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Direct and inverse limits of groups have been dealt with by G. Higman and
A. H. Stone [8] and by P. D. Hill [9], [10], [11].

Basic results on cyclically ordered groups are due to L. Rieger [18] and S. Swier-
czkowski [19]. For further references concerning cyclically ordered groups cf., e.g.,
[14]. In a recent paper, D. Gluschankof [5] describes interesting connections between
cyclically ordered groups and MV-algebras.

Let us remark that the notion of cyclically ordered group can be considered a
generalization of the notion of linearly ordered group.

Classes of cyclically ordered groups which are closed with respect to certain con-
structions (radical classes) have been studied in [15]; the analogous notion for linearly
ordered groups has been introduced by Chehata and Wiegandt [2]; cf. also [4] and
[12).

We denote by € the collection of all nonempty classes of cyclically ordered groups
which are closed with respect to direct limits; this collection is partially ordered by
inclusion.

In the present paper we investigate the properties of the partially ordered collec-
tion €.

1. PRELIMINARIES

For cyclically ordered groups we apply the same definitions and notation as in [14].

Recall that a mapping f of a cyclically ordered group G into a cyclically ordered
group G’ is said to be a homomorphism if the following conditions are satisfied:

(i) f is a homomorphism with respect to the group operation;
(ii) whenever z,y and z are elements of G such that f(z), f(y) and f(z) are distinct
and [z,y, z] holds, then [f(z), f(y), f(2)]-

For the sake completeness and for fixing the notation we also recall the notion of

direct limit: in fact, we apply it for the case of cyclically ordered groups (cf., e.g.,
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Kurosh [17] (p. 437-438) for the case of groups, and Gritzer [6] for the case of
universal algebras).

Let I be a directed set. For each a € I let G, be a cyclically ordered group.
Suppose that for each pair of elements a and § in I with a < 3 we define a homo-
morphism ¢.g of G, into Gg such that a < 3 < v implies that

Pay = Pap " PBy-

For each a € I let p,o be the identity on G,.
Let a and (3 be elements of I and let z € G,y € Gg. We put = = y if there exists
v € I with v > o, v > f such that pu(z) = @g,(y). For each z € |J Ga put

a€l
zz{te UGa:zEt}.
a€l
Let G={z:z€ |J Ga}.
a€l
If z; and v;(¢ = 1,2) are elements of |J Ga such that z; = Z; and ¥; = ¥2, then

a€l
clearly z; + v; = z3 + v2. Hence if we put z; + 9; = z; + v;, then the operation +

on G is correctly defined and with respect to this operation G is a group.

Next, we define a ternary relation [, , ] on G as follows. For %, § and 2 in G we
set [Z, 7, 2] if the following conditions are satisfied:

(i) z, g and z are distinct;
(ii) there are a € I, 1 € T, y1 € y and 2; € Z such that z;, y; and 2, belong to G,
and the relation [z1,y1, 21] is valid in Ga.

It is easy to verify that this ternary relation on G satisfies the conditions (I)-(IV)
from [12]; hence G turns out to be a cyclically ordered group. It is said to be the
direct limit of the indexed system {Gq}acr. We express this situation by writing

(1) {Ga}ael — (_;

We denote by ¥ the collection of all nonempty classes C of cyclically ordered
groups which are closed with respect to direct limits, i.e., which satisfy the following
condition; whenever (1) holds and G, € C for each a € I, then each cyclically
ordered group isomorphic to G belongs to C.

The collection ¥ is partially ordered by inclusion. The greatest element of % is
the class C,, of all cyclically ordered groups.

Let G € C,, and let H be a subgroup of G. Assume that there exists a homomor-
phism ¥ of G onto H such that ¢(h) = h for each h € H. Then H is said to be a
retract of G and © is called a retract mapping corresponding to H.

Retracts of abelian cyclically ordered groups were investigated in [13].

232




Lemma 1.1. Let X € € and G € X. Let H be a retract of G. Then H € X.

Proof. Let I be the set of all positive integers with the natural linear order.
For each a € I put G, = G. Let ¥ be a retract mapping corresponding to H. For
a,B € I with a < 8 and for each g € G we put vas(9) = ¥(g). Then (1) is valid,
where G is isomorphic to H. Hence H € X. a

It is obvious that the above Lemma is not specific for cyclically ordered groups, it
is valid for any direct limits of any type of algebraic systems.
The class of all one-element cyclically ordered groups will be denoted by Cj.

Lemma 1.2. Let X € C. Then Cy C X.

Proof. Since {0} is a retract of each cyclically ordered group, the assertion
follows by 1.1. O

Corollary 1.3. Cj is the least element of €.

Let J be a nonempty class and for each j € J let C; be an element of €. Put

C = () C;. Then C belongs to %; hence C is the greatest lower bound of the
j€J
collection {C;}jes. Thus by applying the usual lattice theoretic notation we can

write .
c=NA\¢c;
, jeJ
If D is the intersection of all Dy in € such that Dy > C; for each j € J, then under
analogous notation we have
p=\/c¢;

jeJ

Lemma 1.4. Let (1) be valid. Let a € I and let f, be the mapping of G, into
G such that f,(z) = % for each z € G,. The f, is a homomorphism of G4 into G.

