Czechoslovak Mathematical Journal

Miron Zelina
On one problem in the theory of partial monounary algebras

Czechoslovak Mathematical Journal, Vol. 44 (1994), No. 2, 337-346

Persistent URL: http://dml.cz/dmlcz/128460

Terms of use:

© Institute of Mathematics AS CR, 1994

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128460
http://dml.cz

Czechoslovak Mathematical Journal, 44 (119) 1994, Praha

ON ONE PROBLEM IN THE THEORY
OF PARTIAL MONOUNARY ALGEBRAS
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(Received August 3, 1992)

Let J¢ be a weak variety (i.e. a class of all partial algebras of the same type which
weakly satisfy a set E of equations). Further, let E’ be the set of all equations
satisfied by all total algebras belonging into the class J£. Define another class J¢*
of all partial algebras of the same type which weakly satisfy all equations of the set
E’. 1t is easy to see that £ *C ¢ . L. Rudak [1] proposed the following problem:

Problem. For which classes J¢ of partial algebras the relation J¢*= ¢ is valid?

In this paper the problem is investigated for partial monounary algebras. A nec-
essary and sufficient condition (concerning F) is found under which ¢ *= ¢

The author wishes to express his gratitude to Danica Jakubikovd—Studenovsk4 for
her helpful discussions and comments.

1. BASIC DEFINITIONS AND NOTATION

A type (or similarity type) is a set F' and a mapping g of F into the set of nonneg-
ative integers. The elements of F are called operation symbols of type p. Further,
A = (A, (fA)ser) is a (partial) algebra of type g if A is a nonempty set and fA is
a (partial) o(f)-ary operation in A for every f € F. Thus the word “algebra” will
always be used in the sense “total algebra”.

If p is a o-term (for notions not defined here see [2]) and A is a (partial) algebra
of type o, p* will denote the (partial) function induced in A by p and dom(p?) will
be its domain.

An equation of type o is a word of the form p ~ q where p and g are o-terms.

* Supported by Grant GA-SAV 365/92
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Let A be an algebra and p = ¢ an equation (both of type o), and suppose that p
and q are n-ary. If for any n-tuple @ € A™ we have pA (@) = ¢* (@) then we say that
P = q is satisfied in A and we write A E p = q.

Let A be a partial algebra and p = ¢ an equation (both of type ¢), and suppose
that p and g are n-ary. We say that the equation p = ¢ is weakly satisfied in A (and
we write A =, p = q) if for any n-tuple @ € A™ we have: if @ € dom(p”*)Ndom(¢?),
then pA(a) = ¢*(@). (For this definition cf. [5].) In other words, one can say that
p = q is weakly satisfied in a partial algebra A if the following holds: if both p2 and
g” are defined on @ € A™, then they are equal.

Let E be a set of equations of type ¢ and J¢ a class of algebras of type o. Denote
by Z, the class of all algebras of type 0. We define

Eq(¥)={p~q: AEp=q forall A€},
Md(E)={A€e J,: AEp~gq forall p=qe€FE}.

Now let ¢ be a class of partial algebras of type ¢ and let E be as above. Denote
by £, the class of all partial algebras of type 0. We define

H#T ={A € X: A is an algebra},
Mdy(E)={A € P,: AlEy,pr~q forall pxqe€ E}.

Thus Md,, (E) is a class of all partial algebras of the same type which weakly satisfy
a set E of equations.

Let E be a set of equations of type 0. We denote by CI(E) the smallest set
of equations of type o containing FE and closed under trivial equations, symmetry,
transitivity, substitutions and congruences (i.e. CI(E) is the set of all equations
which are provable from E using Birkhoff’s rules). We write Cl(ey,...,e,) instead
of Cl({e1,...,en}); analogously we write Md(es, ...,e,), Mdu(e1,...,exn).

Denote N = {1,2,3,...}, No =NuU {0}.

2. SOME AUXILIARY RESULTS
2.1. Lemma. Let E be a set of equations of the same type, X = Md,,(E) and
E' = Eq(¥T). Then E' = CI(E).

