluding note. One can also derive an invariant depending on the ££
operator E = 3 (=0,) (=0y)? (—=0.)*0f/Ousji. Namely, the formula

dé 2 EYAdx Ady Adz = %Q/\E (mod A Q)
implies that the function I = E/af is of this kind.

In general several strategies can be chosen to ultimately specify Z!, Z2, Z3 and
thus to reach the Frenet coframe. Assuming A # 0, one may choose Z! = A and then
consider the invariant function Q(a) and the development of dQ(«a) in terms of ¢!,
(%, 3, @, w!, w?, w3 which (in principle) yields a lot of other invariants permitting the
determination of Z2, Z3. The case A = 0 is a rather peculiar one but then the higher
order invariant I and the development of dI can be employed. On this occasion, it is
to be noted that for every invariant B, the class § = 9, B-dz +9,B-dy +9,B-dz €
©/09 is of intrinsical nature and turns into an intrinsical vector field from Q1 by
the use of polarity. This vector field might be included into the sought family Z?,
VARVAR

Because of a large number of particular subcases which may occur, we shall not
pass to more detail. It would be desirable to discuss some particular examples, the
case Hess f =0, and the divergence problem.
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TwO VARIABLE FUNCTIONS

18. Preparatory remarks. In the case of several variable functions, the true
contact transformations do not exist, they are mere prolonged point transformations
(see below for a simple proof). But this fact does not made the equivalence problem
easier since, on the other hand, the order increasing transformations may appcar
(even between variational integrals of a fixed order!) in the infinite jet space (cf. [3]).
It is highly probable that this trouble cannot appear if we deal with mere regular
variational problems but we shall not go into this domain at this place. Our present
aim is a modest one: to deal with order preserving cquivalences for the variational
integral

32 Ty Y, Uy U, Uy, Vg, Uy, Uy ) da Ady — extremum.
yr Uy y

Using the alternative notation

w' =u, w' =0, v, = 0w /ouT oyt

and abbreviations like w* = wj, Wi = wiy, w;, = wgy, ..., we can make our task

i
more precise as follows. ’

Our reasonings are carried out in the space of variables 1 ,wj-k (i=1,2; j.hk =
0,1,...). This space is equipped with the module Q = {'0;k; i=1,2;j,k=0,1,...}
generated by the contact forms 9% = dwjy, — wiy p do —wj o, dy, and with the
Lagrange density A = fdax Ady. We are interested in order preserving cquivalences,
i.c., the submodules Qf = {'17;k; J + k < €} are apriori taken for intrinsical objects.
As the integral (32) is concerned, the family of forms ¢ satisfying the congruence
&= ) (mod Q) is taken for additional intrinsical object, too.

The aim of the present Section is to determine two other (and crucial) intrinsical
objects.

First of all, since Q0 = {0!,9?} is intrinsical (abbreviation ¥ = 0§;), the module

= ={dz,dy,du,dv,du, ,dv; ,duy ,dvy }

is intrinsical, too. (Iint: observe that z, ..., vy is the minimal group of coordinates
such that there exists a basis of Q° expressible in terms of them.) Let us consider a
form w = a?! + bY? € Q where a, b are fixed but arbitrary functions. Then in the

cotangent space of variables dz, ..., dv, , the exterior systems dw =

da A" 4+ db A Y2 + a(de Adu, +dy Aduy) +b(de Advy +dy Aduy) =0
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Lave the common solution 9! = 9?2 = dz = dy = 0 for all choices of a, b. One
can then see that every common solution involves both the conditions 9! = ¥? =0
and also dz = dy = 0. It follows that the above solution is the minimal one (and
thus unique), i.c., the module ©® = {dx,dy,du,dv} is of intrinsical nature. (We
have derived a version of the Lie-Bdckiund theorem: an automorphism of Q° is a
prolonged point transformation.)

Now we shall look for the PC form. In virtue of the previous result, the subfamily
of such forms £ which may be expressed only in terms of differentials dx, dy, du,

dv is of intrinsical nature. These are just the forms of the kind
E=X— Z(Pidy —Qidx) AV + 10 AY?

where P, P?) Q', Q?, r are varying functions. Then the intrinsical requirement
d€ =0 (mod Q°,Q A Q) determines the coefficients

Pi=of/owt, Q'= Of/Ow;.
Moreover, one can see that € can be represented as an exterior product of appropriate
1-forms if and only if r = (p'¢® — ¢'p?)/f. So we have the PC form

i , , . . 1Pt Q
_ i 1 . 9 79l 2 r =
E=A= 2Py —Q ) AU A (F= 5l

).

It is intrinsical with respect to point equivalences (and if the last summand of &
is omitted, the well-known form intrinsical to mere fiber-preserving cquivalences
appears).

19. Principal results. We should like to simulate Section 1. However, alrcady
the counterpart to (4), the formula

A€ = Y {E'de Ady — (L9 + MT9E) A dy

33
53) + (ML + N9y Ade y A7) +7d (90 AY?) +a
(where EY = 9f/ow' — 9,(0f/0wi) — 9,(0f /ow}) are £L operators, L =
O’ [ /owLowl, MY = 9*f[owiow], NI = 9 f/Owidw], and the last summand
a = (Adr + Bdy) A9 A% need not be explicitly stated here) seems to be much
more complex so that we are not able to follow it too closely.