This is an immediate consequence of the definition of the relation (1). O

The elements of € will be called direct limit classes. For H € C,, let P(H) be
the least element of ¥ which contains H; i.e. P(H) is the direct limit class which is
generated by H.

For each cyclically ordered group G we denote by G, the largest linearly ordered
convex subgroup of G (cf., e.g., [14]).

The symbols C* and C° will denote the class of all G € C,, such that G, = G or
G = {0}, respectively.

Thus, in fact, C* is the class of all linearly ordered groups. Also,

ctne’ = C,.
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Next, we denote by C°! the class
CoU (Cn \ CY).

An important example of cyclically ordered groups is the set K of reals z with
0 < z < 1; the group operation in K is the addition mod 1 and for z,y,z € K the
relation [z,y, z] is defined to be valid if some of the following inequalities holds:

r<y<z y<z<r, z<z<y.

The importance of K is emphasized by Swierczkowski’s Representation Theorem.
Let ¢: G — K; ® L be a representation of a cyclically ordered group G in the
sense of [14], Definition 2.4. Under this notation we have

Lemma 1.5. G is linearly ordered if and only if K, = {0}.

Proof. If K; = {0}, then G is isomorphic to L, thus G is linearly ordered.
Conversely, suppose that G is linearly ordered. Then Lemma 3.5 of [14] implies that
K, = {0}. O

In [14] the notion of c-convexity was introduced. In the present paper we shall use
the term “convexity” instead of “c-convexity”.

Let us remark that Lemmas 1.2 and 1.3 [15] (given there for the case of abelian
cyclically ordered groups) remain valid also for the non abelian case if we add the
assumption that the subgroup H under consideration is a normal subgroup of the
group G.

Then from 1.5 and from [15] (1.1, 1.2 and 1.3) we obtain

Lemma 1.6. Let G’ be a homomorphic image a cyclically ordered group G. As-
sume that G is not linearly ordered and that G' # {0}. Then G’ is not linearly
ordered.

It will be proved below that if H is a subgroup of K (with the inherited cyclic
order) and if f is a homomorphism of H into K with f(H) # {0}, then f(z) = z for
each z € H. This result will be applied for investigating direct limit classes X with
CoC X cCCO.

Let A be a nonempty class of cyclically ordered groups and let us denote by T
the class of all ordinals. Put A; = A. Suppose that 7 € T, 7 > 1 and that we have
defined a subclass A,; of C,, for each 7(1) < 7. We denote by A, the class of all
cyclically ordered groups G having the property that there exists an indexed system
{Ga}aer such that

{Gataer € U A;qy and  {Ga}aer — G.
(1)<t
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Put A* = |J A,. Then we obviously have
T7€T

Lemma 1.5. A* is a direct limit class. If B is a direct limit class and A C B,
then A* C B.

2. THE cLASSES Ct AND C°
Let K be as above.

Lemma 2.1. Let ¢ € K be such that ng # 0 for each positive integer n. Then
there exists a positive integer m such that [0,mg, g] is valid.

The proof is simple; it will be omitted.

Lemma 2.2. Let g be an element of a cyclically ordered group G such that g ¢ G,
and ng # 0 for each positive integer n. Then there is a positive integer m such that
[0,mg, g] is valid.

Proof. This is a consequence of 2.1 and of Swierczkowski’s Representation
Theorem (cf. [19]; cf. also [15], Theorem 1.1). o

Theorem 2.3. Ct e €.

Proof. In the way of contradiction, assume that C¢ does not belong to €.
Hence there exists an indexed system {G,}acs such that (1) is valid, G, € C* for
each a € I and G ¢ C*?. Thus there is § € G with § ¢ G,.

There are o € I and g; € G4 such that § = §;. The relation —§ ¢ G, is also
valid; hence without loss of generality we can suppose that g; > 0 holds. Consider
the homomorphism f, from 1.4. We distinguish two cases.

a) Assume that there exists a positive integer n such that ng = 0. Hence 71g; = 0.
Put f;1(0) = H. Then H is a convex subgroup of the linearly ordered group G,
and ngy € H. Thus g; belongs to H as well and therefore f,(9;) = 0, which is
contradiction.

b) Now suppose that ng # 0 for each positive integer n. In view of 2.2 there
exists a positive integer m such that [0,mg, g] is valid. Clearly m > 1. Because of
g1 > 0 we obtain that [0, g;,mg;] and hence [0, §1,m3g1], i-e. [0, g, mg], which is a
contradiction. 0O

In view of [14], Theorem 2.5 we have

Lemma 2.4. Let G € C°. Then G is isomorphic to a subgroup of K.
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Theorem 2.5. C° € %.

Proof. By way of contradiction, suppose that there is an indexed system
{Ga}aer such that (1) holds, G, € C? for each a € I and G ¢ C°. Hence G, # {0}
and thus there exists a strictly positive element g in G;. Therefore [0, g, ng] is valid
for each positive integer n > 1.