Proof. Itiseasy toseethat #T = Md(E). Thus E' = Eq(¢T) = Eq(Md(E)).
According to the well known Birkhoff’s theorem we have Eq(Md(E)) = CI(E) and
hence E' = CI(E). O
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Now—using the above lemma—we can reformulate our problem as follows:
Let o be a fixed type. For which sets E of equations of type o the following
equality holds:
Md,(E) = Md,(CI(E))?

Note that this equality does not hold in general, as the following example shows.

2.2. Example. Consider partial algebras with one unary operation f (i.e. partial
monounary algebras) and let E = {f?(z) ~ f(z), f3(z) =~ z} be a set of equations.
It is easy to see that in total algebras one can deduce an equation f(z) = = from the
set F. Indeed, the equations

f(2) = f2(2), f2(2) = f*(2), fPla) =z

follow from E by symmetry and substitution. Using transitivity we get the desired
equation. Thus we have f(z) = z € CI(E).

On the other hand, a partial algebra A with a two-element carrier set {a, b} and
a partial operation f# defined only on a with f4(a) = b is in the class Md,,(E), but
is not in Md,,(CI(E)) (because A does not weakly satisfy f(z) = z).

2.3. Lemma. Let e be an equation and FE a set of equations of the same type
as e. Then the following conditions are equivalent:

(i) e € CI(E);

(ii) Cl(e) € CI(E);

(iii) Eq(Md(e)) C Eq(Md(E));

(iv) Md(E) C Md(e).

Proof. Easy. We recall that by Birkhoff’s theorem Cl(e) = Eq(Md(e)) and
CI(E) = Eq(Md(E)). O

From now on we will consider only a monounary type. We suppose throughout
that f is a unary operation symbol and z, y are different variables. There are two
types of equations:

(1) fi(=) = fi(z),

(2) filz) = f(y),
where 7,7 € Ng. (For a positive integer m and any variable z the symbol f™(z) has
a natural meaning; f°(z) means z). The equations of type (1) are called regular
equations, those of type (2) are nonregular.

The following lemmas 2.4-2.6 can be deduced from (3] and [4].
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2.4. Lemma. Leti,j € Ng, i < j. Then Md(fi(z) = f/(y)) = Md(fi(z) =
Fi).

2.5. Lemma. Letr,s,i,7 € Ng,l,m € N.
(i) IFMA(f"(z) = f"(y)) = Md(f*(z) = f°(y)), thenr = s.
(i) If Md(fi(z) = fit!(z)) = Md(fi(z) =~ fI*™(x)), theni=j and | = m.

2.6. Lemma. Letr,s,i,j € Ng,l,m € N. Then
(i) MA(f7(z) = f(y)) N Md(f*(z) = f*(y)) = Md(f™n(n9) (z) = frin(ne)(y));
(i) Md(f7(2) = f7(y)) N Md(fi(z) = fi*(z)) = Md(f™inri)(z) = foin(m)(y));
(i) Md(fi(z) = f*(z)) N Md(fI(z) = fit™(z)) =
Md(fmin(id) (g) ~ fmin(ii)+(¢m) (1)), where (I,m) is the greatest common
divisor of | and m.

2.7. Corollary. Letr,s,i,j € Ny, l,m € N. Then

(i) Md(f"(z) = f"(y)) € Md(f*(z) = f*(y)) if and only if r < s;

(i) Md(f7(2) = f"(y)) € Md(fi(z) =~ f**+!(2)) if and only if r < i;

(iii) Md(fi(z) = fi*'(z)) € Md(fi(z) = fi*™(x)) if and only if i < j and l/m.

Proof. The assertion follows from 2.5 and 2.6. 0O

2.8. Proposition. Let r,i,j € No, i < j, s € N. Then fi(z) = fi(z) €
Cl(fm(z) = fr**(z)) if and only ifi > r and s/j — 1.

Proof. According to 2.3, fi(z) ~ fi(z) € CI(f"(z) =~ f+*(z)) if and only if
Md(f"(z) ~ fr*+*(z)) € Md(fi(z) = f/(x)). Since i < j, we have j —i € N and
Md(fi(z) = fi(z)) = Md(fi(z) = fi+U~9(z)). We can use 2.7(iii). O

2.9. Proposition. Let r,i,j € Ng, ¢ < j. Then

(i) fi(z) = f/(z) € CI(f(x) = f"(y)) if and only if i > ori = j;

(i) fi(z) = fi(y) € CU{f"(z) ~ f"(y)) if and only ifi > r.

