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1. PRELIMINARIES

We will use the standard notation for l-groups, cf. [1, 4, 7, 8]. Throughout the
whole paper G is an [-group, R is the real group, @ is the rational group, Z is the
integer group and N is the set of all natural numbers. Let {G, | @ € A} be a system

of l-groups and [| G4 their direct product. For an element g € [] G, we denote
: aEA aEA
by g« the a component of g. An l-group G is said to be a subdirect sum of I-groups
Ga, in symbols G C' [] Ga, if G is an l-subgroup of [] G, such that for each
a€A aEA
a € A and each ¢’ € G, there exists g € G with the property go = ¢’. An l-group

G is said to be an ideal subdirect sum of I-groups Ga, in symbols G C* [] Ga, if

a€A
G C' JI Ga and G is an l-ideal of [] Go. We denote the [-subgroup of [] G
a€EA aEcA aEA
consisting of the elements with only finitely many non-zero components by 5 Ga.
a€A

An l-group G is said to be a completely subdirect sum, if G is an l-subgroup of

Il Gaand ) G4 CG.
a€A a€A
A subset D C G with 0ED is said to be disjoint, if g; A go = 0 for any pair of

~ distinct elements g;,92 € D. For any X C G we write X* = {g€ G | |g|A|z] =0
for each z € X}. For g € G, [g] is the convex [-subgroup of G generated by g, (g)
is the polar subgroup of G generated by g. Clearly, [g] C (g9). We denote the least
cardinal a such that |A] < « for each bounded disjoint subset A of G by vG, where
|A} denotes the cardinal of A. G is said to be v-homogeneous if vH = vG for any
convex I-subgroup H # {0} of the l-group G. A v-homogeneous I-group G is said to
be v-homogeneous of a type if uG = a. An l-group G is said to be ic-homogeneous of

* The author is indebted to W. C. Holland for his memerous suggestions and his patience
through long hours of discussion on this material. The author is also grateful to the
referee for pointing out a number of obscurities in the original manuscript of this paper.
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B type if any nontrivial interval in G has the same cardinality 8. Let a and 3 be two
cardinal numbers. An Il-group G is said to be of (@, ) type if G is v-homogeneous of
a type and ic-homogeneous of 8 type. For example, R is an l-group of (1,2%°) type.
The goal of this paper is to prove that any complete [-group G is l-isomorphic to an
ideal subdirect sum of the integer groups Z and complete l-groups of (a,R;) type.
Consequently, we can give a structure character for a complete [-group.

In [10] Jakubik proved that any complete [-group is a completely subdirect sum
of v-homogeneous l-groups. Now we can strengthen this result.

Lemma 1.1. Any complete l-group is l-isomorphic to an ideal subdirect sum of
complete v-homogeneous l-groups.

Proof. Let G be a complete [-group. Without loss of generality, by virtue of
Theorem 3.7 in [10] we may assume that

(1.1) Y scad [[ Ts

seA LIAN

where each T5 (6 € A) is a v-homogeneous [-group.

(1) First we prove that each Ts (6§ € A) is complete. For each § € A we put
Ts ={g€ G|& #6= gs =0}. It is easy to verify that each T's is a direct factor of
G and it is a folklore that each direct factor of a complete [-group is again complete.
Hence T'5 is complete and thus T is complete as well.

(2) We prove that G is an ideal subdirect sum of T5 (6 € A). Let 0 < g€ [] T,
then gs, > 0 for some dp € A. Let §s, be the element in [] Ts whose dth comifo?lent
is gs, and all other components are zero. Then it follois;l from (1.1) that gs, € G,
and so 0 < gs, < g, therefore G C' [] T5 is a dense l-subgroup of [] Ts. Let
{z* | a € A} C 6£IA Ts and z € 6IE]A ’l:ffASuppose that z* < z for all (6162 A, then

there exists 25 = \/ (T9)z¢ for any § € A. Put 2’ = (...z§...), then z* < 2’ for
a€A
all @ € A. Assuming that y is any upper bound of {z* | a € A}, we have z§ < ys
(I Ts)
(e € A) for any § € A. Thus z§ < ys and 2’ < y. Therefore ' = \/ s€2 Y,
a€A
On the other hand, G is complete. So it follows from Lemma 2.3 in [3] that G is an
l-ideal of [] T5, i.e.
sea

e [ 1s
seA
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The following lemma is an immediate consequence of Theorem 1 of the fourth
chapter in (7).