There are a € I and g; € G, such that § = §;. Since G, € C°, in view of 2.4 we
infer that G is isomorphic to a subgroup of K. Hence according to 2.1 either

a) there is a positive integer m with mg; =0,
or

b) there is a positive integer m such that [0, mg;, ¢1] holds.

Each of the conditions a), b) leads to the conclusion that the relation [0, g, mg]
cannot hold and so we have arrived at a contradiction. ]

Lemma 2.6. Let G; be a finite cyclically ordered group, G; # {0}. Put A =
P(G1). Then for each G2 € A either G = {0} or G5 is isomorphic to G;.

Proof. Let A; be the class of all G; € C,, such that either G2 = {0} or G; is
isomorphic to G;. Clearly A; C A and G; € A;. Hence it suffices to verify that A,
belongs to C.

Assume that (1) is valid, where each G, belongs to A; and G # {0}. Then
Go € C° for each a € I. Thus in view of 2.5 we obtain that G € C°.

Let I(1) be the set of all @ € I such that fo(Go) # {0} (where f, is as in 1.4).
If I(1) is not confinal with I, then G = {0}, which is a contradiction. Thus I(1) is
confinal with I and hence without loss of generality we can suppose that I(1) = I.

Let @ € I. According to 1.4, f, is a homomorphism of G, into fo(G.). Put
H = f;!(0). Then H is a convex subgroup of G,. Since G, is finite it must be
isomorphic to a subgroup of K. Thus, if H # {0}, then there is £ € H such that
z generates the group G,; this yields that H = G4 and then f,(Gs) = {0}, which
is a contradiction. Therefore H = {0} and hence f, is an isomorphism of G, onto
fa(Ga):

Let v € I, a < 7. Since card G, = card G,, and since this cardinal is finite, the
mapping @a~ is onto and the kernel of @ is {0}; thus ¢4, is an isomorphism.

Let a, 3 € I; thereis vy € I with @ < v and § < 7. Let h € f3(Gg). Hence there is
gs € Gg with h = gg. Thus h = g, where g, = fp,(g95). Put go = ¢3}(g4). Then
go € h and hence h € fo(G4). Therefore f,(G,) = G. Hence G is isomorphic to G,
and thus A; € C. O

Corollary 2.7. Let G, and A be as in 2.6. Then A is an atom of € and A < C°.

It is obvious that for each positive integer n there is (up to isomorphism) exactly
one cyclically ordered group G(™ with card G(*) = n.
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If G, and G5 are finite cyclically ordered groups with card G; # card Gs, then in
view of 2.6 we obtain that P(G;) # P(G32). Thus according to 2.7 we have

Corollary 2.8. The number of atoms A of € with A < C° is infinite.

This result will be sharpened below by performing a more detailed investigation
(cf. 4.5).

3. HOMOMORPHISMS OF SUBGROUPS OF K INTO K

In this section the following result on subgroups of K will be proved (it will be
applied in subsequent sections):

Theorem 3.1. Let ¢ be a homomorphism of a subgroup G of K into K,
©(G) # {0}. Then p(z) =z for each z € G.

We need some Lemmas. We assume that ¢ and G are as in 3.1.

Lemma 3.2. ¢ is an isomorphism of G into K.

Proof. Theset S = {g € G: p(g9) = 0} is a convex normal subgroup of G;
since the only such subgroups are {0} and G, we infer that S = {0} and thus ¢ is
an isomorphism of G onto ¢(g). O

Lemma 3.3. Let G be finite. Then ¢(z) = x for each z € G.

Proof. There exists z; in G which satisfies the following condition:
(%) z1 # 0 and whenever z; € G, then the relation [0, z2, z;] does not hold. More-
over, x; generates the group G.
It is obvious that nz = 0, where n = card G. In view of 3.2, ¢ is an isomorphism,
¢(z1) also satisfies the condition (*) (where G is replaced by ¢(G)). Thus p(z;) =
L — z,. Let x € G. There is a positive integer m with z = mz;. Therefore

n

p(a) =mp(a)) = 2 = . O

Lemma 3.4. Let 0 # z; € G and suppose that z, is a rational number. Then
o(r1) = 3.

Proof. Let z; =2, where m and n are positive integers. Then nz; = 0. Thus
the subgroup G’ of G which is generated by z; is finite. The mapping ¢; defined by
p1(z) = ¢(z) for each z € G' is a homomorphism of G’ into K. Thus according to
3.3, the relation ¢(z;1) = ¢1(z1) = z; is valid. O
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Lemma 3.5. Let x € G be irrational. Then (z) is irrational as well.

Proof. By way of contradiction, suppose that ¢(z) = y is rational. In view of
3.2, there exists a positive integer n > 1 such that ny = 0. Thus neither [0, y, ny] nor
[0,ny,y] holds. On the other hand, the elements 0,z and nz are distinct. Therefore
either [0, z, nz] or [0,nz, 2] is valid. Hence ¢ cannot be an isomorphism, which is a
contradiction (cf. again, 3.2). a

Let N be the set of all positive integers. For irrational numbers z; and z2 in K
and for k € N we put z; = z2(Ry) if there is m € {0,1,2,...,k — 1} such that both
z; and x2 belong to the interval

[m/27%, (m +1)/27%).