Let us introduce the common family of vectors Z = pd, + qd, € Q+ where p, ¢
are varying functions and

0p = 0/ + Y wiy, LOwly, 9y =0/dy+ Y wi,,,duwly

~

(&2
(&)1



arc the total derivatives. Let moreover w! = a'9! + b'0* (i = 1,2) be a general
coframe of Q°, i.e., a’ and b’ are varying functions with a = a'b? — a?b! # 0. Using
(33), one can derive a formula of the kind Z|dé = 8 A w! + v A w? where 3, v are
certain differential forms expressible in terms of da , dy, 9%, ¥}, ¥. They are unique
modulo 2° (hence modulo ©) and thus the requirement

(34) Z|dw! is proportional to B (mod ©)

makes good sense. Assumning pq # 0 (the subcase pg = 0 is easier), (34) leads to the
condition

(35) (Lllq2 _ 2]\111pq + N11p2)(L22q2 _ 21‘/{22])(] + Ar22p'2)

—(L"2¢? — 2M2pq + N2p?) (L2 % — 2M?'pg + N?1p?) = 0
for the coefficients p, ¢, and to a homogeneous linear system (with coefficients de-
pending on p, q) for al, a2, b, V2. In general, (35) has four mutually distinct roots
A5y = @/0) ;7 =1,...,4, and for each of them, the linear system mentioned has a

(9) (4) ! .
unique nonvanishing solution a} ., B7., determined up to a factor. The corresponding
(4) =)
families
i — o i(i 9l 4 gi 92

1w wh
where w;, w}

(We shall not state more details here for an obvious reason: they are mere routine. It

(t=1,2;j=1,...,4) are variable functions, are of intrinsical nature.

is to be noted that the above uniqueness of afj) , bfj) is ensured if a certain determinant
is nonvanishing which may be regarded as a generalized regularity condition. We also
tacitly omit the discussion of complex and multiple roots, in particular the latter ones
cause much troubles.)

Specification of coefficients can be obtained by the use of the intrinsical require-
ments

Z(31Zwy 1€ = wjwi(AG) — Aw)f ==%1 (j,k=1,2,3)

where the sign is appropriately chosen. (In the case of multiple roots, only a part of
these requirements can be set up.) They yield, c.g., the specification of w;:
wiwy - W w3 il A@2) = A@3)

waw3 f @) = 2@)Aa) — Aw))

(w)? =

Analogous equations determine we, ws (and even wg). Then we may introduce the in-
trinsical forms (;) = Z(j)JE; j=1,...,4. (For the construction of a Frenet coframe,
only two of them are enough.) Specification of coeflicients c; can be comfortably
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derived from the developments of the forms dwf].) modulo Q°. (Alternatively, appro-
priate linear combinations of the forms ;) belong to Q0 and at the same time are
of intrinsical nature.) '

We conclude that there are many ways (not stated above, e.g., the use of d(;,
dA(;y , etc.) to the sought Frenet coframe, however, it seems that it is not reasonable
to continue in this generality.

20. Three remarks. (i) There exist unique functions ¢!, ¢? satisfying the con-
gruence d€ = EA Y tw! (mod ), namely
(36) 0= LB - B2?), £ = L (E%! - B,

af af

Since t' are intrinsical for the equivalence transformations between variational in-
tegrals, and transformation rules for the values f, a = a'b? — bla?,a !, a2, b', 02
arc clear (f and a are multiplied by a determinant, a* and b* are changed in such a
manner that the forms w? = a!9! 4 b*)? are invariant, i.e., contragradiently to ¥?),
the formulae (36) determine the transformation rule for the ££ operators E', E?. If
morcover a, b* are replaced by specified values, t! and ¢? turn into invariants of the
integral (32).

(ii) A biquadratic form intrinsically related to the integral (32) can be determined
by simulating the method of Section 3,15. The above mentioned form Q(Z @ )
will be defined on the tensor product 2+ ® Q° and will be quadratic in the factors
Z € Ot and ¢ € Q0 separately. In explicit terms, let Z = pd, + ¢80y, w = a?! + bY?.
We introduce the mapping

(37) ZQw— Z|dw = a(pV), + qV,) + b(pYZ + q92) € 21 /Q°.

It determines a bijection between the spaces Q1+ ® 2° and Q!/Q°. Now, in order to
define the “bipolarity” relevant to the sought form Q, we have to introduce the dual
space
Ot 0% = @)y )

Here (1) consists of restrictions of linear forms ¢ to the space QL; we denote
¢ =pde +qdy € ()" If we introduce the basis 9;, 9y, 9/89%, (i = 1,2;j,k =
0,1,...) of the module of all vector fields (the basis is dual to the basis dz , dy, ﬂ;k),
then the restriction to Q° of a vector field C = ¢d; + ¢'9y + 3 ¢5,8/30%, clearly is
C = 19/d0" + c29/09? € (2°). With this notation and formula (33), we have the
mapping

(38) (RC > CJCAE)={.}>{.}ea/q,
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where {...} =

= > A (LIpVL + MY (G0 + pu) + N qoi)
(39) I
+?(cl (P03 — qU2) — *(po, — avl)) € Q'/Q°.

The inversion of (37) composed with (39) yields the sought “bipolarity” mapping
P: Qo0 - (O ® Q%" The relevant biquadratic form is defined by the duality
pairing Q((® C) = B((® C)(C® C), where B((® C) € (2 © Q°)"is regarded as a
linear function on Q+ © Q°.

(iii) If we deal with fiber equivalences, the module {da, dy } is of intrinsical nature.
Then the last summand of (39) may be omitted and Q gets simplier. Analogous
arguments applied to € implies that both the forms A = f da Ady and = S(Pidy -
Qidx) AV are of intrinsical nature. We may consider the mappings Z — Z]\.
C — CJpu into the module {dx,dy}. The first can be inverted and so we obtain
an intrinsical mapping (2°)+ — QL by composition, and thus a biquadratic form
Q(¢ @ Z) by substitution.
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