Lemma 1.2. Any non-zero complete totally ordered group is l-isomorphic to the
real group or the integer group.

2. v-HOMOGENEOUS [-GROUP OF N; TYPE

R and Z are complete v-homogeneous [-groups of 1 type. In this section we will
discuss the character of a non-totally ordered complete v-homogeneous I-group. First
of all we have

Lemma 2.1. Let G be v-homogeneous and non-totally ordered. Then vG 2 No.

Proof. Since G is not totally ordered, there exist incomparable elements a,b €
G. Put a; = a—(aAb), by = b—(aAb) and g = a; Vb;. Then the set {a1, b1 } is disjoint
and the convex I-subgroup [g] is not totally ordered. Since G is v-homogeneous, [b1]
is not totally ordered, either. Thus [0,b;] is not a chain by 4.3 in [10]. Hence
there exists a disjoint subset {az2,b2} C [0,d1] and {a1,a2} is clearly a disjoint set.
Analogously we can construct disjoint sets {aj,az,...,a,} (n =1,2,...). Then the
set {an}22, is disjoint as well, it is a subset of [0, g]. Hence vG > Ro. O

Thus, if G is a v-homogeneous and non-totally ordered I-group, then there exists
an infinite cardinal X; such that G is a v-homogeneous I-group of X; type.
From Lemma 1.1, Lemma 1.2 and Lemma 2.1 we get

Proposition 2.2. Any complete l-group G is l-isomorphic to an ideal subdirect
sum of real groups, integer groups and complete v-homogeneous l-groups of X; type.

Proposition 2.3. Let G be an Archimedian v-homogeneous l-group of X; type
and G # {0}. Then G has the following properties:

(1) G has no basic element,

(2) G has no basic,

(3) the radical R(G) =G,

(4) G is not completely distributive,

(5) the distributive radical D(G) = G.

Moreover, every non-trivial convex l-subgroup of G enjoys the same five properties.

Proof. By Theorem 5.10 in [4] we need only to prove (1). For any 0 < a € G,
v[a] = vG > 1. So [a] is not totally ordered, and by 4.3 in [10], [0, a] is not totally
ordered, either. O
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An l-group G is said to be continuous, if for any 0 < z € G we have x = 7, + 7,
and z; Aze = 0, where z; # 0, 3 # 0. An l-group G is said to be of countable type,
if vG S No.

Example. Let S be the set of all real, mesurable, almost everywhere finite
functions z(t) on a closed interval [a,b] C R. The algebraic operations are introduced
in S in the usual way. The class of positive elements is selected in S with the aid
of the following definition: we define z > 0 (z € S) if z(¢) > 0 almost everywhere,
but in this connection z(t) > 0 on a set of positive measure. Mutually equivalent
functions are identified, i.e., they are viewed as the same element of the set S. It is
easy to see that S is a complete vector lattice of countable type [12], and it is also
easy to see that S is continuous.

Lemma 2.4. A complete l-group G is continuous if and only if G has no basic
element.

Proof. The necessity is clear. Suppose that G has no basic element and 0 <
x € G. Then [0,z] is not totally ordered. By a standard argument there exist
ay, by € [0,z] such that a; A b = 0. Since G is complete, [z] is also complete. From
the Riesz decomposition theorem of a complete [-group we have

(2.1) [z] = af Bai*.
Further, a; € ai* and b; € ai', s0 ai- # 0, ai" # 0. From (2.1) we have
T =21z + Z9, 0<z1<z,0<2z3<zandz; Azy=0.
Hence G is continuous. ]

Lemma 2.5. Let G be a projectable and non-totally ordered l-group. Then G is
directly decomposable.