Lemma 3.6. Let k € N. For each irrational number x € G the relation z = y(Ry)
is valid, where y = ¢(z).
Proof. We proceed by induction on k. Let k£ = 1. Suppose that the relation

z = y(R;) does not hold for some irrational z € G. Then in view of 3.3 we have
either

1
(a) 0<z<§<y<1,
or 1
0<y<§<x<1.

If (a) is valid, then [0,z,2z] and [0, 2y, y], hence ¢ fails to be an isomorphism,
which is a contradiction (cf. 3.2). In the case (b) the situation is analogous. Hence
the assertion holds for n = 1.

Let £ > 1 and suppose that the assertion holds for 1,2,...,k — 1. Suppose that
the relation z = y(Ry) fails to be valid for some irrational x € G. There is m’ €
{0,1,2,...,k — 2} such that both z and y belong to the interval

[m/ /21 7%, (m! +1)/2' %] = [2m//27%, (2m + 2)/27%).

Since the relation = = y(Rx) does not hold, either

(a') 2m//27F <z < (2m +1)/27F <y < (2m' +2)/27F
or
(b") 2m/[27F <y < (2m' +1)/27F <y < (2m' +2)/27F.

Suppose that (a) is valid (the method for the case (b’) is analogous). Consider
the elements 2’ = 2z and 3y’ = 2y of G. Then y' = ¢(z'). The relation (a') implies
that

2z ; 2y(Rk—l)7

which is a contradiction. O
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Lemma 3.7. Let z € G be irrational. Then ¢(z) = .
Proof. This is an immediate consequence of 3.6. O

Now, 3.4 and 3.7 imply that 3.1 is valid.
The following assertion is an immediate consequence of 3.1.

Corollary 3.8. Let (1) be valid. Assume that G and G, are subgroups of K for
each a € I. Then for each a, € I the mapping o g is an embedding of G, into

Gy and G = |J Ga.
a€l

4. THE INTERVAL [Cy,C°) OF €

We will apply the results of the previous section for investigating the interval
[Co, C°] of the partially ordered collection €.

Lemma 4.1. Let (1) be valid. Suppose that there is G € C°. G # {0} such that
for each a € I either Go = G or G4 = {0}. Then G is isomorphic to G.

Proof. Since G # {0}, without loss of generality we can assume that G, = G
for each a € I. According to 2.5, G € C°. In view of 2.4 there are subgroupsG’ and
G' of K such that

(i) G’ and G’ are isomorphic to G or G respectively; and
(ii) {GL}aecr — G', where G, = G’ for each a € I.

Let a € I and consider the mapping f, of G., into G’ (cf. 1.4). Then according to
3.1, fa(G,) = G,. Let g € G'. Thereis B € I, 8 > a such that g € f3(G}). Since
¢a,p is an isomorphism by 3.1 and fo = @a,s - fg, We obtain g € fo(Ga).

We have proved that there exists a surjecture homomorphism of G onto G. Since
any fo, is an isomorphism, this homomorphism is an isomorphism as well. Thus
f«(G",) = G'. Therefore G is isomorphic to G. O

Theorem 4.2. Let G € C° G # {0}. Let A be the class of all G' € C,, such that
either G' = {0} or G' is isomorphic to G. Then A is a direct limit class; moreover,
A is an atom in €.

Proof. Both assertions follow from 4.1. 0

If A and G are as in 4.2, then clearly A = P(G).

Lemma 4.3. Let G, and G2 be subgroups of K, Gy # {0} (i = 1,2), G1 # Ga.
Then P(Gl) # P(Gg)

Proof. Since G; # Ga, in view of 3.1 we conclude that G; and G, are not

isomorphic. Thus according to 4.2 the relation P(G;) # P(G.) is valid. O
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Lemma 4.4. Let X be an atom of € such that X < C°. Then there is a subgroup
G # {0} of K such that X = P(G).

Proof. Since X is an atom of ¥ there is G; € Cp, such that G; # {0} and
X = P(G;). Next, from X < C° we infer that G; € C° and hence in view of 2.4
there is a subgroup G of K such that G is isomorphic to G;. Therefore X = P(G).

O

Theorem 4.5. The mapping ¥: G — P(G) is one-to-one correspondence be-
tween the system of all nonzero subgroups of K and the system of all atoms X of €
with X < C°.

Proof. This is a consequence of 4.2, 4.3 and 4.4. a

We denote by % the collection of all nonempty systems of subgroups of K con-
taining the one-element group {0}.
Each system & in . will be considered to be partially ordered by inclusion. We
shall deal with the following condition for &: '
(¥) If @4 = {A;}ier is a nonempty subsystem of & such that & is directed, then

U A; belongs to &.
i€l
For & € & let ¢¥(&) be the class of all G; € Cp, such that G; is isomorphic to
an element of &.