Proof. (i) If i = j, then fi(z) ~ fi(z) is a trivial equation and hence fi(z) ~
fi(z) € CI(f"(z) = f"(y)). Now let i < j. By 2.3, fi(z) = fi(z) € Cl(f"(z) =
fT(y)) if and only if Md(f"(z) ~ f(y)) C Md(f*(z) = f’(z)). But Md(fi(z) =~
fi(z)) = Md(fi(z) ~ fi+0U=9(z)), where j —i € N, and using 2.7(ii) we get the
desired assertion.

(ii) Again, by applying 2.3 we have fi(z) ~ fi(y) € Cl(f"(z) = f"(y)) if and
only if Md(f"(z) = f"(y)) € Md(fi(z) ~ f/(y)). From 2.4 it follows that the last
inclusion is true if and only if Md(f"(z) = f"(y)) C Md(f*(x) = f*(y)). Then 2.7(i)
completes the proof. O
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3. THE MAIN THEOREM

3.1. Lemma. IfE is empty or consists of trivial equations only, then Md, (E) =
Md,, (CI(E)).

Proof. Every partial monounary algebra weakly satisfies any trivial equation,
so Md,,(E) is the class of all partial monounary algebras, whenever the assumptions
of the lemma are fulfilled. Then CI(E) is the set of all trivial equations and hence
Md,, (CI(E)) is the class of all partial monounary algebras, too. O

From now on let E be an arbitrary fixed set of equations.

3.2. Assumption. Suppose (from now up to 3.10) that E satisfies the following
three conditions:

(i) E is nonempty;

(i) E does not contain any trivial equation;

(iii) if fi(z) ~ f7(z) € E, where i,j € No, z € {z,y}, then i < j.

Denote ¢ = Md,(F) and ¢ *= Md,,(CI(E)). It is easy to see that £ *C ¥ .
The question is: under which conditions the relation ¢ *= ¢ is valid?

3.3. Definition. Put
k = min{i € Ng: there are j € Ny, z € {z,y} such that fi(z) ~ fi(z) € E}.

The set E is nonempty, therefore such a k (€ Np) exists.
We distinguish two cases:
(1) E contains only regular equations.
We put

n=g.c.d.{j —i:i,j € Ny are such that f(z) =~ f/(z) € E}.

Such an n (€ N) exists because in this case all equations in E are nontrivial and
regular. We define e(E) as the equation f*(z) ~ fk+"(z).

(2) E contains a nonregular equation.

In this case we define e(E) as the equation f*(z) ~ f*(y).

The equation e(E) will be called the basic equation to the set E.

Notice that the basic equation to the set E need not belong to E. Let £ = {z =~
f3(z), f(z) = f%(z)}. Then k = 0, n = 1 and so e(E) is the equation of the form
z =~ f(x). We see that e(E) ¢ E.
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3.4. Proposition. Cl(e(E)) = CI(E).

Proof. We distinguish two cases:

(1) E is the set of regular equations.

Then e(E) is the equation f¥(z) ~ f¥*+"(z), where k € No, n € N. Let fi(z) =
fi(z) (i € No, j € N) be any equation of E. By the definition of e(E), k < i and
n/j —i. Then 2.8 implies fi(z) =~ fi(z) € Cl(f*(z) = f**"(x)) = Cl(e(E)). We
have proved E C Cl(e(E)) and thus CI(E) C Cl(e(E)).

Conversely, it suffices to show that Md(E) C Md(e(E)) (see 2.3). According to 3.3
there exist i1, j; € Ng such that fi(z) = fi'(z) € E and i, = k. Further, there exist
m € N, i2,j2,13,53,- -, %m,Jm € No such that fi2(z) = fi2(z), f3(z) = f3(z), ...,
fim(z) ~ fi»(z) € E and n = g.c.d.{j2 — 92,73 — 13, .,jm — im} (it is true even in
the case when F is infinite).