Proof. Since G is not totally ordered, there exist a;,b; € G such that 0 < a,,
0 < by and a; A by = 0. G is projectable, so

G =ai Bai,

where a, € ai*, b € af-. O

An l-group is said to be ideal subdirect irreducible if G cannot be expressed as an
ideal of an ideal subdirect sum of non-zero [-groups.
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Lemma 2.6. A complete [-group G is directly indecomposable if and only if G is
ideal subdirect irreducible.

Proof. Necessity. Suppose that G # {0} is directly indecomposable. If G C*

[ Gs, then 3" Gs CG. Put Gs ={g€ G |d # 6 = gs =0} for § € A. Then
sea sea

there exists § € A with G5 # {0} and
G =G;BGy,
where G§ = {g € G | gs = 0}.
The sufficiency is obvious. O
Lemma 2.7. An Archimedean l-group G is subdirectly irreducible if and only if
the Dedekind completion G of G is ideal subdirect irreducible.
Proof. Necessity. Suppose that G is subdirectly irreducible. If G C* [] Gs

SEA
leXel H G},
SeA

then

where G5 = Ggs and gs is the projection from G” onto G5 for § € A. So G” must
be ideal subdirect irreducible.

Sufficiency. Suppose that G” is ideal subdirect irreducible. Since any non-zero
complete [-group is [-isomorphic to an ideal subdirect sum of real groups, integer
groups and complete v-homogeneous I-groups of X; type, by Lemma 2.5 any complete
v-homogeneous [-group of R; type is directly decomposable. So G® = Ror Z and G
is a subgroup of reals. O

Now from Lemma 2.4, Lemma, 2.5 and Lemma 2.6 we have

Proposition 2.8. Let G be a complete v-homogeneous l-group of X; type. Then
(1) G is continuous,

(2) G is directly decomposable,

(3) G is not ideal subdirect irreducible,

(4) G has a closed l-ideal.

Moreover, each nontrivial convex l-subgroup of G enjoys the same four properties.

From Lemma 2.7 and Proposition 2.8 we obtain

Corollary 2.9. An Archimedean v-homogeneous l-group of X; type is not subdi-
rectly irreducible.

269



Now let G be an Archimedean v-homogeneous I-group of X; type. Then the divis-
ible hull G? of G is a vector space over Q. If {z, | a € A} is a disjoint subset in G¢,
then {z, | @ € A} is linearly independent. In fact, suppose that there exists a finite
subset {Za,,...,Za, } in {Zo | @ € A} which is linearly dependent. That is, there
exist \; € Q (i=1,...,n) (not all 0) such that

MZoy + ...+ ApZa, =0.

Then we have
Ta; = Z ( - 'A—i):vak
k#i
for some A; # 0. But in this case z4, A Zo, # 0 for some k # i, a contradiction.
Conversely, if {zo | @ € A} is linearly independent, then {z, | @ € A} need not be
a disjoint subset. In particular, we have

Proposition 2.10. Let G be an Archimedean v-homogeneous l-group of X; type.
If {zo | @ € A} is a maximal linearly independent subset in G?, then {z, | @ € A}
is not disjoint.