Lemma 4.6. Let & € .. Assume that &/ satisfies the condition (x). Then
(=) belongs to ¢ and ¥(«/) < C°.

Proof. Let (1) be valid and suppose that each G, belongs to /. First we
shall verify that G € /. The case G = {0} is clear; assume that G # {0}. Then
without loss of generality we can assume that, whenever a,3 € I and o < §, then
¥Ya,3(Ga) # {0}. Thus according to 3.1, Go C Gg. Next, fo(Ga) # {0} for each

a € I. Clearly :
G =] Ga
a€cl

Hence in view of (*) we have G € /. Now by the definition of € we infer that ¢ (&)
belongs to €. Let G € ¥(&). Then G is isomorphic to a subgroup of K, whence
G¢ = {0} and so G € C°. Therefore Y(F) < C° holds. m}

Lemma 4.7. Let X € [Co,C°], X # Co. Next, let & be the system of all elements
of # which belong to X. Then y(&/) = X and & satisfies the condition (x).

Proof. Let A € ¢(&). Then there is A; € & such that A, is isomorphic to A.
Hence A; € X and so ¢¥(&) C X. Conversely, let A € X. There exists A; € & with
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the property that A, is isomorphic to A. Then A; € X, thus A; € &. Therefore
A € Y(&) and hence X C ¢(&).

Now we have to verify that o satisfies the condition (). Let {Ai}ier be as in
the assumption of (x). Without loss of generality we can suppose that A;1) # A;(3)
whenever i(1) and i(2) are distinct elements of /. For i(1) and i(2) in I we put

i(1) < i(2) if A;q) € Aji(2). Hence I turns out to be a directed set. Put A = J A;.
i€l

Thus {A;}ie1 — A. Since each A; belongs to X and X is closed with respect to

direct limits we obtain that A belongs to X as well. Therefore A belongs to & and

hence (*) is valid for &. a

From the definition of the mapping 1 we immediately obtain

Lemma 4.8. Let &, 9% € . Then & C o <= (&) C Y(24).

Let # be the collection of all & € % which satisfy the condition (¥); % is
partially ordered by inclusion.

Theorem 4.9. The interval [Cy, C°) of € is isomorphic to Sp.

Proof. Thisis a consequence of 4.6, 4.7 and 4.8. O
Corollary 4.10. The interval [Cy,C°] of € fails to be a proper class.

Corollary 4.11. The interval [Co,C°] of ¢ is atomic (in the sense that for each
X € [Cy, C°) with X # Cy there exists an atom Y of € such that Y < X).

Proof. Thisis a consequence of 4.5. a

Below we shall show that the interval [Cp, C%] of ¥ fails to be atomic.

5. THE CLASS CO!

In this section we shall prove that the class C%! belongs to . Next we shall
investigate the relations between C°' and C*¢.
Lemma 5.1. The class C°! is closed with respect to homomorphisms.

Proof. Let G € C° and let G’ be a homomorphic image of G. It suffices to
consider the case G’ # {0}. Then G # {0} and G fails to be linearly ordered. Thus
in view of 1.6, G’ is not linearly ordered. Hence G’ € C°!. O
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Theorem 5.2. C° is a direct limit class.

Proof. Let (1) be valid, where G, € C° for each a € I. The case G = {0}
is trivial; suppose that G # {0}. There is @ € I with f,(G4) # {0}. Since f, is a
homomorphism, 5.1 yields that f,(G4) fails to be linearly ordered. Thus G is not
linearly ordered, and hence G € C°!. m]

Remark 5.3. The notion of direct limit class can be, in fact, defined for any type
T of algebraic systems which is closed with respect to homomorphism; analogously
as above we can consider the collection % of all direct limit classes with respect to
the given type T'; for some types T it is more convenient to consider the empty set
as being an element of €1 (cf., e.g., [4] for the case when T denotes the variety of
all connected monounary algebras). It is easy to verify that in each such partially
ordered collection 47 and any X,Y, X; € €r(i € I) we have

(2.1) XVY = XUy,

(22) /\ X;= ﬂ Xi,

i€l i€l
hence
(2.3) YV (/\x,-) =AYV X))
i€l i€l

In particular, €7 is always a distributive lattice.

We return to the collection . For each X € € we put
X1 =XnCc%,  X,=XncCh

Lemma 5.4. Let X € ¥. Then X, and X, belong to €.
Proof. This is a consequence of (2.2), 5.2 and 2.3. a

Next, (2.1) yields
Lemma 5.5. Let X' € [Co,C%), X" € [Co,C*). Then X' U X" € €.

Lemma 5.6. Let X € ¢. Then X = X, U X,.
Proof. Since CO'UC! =% weobtain X = XN% = X, U Xs. O
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Lemma 5.7. Let X, Y € €. Then X <Y iff X; <Y, and X2 <Y,

Proof. If X <Y, then clearly X; € Y7 and X5 < Y>. The converse implication
is a consequence of 5.6. ]

For each X € € put f(X) = (X;,X2). Lemmas 5.5 and 5.4 yield.
Lemma 5.8. The mapping f: € — [Co, C®'] x [Co, C*] is a surjection.