Let A € Md(E). Then A € Md(f¥(z) = f¥(x)) forl =1,...,m. So we have

m

A € (\Md(f(2) = f(2)) = (Y MA(f¥ (2) = f1+Ui=it)(g)),

=1 =1

where 9, € Ny and j; — 4, € Nfor all l € {1,...,m}. Using 2.6(iii) (repeatedly) we
get

Ac Md(fmin{il’""i"‘}(l‘) ~ fmin{il,...,i,,.}+g.c.d.{j1——i1,jz—ig,...,j,,.—i,,‘}(z))'

Obviously min{iy,...,im} = k and g.c.d.{j1 —%1,j2 —%2,...,Jm — im} = n (see the
definition of k and n). Hence A € Md(f*(z) = f**"(z)) = Md(e(E)) and therefore
Md(E) C Md(e(E)).

(2) E contains a nonregular equation.

In this case e(E) is the equation f*(z) ~ f*(y). Let fi(z) = fi(z) € E, where
i € No, j € N. According to 3.3 we have k < i. Then 2.9(i) implies that fi(z) ~
fi(z) € Cl(f*(z) = f*(y)) = Cl(e(E)). Similarly, if f"(z) = f*(y) € E (r,s € Ng)
then by 3.3 we get k¥ < r and using 2.9(ii) we obtain f"(z) ~ f*(y) € Cl(f*(z) =
f*(y)) = Cl(e(E)). Thus E C Cl(e(E)) and this yields CI(E) C Cl(e(E)).

It remains to prove the opposite inclusion. By the definition of k there exist i, j €
No, z € {z,y} such that fi(z) =~ fi(z) € E andi = k. If 2 = y, then we have f*(z) =~
fi(y) € E and thus CI(f*(z) =~ fi(y)) C CI(E). Then by 2.4 Md(f*(z) =~ fi(y)) =
Md(f*(z) = f*(y)) and hence Eq(Md(f*(z) = f’(y))) = Eq(Md(f*(z) = f*(1))),
which means Cl(f*(z) ~ fi(y)) = CI(f*(z) ~ f*(y)). We obtain CI(f*(z) =~
f*(y)) € CI(E) and thus Cl(e(E)) C CI(E). If z = z, then we have f*(z) =
fi(z) € E. Note that j > k. Since E contains a nonregular equation, there exist
r,s € Np such that f7(z) ~ f*(y) € E. Clearly k < . Let A € Md(E). Then
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A € Md(f*(z) ~ fi(z)) and A € Md(f"(z) = f*(y)). Therefore A € Md(f*(z)
fi(@) N MA(f (@) ~ f*(y). But Md(f*() ~ fi(z)) 0\ Md(f(z) ~ f*(y))
Md(f(z) = f*+0=K)(z)) N Md(f7(z) = f7(y)) = Md(f™nE)(2) & frintn(y)) =
Md(f*(z) = f*(y)) = Md(e(E)) by virtue of 2.4 and 2.6(ii). We have proved that
Md(E) C Md(e(F)), and 2.3 yields Cl(e(E)) C CI(E). a

Q

3.5. Corollary. Let A be a partial monounary algebra. If A does not weakly
satisfy e(E), then A ¢ X *.

Proof. If A does not weakly satisfy e(E), then A ¢ Md,,(e(EF)). Since obvi-
ously Md,,(Cl(e(E))) C Mdy(e(E)), we have A ¢ Md,,(Cl(e(E))) as well. By 3.4,
Cl(e(E)) = CI(E), thus we get A ¢ Md,,(CI(E)) = X*. O

For 1,7 € Ny we denote [i,j] = {{l € Ng: ¢ <1 < j}.

3.6. Lemma. IfE is a set of regular equations and e(E) ¢ E, then )¢ *# ¢ .

Proof. Suppose that E is a set of regular equations. Then e(E) is the equation
f¥(x) =~ f¥t"(z), where k € Ng, n € N. Consider a partial monounary algebra
A = (4, f) (if no misunderstanding can occur, we write f instead of f4) such that

A =10,k + n],

f@)=i+1 forie[0,k+n—1], f(k+n) isnot defined.