Proof. Assume that {z, | @ € A} is a maximal linearly independent subset in
G If {zo | @ € A} is disjoint, take some o, (ao € A). Then z,, = zi, /n with
z,,, € G andn € N. Since G is v-homogeneous I-group of R; type, v[z,, ] = vG > 1.
So there exist 0 < yg,, yp, < ., such that ys, Ays, = 0. Since {z, | a € A}
is maximal linearly independent, there exists a finite subset {zo, | i = 1,...,n}
of {zq | @ € A} such that {yg,,zq; | ¢ = 1,...,n} is linearly dependent. Hence

n

Ys, = 2 AiZq,;. It is easy to see that yg, > 0 implies A\; > 0 (i = 0,1,...,n) by
i=0
the Bernau representation of an Archimedean [-group (see Theorem 3.3 in [5]). It is

also easy to see that z; A 3 = 0 if and only if \yz; A Aazo = 0 for z;,z3 € G* and
A1, A2 € Q. Hence, if a; # ag, then

0= yﬂl Axai = (ZAJ.:EOJ) A-’Ba{ = (V Ajzaj) /\:l:a.,
=0

j=0
= AiZTo; N Tqy-

SoX; =0 (i=1,...,n)if a; # ap. Thus there exists j € {1,2,...,n} such that
o = ap. Then

Yg =Yp A Lo

and by an analogous method as above we get
Yy N Ta; = AjTa; NTa; = (Aj + 1)Ta;,
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hence A\j +1 > 0. Put = A; — 1 = Ao. Thus yg, = AoZTq,. Similarly, ys, = oZae-
But in this case
Yo NYBy = AoTag A HoTag # 0,

a contradiction. O

3. COMPLETE ic-HOMOGENEOUS [-GROUP OF ¥; TYPE

In this section we will discuss properties of a complete ic-homogeneous [-group of
R; type.
Proposition 3.1. Let G be a complete ic-homogeneous l-group of a type and

vG = N;. Then a = o™ for any N; < N; if i is a limit ordinal, and a = o™ if i is
not a limit ordinal or R; = Ng.

Proof. Suppose i is a limit ordinal and X; < ®;. Then there exists a bounded
disjoint subset {z, | @ € A} in G with |[4] = R;. Put
T = V To.
a€A
Consider the mapping ¢: y = {y A 2o} of the lattice [0,z] onto [] [0,z.]. By the
aEA

infinite distributivity of [0,z] it is easy to show that ¢ is an isomorphism. Hence
a = oM. If i is not a limit ordinal or R; = g, then there exists a bounded disjoint
subset {zo | @ € A} in G such that |A| = X;. So we have a = o™i similarly as before.

O

Proposition 3.2. Let G be an ic-homogeneous l-group of X; type. Then the
divisible hull G¢ of G is also an ic-homogeneous l-group of R; type.

Proof. Suppose 0 < g € G. Then card[0,g]° = R;. If ¢’ € [0,9]¢", then
g’ = §/m with § € G and § = mg' € [0,mg]®. Hence

oo
X; = card[0, 9]¢ < card[O,g]Gd < card ( U [O,mg]G)

m=1

So
card[O,g]Gd =N;j.
Now assume 0 < g € G%. Then g = g’/n with ¢’ € G, and so

card0, g]°" = card[0, ng]®" = card[0, ¢'|%" = R;.
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Lemma 3.3. Let {Gs | 6 € A} be a collection of ic-homogeneous l-groups of

R; type. If |A| < max{vGs | 6 € A}, then any subdirect sum G C' [] Gs of
seA
{Gs | 6 € A} is also ic-homogeneous of X; type.

Proof. Forany 0 <z € GC' ] Gs, let £ = (...x5...). Consider some
seA
do € A. For any ys, € G5, with 0 < ys, < 5, there exists z € G such that z5, = ys,.

Then
(zVO0)Az € [0,z]C.

So there exists a one-to-one mapping from [0, z5,]% into [0,z]¢. Hence

card(0, z5,]%% < card[0,z]¢ < card H [0, 25]%5.
sea

By Proposition 3.1 we have
R; < card[0,2]¢ < R = x;.
That is,
card[0, 2] = ;.