Theorem 5.9. The mapping f is an isomorphism of € onto [Co, C®'] x [Co, C?].
Proof. Thisis a consequence of 5.7 and 5.8. a

The following example shows that the infinite distributive law dual to (2.3) does
not hold in €.

Example 5.10. Put I = N and for each n € I let G,, be the subgroup of K
generated by the element 2~". Next, let G be the subgroup of K consisting of all
elements of the form z = m - 27", where m is an integer, n € Nand 0 < z < 1.
For any a,f € N with a < § and for each z € G, we put ¢.p(z) = z. Then
{Ga}aer = G. According to 4.5, P(G,) (n € N) and P(G) are atoms of €’; moreover,
P(G,) # P(G) for each n € N. In view of 4.9 the relation G € \/ P(G,) is valid,

neN
whence P(G) < \/ P(G.). Therefore
neN

P@G) = ( V P( n))
neN

V (P(@) A P(Gn)) =
neN

6. ON DIRECT LIMIT CLASSES OF LINEARLY ORDERED GROUPS

In this section we will deal with the interval [Co,C%] of the partially ordered
collection ¥.

Let GE€Ct For0<a€ Gand0<be G we write a < b if ma < b for each
m € N.

We put ¥(G) = n if the following condmons are satisfied:

(i) There exist elements 0 < a; € G (1 =1,2,...,n) such that a; < ... < an.

(i) If0<b;€eG(j=1,2,....m)and by K b2 K ... L by, then m < n

For G = {0} we set ¥(G) = 0. If %(G) # 0 and 9(G) # n for each n € N is valid,
then we put ¥(G) =
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Lemma 6.1. Let G € C*, n € N, ¥(G) < n. Let G; be a homomorphic image of
G. Then ¢¥(G,) < n.

Proof. The case G; = {0} is trivial; suppose that G; # {0}. Without loss of
generality we can assume that G; = G/H, where H is an f-ideal of G. For g € G
we denote § = g + H. Let gy,...,9x € G be such that §i,§2,...,9x € G/H and
suppose that 0 < § € g2 < ... < gx. Then 0V g; € g, thus we can take 0V g; for
g1; next, g; > 0for i =1,2,3,...,k. Ifie {1,2,...,k—1},t € N and tg; > giy1
then tg; > tgi+,. For each ¢ € {1,2,...,k — 1} we have arrived at a contradiction.
Hence ¢g; < g2 <€ ... < gk and thus k& < n. Therefore ¥(G,) < n. a

Proposition 6.2. Let n € N. Let X be the class of all linearly ordered groups G
such that ¥(G) < n. Then X is a direct limit class.

Proof. Let (1) be valid and suppose that each G, (a € I) belongs to X. It
suffices to consider the case G # {0}. Without loss of generality we can suppose that
fa(Go) # {0} for each a € I. Let k € N and assume that 0 < §; < §2 € ... < Gk
for some elements §;,gs,...,dx in G. There exists o € I with the property that
there are h; € Go{i = 1,2,...,k} such that f,(h;) = g; for each i = 1,2,...,k.
Then according to 1.4 and 6.1 the relation k < n is valid. Therefore ¥(G) <n. 0O

A linearly ordered group G is archimedean iff ¥(G) < 1; hence we obtain

Corollary 6.3.1. The class of all archimedean linearly ordered groups is a limit
class.

Corollary 6.3.2. The interval [Cy,C*] of ¥ is infinite.

A stronger result will be proved below (cf. 6.25).

Let p > 1 be a prime and let H, be the additive group of all reals of the form
ap~™, where a is an integer and n is a non-negative integer; we consider the linear
order on H,.

The following Lemma is obvious.

Lemma 6.4. (i) If p(1) and p(2) are distinct primes, then H,) and H,>) are
not isomorphic.
(ii) If H # {0} is a homomorphic image of H,, then H is isomorphic to H,.

Let I be a linearly ordered set and for each ¢ € I let G; be a linearly ordered group.
The lexicographic product of the indexed system {G;};c; will be denoted by I';¢;G:.
Next, let I‘?e ;G be the linearly ordered group consisting of those g € T';c;G; which
satisfy the condition that the set {i € I: g(¢) # 0} is finite.
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If I(1) is a nonempty subset of I and g € T';c;(1)G:, then the element g will be
identified with the element g’ of I';c;G; such that ¢'(:) = g(7) for each i € I(1) and
g'(i) =0foreachi e I\ I(1).

Let P be the set of all positive primes with the linear order which is dual to the

natural one.
Put
_ 10
H =T cpH,.

For each p(1) € P let
Gy = Dozpy Hy-

Lemma 6.5. (i) Let H' be a homomorphic image of H (or of G,(y), respectively).
Then there is p(2) € P (with p(2) > p(1)) such that H' is isomorphic to G 3).

(ii) Let p(1) and p(2) be elements of P with p(1) < p(2). Assume that there exists
an isomorphism ¢ of Gp(1) into Gp(3). Then p(1) = p(2) and ¢ is the identity on
Gra)-

The proof is simple; it will be omitted.