The equation f*(x) =~ f*t"(x) is not weakly satisfied in A, because f*(0) =
k # k+n = f*(0). Thus A does not weakly satisfy e(E), and 3.5 implies that
A ¢ *. We will show that A € 7.

Let fi(z) = f/(z) € E, wherei,j € Np. Then i < j and according to the definition
of k we have k < ¢. Similarly n < j—i. Thus k+n < i+ (j —¢) = j and the equality
k+n = j holds if and only if i = k, j —i = n. The assumption f*(z) = f*t"(z)
(= e(E)) ¢ E implies that k + n < j. This yields that f7 is not defined on any
element of A. Then obviously fi(z) ~ f/(z) is weakly satisfied in A. So A weakly
satisfies each equation of E and hence A € Md,(E) = ¢ O

3.7. Lemma. Ife(FE) ¢ E, then J *#£ ¥ .

Proof. According to the previous lemma it suffices to consider the case when E
contains a nonregular equation. In such a case e(E) is the equation f*(z) =~ f*(y).
Let A = (A4, f) be a partial monounary algebra such that

A =10,1] x [0, k],
f((,4)=@G,j+1) forie[0,1],5€[0,k—1],
f(0,k)), f((1,k)) are not defined.
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(Notice that if k = 0, then f is not defined anywhere in A.) A does not weakly
satisfy the equation f*(z) ~ f*(y), because f*¥((0,0)) = (0,k) # (1,k) = f*¥((1,0)).
Thus A ¢ * in view of 3.5. We will show that A € ¢".

Let fi(z) = f/(y) € E. Thenk < i < j, and k = j only in the case when k = i = j.
But then we have f*(z) = f*(y) € E, i.e. e(E) € E, which is a contradiction with
the assumption. Therefore k£ < j and we can see that f7 is not defined in A and
hence fi(z) =~ fi(y) is clearly weakly satisfied in A.

Let f7(z) = f°(z) € E. Then r < s and k < r. Thus k < s, which means that f*
is not defined in A. Then f"(z) = f*(z) is weakly satisfied in A.

We have shown that each equation of E is weakly satisfied in A, hence A € ¥

O

3.8. Lemma. If FE is a set of regular equations and e(E) € E, then J¢ *= ¢ .

Proof. Let A = (A,f) € . We will show that A € J¢* (the relation
H*C X is always true). We need to prove that A weakly satisfies all equations of
CI(E).

Let i,j € No be such that fi(z) ~ fi(z) € CI(E). Without loss of generality we
may suppose that i < j because A weakly satisfies the equation fi(z) ~ f7(x) if
and only if it weakly satisfies the equation f7(z) ~ fi(z). Since E is a set of regular
equations, e(E) is the equation f*(z) ~ f**"(x). By 3.4 CI(E) = CI(f*(z) =
fEn(x)), thus fi(z) = fi(z) € CI(f*(z) =~ f**"(x)). From 2.8 it follows that k < i
and n/j —i. Then there exist d € N, 1 € Ng with j —¢=dn and i = k + [.

Let a € A be such that fi(a) and f7(a) are defined. It suffices to show that
fi(a) = fi(a). We have

(1) fi(a) = ¥ (a), fi(a) = fFH0-I(a) = fAHH(a).

Since fi(a) = fk*+'*4n(q) is defined, we conclude that f*++(4=1)n(4) is defined. By
virtue of the relation k +l+dn =k+n+1+ (d— 1)n we get

(2) fk+l+dn(a) — fk+n+l+(d—1)n(a) — f"+"(f[+(d—1)n(a)),

(3) flc+l+(d—l)n(a) — fk(fl+(d-1)n(a)).

Thus we have f+(@=Dn(g) € A and fF(fH4-1n(a)), fE+(f+@=1n(q)) are de-
fined. By the assumption of the lemma e(E) € E, so A (€ #) weakly satisfies
f¥(z) = f*t(z). Then fr(f*+d-Dn(q)) = frtn(fH+(d=1n(q)). According to (2)
and (3) we have proved that fktit(d-1)n(q) = fk+i+dn(q) Repeating this process
we get fft!(a) = fF*+!+dn(q) and hence fi(a) = fi(a), using (1). O
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3.9. Lemma. Ife(E) € E, then ¥ *= ¢

Proof. It suffices to consider the case when E contains a nonregular equation
(see the previous lemma). In this case e(E) is the equation f*(z) ~ f*(y). Let
A = (4, f) € 2. We will show that A € J¢*.