For any nontrivial interval [a,b] in G we have

card[a, b]¢ = card[0,b — a]® =

4. THE STRUCTURE CHARACTER OF A COMPLETE [-GROUP
In this section we first give some properties of an [-group of (R;, X;) type.

Lemma 4.1. Let G be a complete l-group of (X;,N;) type. Then

(1) NR’ = N; for any N; < N; if 7 is a limit ordmal and NR ; if i is not a limit
ordinal or ¥; = Ng.

(2) ®; < N;. Ifi is not a limit ordmal or R; = R, then 2%  N;.

Proof. (1) It follows from Proposition 3.1.

(2) Let G be a complete l-group of (X;,R;) type and [0,g] a nontr1v1al interval in
G. Assume that neither i is a limit ordinal nor 8; = Ro. Since v[g] = vG = X;, there
exists a disjoint subset {z, | @ € A} in [g] such that |A] = R;. Then {zoAg| a € A}
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is also a disjoint subset in [0, g]. For a subset Ag of A, put 253 = \/ (zaAg). Then
a€Ap

2g € [0, g]. Using the Bernau representation of a complete I-group, it is easy to see
that Ag # Ag implies z3 # zz. (In fact, [g] is a complete [-group. There exists a
maximal disjoint subset M in [g] such that M D {zo Ag | @ € A}. By Theorem
3.3 in [5], we can choose an l-isomorphism 7 such that M7 is a set of characteristic
functions of a family of pairwise disjoint clopen subsets of the Stone space X whose
union is dense in X.) Let B be the set of all subsets of A. Then

R; = card[0,g] > |B| = 2™ > ;.

If 7 is a limit ordinal, for any X, < X; there exists a disjoint subset {z, | @ € A} in
[g] such that |A| = X,. Similarly we have X; > 2™ > X,. So R; > R;. a

Lemma 4.2. An ideal subdirect sum of finitely many complete l-groups of (X;, R;)
type is also a complete l-group of (¥;, R;) type.

Proof. Suppose

where G; (¢ = 1,...,n) is a complete l-group of (X;, R;) type. Then G = [] G;. Let
=1

G’ be a convex l-subgroup of G. Then
(4.1) vG' <G =o(J] G:i) <RF =R

On the other hand, let g; be the projection to G;. Then G’p; is a convex l-subgroup
in G;. Put
Gi={9e€G|j#i=>g;=0, gi€Go;}.

Then G; is a convex l-subgroup in G’ and so
(4.2) vG' 2> vG; = vG'p; = N;.

Combining (4.1) and (4.2) we get vG' = ¥; for any convex [-subgroup of G. Hence

G is a v-homogeneous I-group of R; type. Now let [a, b] be any nontrivial interval in
G. Then

R; < cardfa, b] < R} = N;.
So card[a,b] = X;, and G is also an ic-homogeneous [-group of R; type. O
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Proceeding similarly as in the proof of Lemma 1.1, from Theorem 3.7 in [11] we
obtain

Proposition 4.3. Any complete l-group G is l-isomorphic to an ideal subdirect
sum of integer groups and complete ic-homogeneous l-groups.

Let G be a complete v-homogeneous I-group of X; type. Then no direct summand
of G is Z or R. Further, every direct summand of a complete v-homogeneous I-group
of X; type is also a complete v-homogeneous I-group of R; type. So Proposition 4.3
yields

Lemma 4.4. A complete v-homogeneous l-group G of X; type is l-isomorphic to
an ideal subdirect sum of complete l-groups of (X;,R;) type.

Theorem 4.5. Any complete l-group G is l-isomorphic to an ideal subdirect sum
of integer groups and complete l-groups of (a, R;) type.