Let us denote by X the class of all linearly ordered groups G such that either

(i) G = {0} or

(ii) there is a prime p(1) such that G is isomorphic to Gp(1).

Suppose that (1) is valid and that G, € X for each a € I; next assume that
G # {0}. Then we can assume that fo(G.) # {0} for each o € I. Hence according
to 6.5 (i), for each a € I the linearly ordered group f,(G4) is isomorphic to some
Gp(1); let p(0) be the minimal of the primes p(1) with this property and let a(1) be
the corresponding element of I.

Let g € G. There is a(2) € I with a(2) > a(1) such that § € fu(2)(Ga(2)))- Then
fa2)(Ga(2)) 2 fa1)(Gaq)- There is p(2) € P such that fqo(2)(Gqa(2)) is isomorphic
to G,(2)- In view of the minimality of p(1) we obtain that p(1) < p(2). Next,
there exists an isomorphism ¢ of G(1) into Gp(3). Thus according to 6.5 (ii) the
relation i(1) = 4(2) is valid. This yields that f,(2)(Ga(2)) = fa1)(Gaqr)). Hence
G= fa(l)(GaLI))'

Therefore G is isomorphic to Gp(1). So we have

Lemma 6.6. X € ¥ and X < C-.

For p € P we denote by X, the collection of all G € C* such that either G = {0}
or G is isomorphic to Gp(;) for some p(1) > p. By the same method as above we can
prove

Lemma 6.7. Let p € P. Then X, € ¢ and X, < C*.
Lemma 6.8. Let Y € C%, Co #Y < X. Then there is p € P such that Y = Xp.
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Proof. According to the definition of X there is p € P such that G, € Y and
Gp1) # Y whenever p(1) < p. Then clearly Y = X,,. O

If p(1) < p(2), then X,1) > X,2). Thus 6.8 yields
Theorem 6.9. There is no atom A in ¥ with A < X.

Corollary 6.10. The interval [Cy, C?] of € fails to be atomic.

In view of the above results the question arises whether the collection of atoms
in [Co, C*] is nonempty. The “natural” candidates of being atoms here seem to be
the limit classes P(Z), P(Q) and P(R), where Z, Q and R are additive groups of all
integers, all rationals or all reals, respectively, with the natural linear order.

In what follows we perform the corresponding discussion for P(Z), P(Q) and
P(R). It will be shown that P(Z) fails to be an atom of [Cy, C?]; on the other hand,
both P(Q) and P(R) are atoms of [Cy, C¥].

In view of 2.3, P(Z), P(Q) and P(R) are elements of [Co, C*].

Lemma 6.11. Let ¢ be a homomorphic mapping of Q into @, ¢(Q) # {0}. Then
¥(Q) =Q.

Proof. Ifq1,92 € Q, n € N and ng; = ¢, then ny(q1) = ¢(g2). Hence ¢(Q) is
divisible. The only nonzero divisible subgroup of @ is @Q; thus ¢(Q) = Q. a

Lemma 6.12. Let (1) be valid. Assume that G, = Q for eacha € I and G # {0}.
Then G is isomorphic to Q.

Proof. Since G # {0} we can assume that f,(Ga) # {0} for each o € I. Next,
if a, € I and a < §3, then in view of 6.11 the relation fo3(Gq) = G is valid.

Let z € G and let a € I. There exists v € I such that v > & and z € f£,(G,).
Thus z = f,(x;) for some z; € G,,. There is z; € G, with 21 = fa,(z2). Hence
fa(z2) = z and so f, is an epimorphism. We obtain that f, is an isomorphism of
G4 onto G. Therefore R is isomorphic to Q. m)

Proposition 6.13. P(Q) is an atom of € and P(Q) € [Co,CY].

Proof. Since @ € C?%, in view of C* € ¥ we obtain that P(Q) € [Co,C*]. The
fact that P(Q) is an atom of ¥ is a consequence of 6.12. a

Now we shall apply a similar argument for R. A homomorphism of a linearly
ordered group G, into a linearly ordered group G is said to be complete if, whenever

{z:}ier € G1 and \/ z; exists in Gy, then Vigsp(z:) = ¢( \ :) holds in G;. This
i€l iel
condition is equivalent to the corresponding dual one.
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Lemma 6.14. Let ¢ be a homomorphism of R into R. Then ¢ is a complete
homomorphism.

Proof. If p(R) = {0}, then the assertion is trivial. Suppose that ¢(R) # {0}.
Then ¢ is a monomorphism. Let z, z; € R (i € I), z = V z;. Then ¢(zi) < ¢(z)

for each i € I. By way of contradiction, suppose that the relatxon V o(z:) t,o(z)
€l

does not hold. Then there is y € R such that ¢(z;) < y < ¢(z) for each i € I. Put
p(z) —y=2.