Let fi(z) ~ f7(y), where i,j € Np, be an arbitrary but fixed nonregular equation
of CI(E). We may suppose i < j. By 3.4 we have CI(E) = CI(f*(z) ~ f*(y)) and
hence fi(z) =~ fi(y) € CI(f*(z) = f*(y)). From 2.9(ii) it follows that k < i.

Let a,b € A besuch that fi(a), f7(b) are defined. We will prove that f*(a) = f7(b).
Since i 2> k and j > i, there exist I,m € No such that i = k+1, j = k+ m.
Then fi(a) = f**(a) = F*(f{a)), f(b) = f*+™(b) = F*(f™ (1)), where f*(f!(a)),
fX(f™(b)) are defined and thus f!(a), f™(b) are defined. Partial algebra A belongs
to J¢, so A weakly satisfies each equation of E, especially e(E) € E, and hence A
weakly satisfies f*(z) =~ f*(y). Since f'(a), f™(b) € A and f*(f'(a)), f*(f™(b)) are
defined, we obtain f*(f'(a)) = f*(f™(b)). Therefore fi(a) = f7(b). We have proved
that A weakly satisfies each nonregular equation of CI(E).

Now consider a regular equation f™(z) = f°(z) € CI(E) (r,s € Ny). We may sup-
pose r < s. Since CI(E) = CI(f*(z) = f*(v)), we have f"(z) = f*(z) € Cl(f*(z) ~
f*(y)). By 2.9(1) r > k and then it follows from 2.9(ii) that f"(z) =~ f*(y) €
Cl(f*(z) =~ f*(y)). According to the first part of the proof f"(z) ~ f*(y) is weakly
satisfied in A. Clearly also f"(z) = f*(z) is weakly satisfied in A. a

3.10. Lemma. Let E contain a nontrivial equation. Then there exists a set of
equations E such that Md,,(E) = Md,,(CI(E)) if and only if Md,,(E) = Md,, (CI(E))
and E satisfies 3.2.

Proof. Obviously Md,(E) = Md,(Eo) and CI(E) = CIl(Ep), where Ej is
the set of all nontrivial equations of E; thus Md,,(E) = Md,,(CI(E)) if and only if
Md,, (Ep) = Md(Cl(Ep)) and E, satisfies 3.2(i) and 3.2(ii). We put

E={fi(z) = fi(2): f"(x).z f1(2) € Eo,i,j € No,i < j, 2 € {z,y}}
U{f7(z) = fi(2): fi(z) = f’(2) € Eo,i,j € No,i > j,z € {z,y}}.
Then Md,(Eo) = Mdy(E) and Cl(E;) = CLE), and therefore Md, (Eo) =

Mdu(Cl(Ey)) if and only if Md, (E) = Md,(CI(E)). It is not difficult to see
that E satisfies 3.2. : (]

3.11. Theorem. Let FE be a set of equations of monounary type, .1’ Md,(E),
X *= Md, (CI(E)). .
(i) If E is empty or consists of trivial equations only, then J *= J¥ . -
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(ii) If E contains a nontrivial equation and satisfies 3.2 (according to 3.10 we
may assume this without loss of generality), then J¢ *= J¢ if and only if the basic
equation to the set E belongs to E.

Proof. The assertion (i) follows immediately from 3.1 and the assertion (ii)
from 3.7 and 3.9. O

3.12. Example. Let E = {f3(z) = f5(z), f(z) = f*(y), f3(z) = f(z)}.
By Definition 3.3, e(E) is the equation f2?(z) ~ f2(y) and thus e(E) € E. Then
H*= X by 3.10.

Now let E

= {z ~ f%),f(z) ~ f3(z)}. In this case e(E) is the equation
z= f(z),e(E) ¢ E,

and thus J*#£ X
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