Proof. By Proposition 2.2, without loss of generality, we have

(4.3) Gec ] Gs,

sea

where each G5 = Z or R or a complete v-homogeneous I-group of X; type for § € A.
If G is a complete v-homogeneous I-group of X; type, then, by Lemma 4.4, we have

(4.4) Gs C* H Gs,
AEA;s

where each G)s is a complete {-group of (R;,®;) type. Because an ideal subdirect
sum of ideal subdirect sums of complete [-groups is still an ideal subdirect sum of
complete l-groups, so substituting (4.4) into (4.3) we get

(4.5) Gc* [] G,
AEA
where each G is either Z or a complete I-group of (o, X;) type. O
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5. THE ESSENTIAL CLOSURE OF A COMPLETE [-GROUP

In this section we deal with the essential closure of a complete [-group. Let G be
a complete [-group and 0 < z € G. Put

P(z) = {z; € [z] | z = 1 + &}, 1 Az} =0}

For example, if G = R and 0 < z € G, then P(z) = {0,z}. If G is a complete v-
homogeneous I-group of R; type and 0 < z € G, then G is continuous by Proposition
2.8 and it is easy to verify that P(z) is infinite.

Lemma 5.1. Let G be a complete l-group and 0 < = € G. Then P(z) is a
complete Boolean algebra.

Proof. Foranyz; € P(z) we have z = z; +z} with z; Az} =0. Soz =z, Vz].
Hence P(z) is a Boolean algebra. Let z, € P(z) (o € A). Then

T=To+Th, Ta AT, =0

for o € A. Since G is complete and 0 € o < z (o € A), there exist y = \/ z4 and

a€A
z= /\ z.. By elementary calculations we obtain
a€A
yANz=0,yVvVz=uz.
Hence P(z) is a complete Boolean algebra. a

Let G be an l-group, let P(G) denote the Boolean algebra of all polars in G. Let
P,(G) = {g'- | g € G} be the set of all principal polars of G, and let Co P,(G) =
{g* | 9 € G}. The map a** — at is a lattice anti-isomorphism between P,(G) and
Co P,(G). From Theorem 5.2.9 in [8] we obtain

Lemma 5.2. Let G be an l-group. Then for any 0 < x;, 22 € G,
1 Azy = (21 Vz2)t, ot War = (23 Azg)t,

where W is the polar join.

From Lemma, 5.2 we have
Lemma 5.3. Let G be an-l-group and0 < z € G. Then for any0 < z;,z2 € P(x),
Z1fe) A T3ja) = (21 V 22)iz)s B1ja) W B0 = (21 A 2)jz)
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and
1 1 — 1 1 1 — L
Ty u A$2IJL—($1VZ'2)xJLy TizL WIII2ZL—(11/\.’L'2)$JL,

where zll[I] and zle . denote the principal polars in [z] and z', respectively, and

similarly for x,.

Lemma 5.4. Let G be a complete I-group and 0 < z € G. Then P([z]) (P(z))
and P(z) are anti-isomorphic, and P([z]) and P(z*') are isomorphic as Boolean
algebras.

Proof. First we show that there exist 1-1 correspondences between P(z':),
P([z]) and P(z). Consider the Bernau representation of G

7 G = G C D(Xg),
z—3eQG.

By Theorem 3.3 in [2] the l-isomorphism 7 can be chosen such that £ is the charac-
teristic function of a clopen subset S of the Stone space X¢. Suppose M; € P(¢1).

Since G and G are complete, £1- is also complete. So
it = M; B M,.
Then
(2] = M{ 8 M;,

where M| = [£] N My, Mj = [£] N M,. Hence
(51) T=1x +x9, Ty AN23 =0,

where 2, € M7, z; € M3, M| = :cz,l[i] and Mj = mll[i]. On the other hand, if we have
(5.1) and put S; = {6 € X¢g | X1(0) # 0}, S2 = {6 € X | X2(8) # 0}, then the
support of Z satisfies