Since p(R) # {0} thereis t € R with ¢(t) > 0. For each positive integer m we have
e(Lt) = Lo(t). If 2 < %o(t) for each m € N, then mz < ¢(t) for each positive
integer m, which is impossible. Thus there is 0 < 2, € R such that ¢(z1) < =2.
Therefore p(z) > @(z) — ¢(z1) > ¢(z) — 2z = y > @(x;) for each i € I; hence
T > x — 2z > x; for each ¢ € I, which is a contradiction. 0

Lemma 6.15. Let ¢ be a homomorphism of R into R, ¢(R) # {0}. Then
¢(R) =

Proof. Let 0 <y € R. By the same method as in the proof of 6.14 we obtain
that there is 0 < £ € R and that ¢(z) < y. Thus there exist z, € R (n € N)

such that the sequence {z,} is increasing, upper bounded and \/ ¢(z,) =y. Then
neN

according to 6.14, ¢( \/ zn) = y. Therefore ¢(R) = R. O
neN

Lemma 6.16. Let (1) be valid. Assume that G, = R for each o € I and G € {0}.
Then G is isomorphic to R.

Proof. According to 2.3, G is linearly ordered. Next, in view of 6.3. G is
archimedean. Without loss of generality we can assume that G is a subgroup of R.
Next, we can suppose that fo(Ga) # {0} for each @ € I. Thus according to 6.15,
f«(Ga) = R for each a € I, whence G = R. O

Proposition 6.17. P(R) is an atom of € and P(R) € [Co, CY).

Proof. Since R belongs to C* we obtain that P(R) € [Co, C?]. In view of 6.16,
P(R) is an atom of % O

Lemma 6.18. Q € P(2).

Proof. Let I be the set of all positive integers; for m(1) and m(2) in I we put
m(1) < m(2) if either m(1) = m(2) or m(2) is divisible by m(1).

Next, for each a € I let G be the additive group of all rationals of the form -,
where n runs over Z and m = «; the group G, is linearly ordered in the natural
way. Thus G, is isomorphic to Z for each @ € I. For a,8 € I with a < 3 we
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have G, C Gg; let ¢q 5 be the identical mapping of G, into Gs. It is clear that
{Ga}aecr — G, where G is isomorphic to Q. Thus Q € P(Z). a

Corollary 6.19. P(Q) < P(Z); hence P(Z) fails to be an atom in €.

Proof. In view of 6.18 we have P(Q) < P(Z); according to 6.13 and 6.12 the
relation Z ¢ P(Q) is valid. Hence P(Q) < P(Z). Since P(Q) is an atom in €, P(Z)
cannot be an atom. g

The proof of the following result will be omitted.

Proposition 6.20. Let ¥ be a variety of lattice ordered groups. Then the class
¥ N C¢ belongs to €.

The natural question arises how large is the interval [Cyp,C*] of €. We will show
that there exists an injective mapping of the class of all infinite cardinals into [Co, C*);
hence [Cy, C*] is a proper class.

Lemma 6.21. For each infinite cardinal 3 there exists a linearly ordered group
G such that

(i) G is a simple lattice ordered group, and

(ii) cardGg 2= B.

Proof. This is a consequence of results of Chehata [1] and Dlab [3] (cf. also
[16], pp. 90-91). O

Let G € C*. For H € C* consider the following condition:
(G) Let 0 # h € H. Then there is a subgroup H; of H with h € H; such that H;
is isomorphic to G.

Lemma 6.22. Let G be a simple linearly ordered group, G # {0}. Let (1) be
valid and suppose that each G, (a € I) satisfies the condition (G). Then G satisfies
the condition (G) as well.

Proof. Let 0 # h € G. There exists a € I and h € G, such that f,(h) = h.
Next, there is a subgroup H; of G, with h € H; such that H; is isomorphic to
G. Put fo(H;) = Hy. Then H, is a homomorphic image of H, and 0 # h € H,.
Therefore, since Hs is simple, H, is isomorphic to H; and so H is isomorphic to G.

]

Let G # {0} be a simple linearly ordered group. Put A = {G} and let A* be as
in 1.5.

Lemma 6.23. Each nonzero element of A* satisfies the condition (G).

Proof. This is a consequence of 6.22 and the definition of A* (cf. Section 1).
O
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Let us denote by M the class of all infinite cardinals. We define by transfinite
induction an injective mapping ¢ of M into C¢ as follows. For 3 = ¥g let p(8) = G
be as in 6.21. Suppose that Rg < 8 € M and that we have defined ¢(5(1)) for
each 8(1) < B. There exists a cardinal ' with ' > card Gg(y) for each 3(1) < .
According to 6.21 there exists a simple linearly ordered group G such that card G >
B'. We put ¢(f8) = G. Then ¢ is injective.

Next, for each 8 € M we set ¥(8) = {¢(B8)}*.

Proposition 6.24. Let 31,02 € M, 3; < B2. Then ¥(51) # ¥(B2).

Proof. Assume that ¢(8;) = ¢(B2). Then Gp) € ¥ (61) implies that G(1) €
¥(B2). There exists 0 # ¢ € Gg(;). In view of 6.23 there exists a subgroup H of
Gp(1) such that z € H and H is isomorphic to Gp(s). Hence card H = card Gp(g) >
card G (1), which is a contradiction. O
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