S(.’i’)=S=51U52 and S NSy, =0

since
¢t ={geG|S(9) C S(@)}

(see [2], p. 609). Put

M, ={ge &' |6 €S, = g(6) =0},
M, ={gei' |6€S = g(6) =0}
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Then
it = M, B M,, [i]= M B M),

where M =z}, ., My = z35, = 23,4 and M| = [£]N M), M; = [§] N M. Hence
the map ¢: M; — M| is 1-1 from P(3'') onto P([2]) and the map ¢': M| — z;
is 1-1 from P([£]) onto P(z). By Lemma 5.3, ¢'(¢'¢p) is an anti-isomorphism from
P([#]) (P(2)) onto P(z), and ¢ is an isomorphism from P(&'") onto P([Z]). O

Let P be a Boolean algebra and 0 < z € P. Put
P(z)={a€eP|0<a<z}.
Then P;(z) is a subalgebra of P. We call P, (z) a section in P.

Proposition 5.5. Let P and P’ be two complete Boolean algebras and {z. |
a € A}, {z,, | @ € A} maximal disjoint subsets in P and P’', respectively. If

P (z,) ~ Pi(z!,) as Boolean algebras for o € A, then P is isomorphic to P’.
Proof. Since {z, | @ € A} is a maximal disjoint subset, we have \/ z, = 1.
aEA
Indeed, if V zo <1, then {z4,1 — V\ zo | a € A} is also disjoint. For any y € P
1 a€A a€A
et

Ya =Y AT € Pi(z4)

for « € A. Then

V va = \/(y/\xa)=y/\(\/ rca) =y.

a€A a€A a€EA

We denote y by y = (y«) and call y, the coordinate of y in the section {P;(z,) | @ €
A}. Let ¢ be isomorphism between P, (z4) and Py (z),). Let ¥/, = va(ya) € Pi(z).
Then

V =y eP.

aEA

So we get a map ¢: y = ¢’ from P to P’. We proceed in the following three steps.

(1) pis1-1. Ify,2€ Pand y # z, then y = \ ya, 2= \ 2, and there exists
a€A a€A
the least ao € A such that yo, # za,- Consequently, y,, # 2z, in Pi(z}, ). Hence

v=Vu#\a=2

a€A a€EA
Otherwise, y' = 2’ implies y,, =y’ Azl =2 Azl =2, for all a € A.
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(2) ¢ is from P onto P’. For any 3’ € P', we havey’ = \/ y/, withy,, = y'Az/ €
aEA
Py (z.,). Now each y,, corresponds to yo = ¢51(y,) € Pi(zs). So y' is the image of
y= V Yo under p.
acA
(3) ¢ preserves V and A. Let y' = ¢(y), 2’ = ¢(z). Then

Pa [(y N Z)a] = Pa [(y Vz) A za] = Qo [(y AZa) V(2 A xa)]
= Ya(Ya V Za) = Pal(¥a) V 0alza) = Y., V 2.,
— (W ATV (AT = (V) AT,

=y V)
So
ey Vv z) =o(y) V().
Similarly, we have ¢(y A z) = ¢(y) A ¢(2). O

Theorem 5.6. Let G and G’ be two complete l-groups. If there exist maximal
disjoint subsets {z | & € A} and {z!, | « € A} in G and G, respectively, such that
[za] > [zl,] for a € A, then the essential closures G¢ and G'¢ are l-isomorphic.

Proof. We need only to show that P(G) ~ P(G') as Boolean algebras. By the
Bernau representation it is clear that x; A zo = 0 if and only if xfj- A x%‘L =0in
P(G). Hence {z | o € A} and {z/}* | a € A} are maximal disjoint subsets in P(G)
and P(G’), respectively. Now [z,] ~ [z.,] as [-groups implies P([z.]) ~ P([z.]) as
Boolean algebras for o € A. By Lemma 5.4 we have

Pi(z3") = P(z3) = P(zg") = Pi(z3")
for « € A. Similarly to the proof of Theorem 1 in {2] we can show that P(G)

and P(G') are complete Boolean algebras. The theorem follows immediately from
Proposition 5.5. 0
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